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Abstract

This Appendix contains a detailed derivation of the Generalized New Keynesian
(GNK) model with a direct reference to the equations in the published article (in-
dicated as PA). We present the model, derive the steady state and the log-linear
equations, and provide background for the dynamic analysis in the PA.

*The views expressed here are solely those of the authors and do not necessarily reflect the position
of the Federal Reserve Bank of New York or any other part of the Federal Reserve System.
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1 The GNK Model

1.1 Households

The period utility function of the representative agent is assumed to be separable in
consumption (C) and labor (N):
Cl o N1+(,0
¢

U (Cpy Np) = L — dyye®
U (Ci, Ny) = 1—o n€ 1+¢

(1)
where ¢; is a labour supply shock; the period by period budget constraint is given by:
PCy+ (1+iy) " By = WyNy + Dy + By_1, (2)

where i; is the nominal interest rate, B, is one-period bond holdings, W} is the nominal
wage rate, IV; is the labor input, and D, is distributed dividends. The representative
consumer maximizes the expected discounted intertemporal utility, subject to the budget
constraints; this yields the following first-order conditions, where 3 is the discount factor:

Euler equation : L = BE; K Fi > (14 14) ( ! >] ; (3)
CU Piia t+1

dnest Ny
Labor supply equation: IZ; = —gf; = 16/00 = d, e NS CY . (4)

1.2 Technology

Final good producers aggregate intermediate goods Y;; with technology:

Vi = [/ v dz] , 5)

where ¢ indicates the elasticity of substitution among intermediate goods. Their optimal

) —&
demand for intermediate inputs is equal to Y;; = <];§;t> Y;.
The production function of intermediate goods producers is:

Yie = Ath‘{;av (6)

where A; is an exogenous process for the level of technology, which we assume station-
ary.! The labor demand of firm 1 is:

1

Y, 1=
d _ %,t
w13 @)

Total cost and marginal cost, in real term, are respectively:

_1
W Wi [th} l-a 7 (8)

TCl, = = Ny = —*
Ci P T P | A

'In the PA the production technology is linear in labor (a = 0). Here we consider the more general
case of decreasing returns to labor (0 < o < 1).



and )

Aafl W o

MCi, = ﬁ?jyi,lt_a 9)

Note that marginal costs of firm ¢ depend upon the quantity produced by the firm, given
decreasing returns to scale. Since firms charging different prices would produce different
levels of output, they have different marginal costs. Substituting the expression for Y; ;

in (9), these are:
AN
: Y;
< b ) '

The pricing model is based on Calvo (1983). In each period there is a fixed probability
1 — 0 that a firm can re-optimize its nominal price, which we denote by Pl*t With
probability 6, instead, the firm can index its price to the previous period inflation rate:

P,y = 7} P;4_1, where inflation is m = Pf; and o € [0,1] indicates the degree of

o
j et

_1
Ata71 W,

MC’?:t: 1—04?,5

(10)

1.3 Firms’ pricing

indexation (e.g., Christiano et al., 2005).? The price setting problem is:

* o L
Pi,thfl,tJrjle Wiy j <Yi,t+j> 1‘1
)

Lttty T

Pryj \ Aty

00
m§x Et E Dt,t+j 93

subject to the demand constraint:

* TT€ —€
Y o Pi,thfl,tJrjfl Y.,
iLWt+j — Pt-‘,—' t+7
J

where Di sy j = 3 )‘;gj is the stochastic discount factor, with A;y; denoting the ¢ + j
marginal utility of consumption. Il;;;; indicates cumulative inflation between periods

tand t + j:

- 1 forj =0 1
tttj = Pﬁﬁifx“'x% for j > 1 (11)

The firm’s first order condition is:

* e Hf—j,t+j—1 e
o (-0 (Py) |72 Ve
Et E GJ'DLL’tJrj —e—lta —€ :0,

1 — —
§=0 e (pr Tma Wiy [Yags |Ta [T g, |17
I—a \ "0t Piyj | Atgj Py

from which we get:

1
. Wies [Vie:1Toa | I2_. — 1-a
E 0 0]D Vt4g |: t+g :| t—g,t+J
o\ 142 e 1 t2j=0 ¥’ Dt Pej [ Att; Pryj
(Piﬂf) = ce—11-—« e 1—¢ (12)
S i . t—git+j—1 .
Et ijo gj’DtﬂH-j |: Piyj :| }/;f-‘r]

?This is a more general version than the baseline model analyzed in the PA, for which there is no
indexation. As we indicate in what follows, the PA results are obtained by setting o = 0.



Dividing both sides by P; (and observing that 1+ %% = (1 — ¢) + =), we get:

_1 o 1—a
. 0© pj Wigy [ Yy | 1= [ a1
Pi*t 1+1—a c Et Zj:o 9 Dt7t+] Pt+j |:At+j:| Ht,t+j
_ ot — . (13
P (5 - 1) (1 - a) 00 ; Htg—j tj—1 e ( )
Ed oDy | | Yiud

Note that (13) reduces to equation (14) in the PA when setting o = ¢ = 0.
The aggregate price level P, = [ fol P;; Edz} = evolves according to:
1
P, = [onl P + (1= 0) (P) 7] (14)
which is equation (16) in the PA when ¢ = 0. Dividing by P, and letting 7y = P,/ P,

and relative price p;, = P,/ P, we can write (14) as

1= 0 m 7 4 (1-0) () (15)
or: 1
. 1-— 07rt(if)g7r§_1 e

which corresponds to equation (30) in the PA for ¢ = 0.

1.3.1 Recursive formulation of the optimal price-setting equation

To derive the generalized new Keynesian Phillips curve (GNKPC) we use a recursive
formulation of the optimal price-setting equation. First, we write (13) as:

)1+1iaa — ;% (17)

-1 (1-a)e

where, denoting the real wage as wy = W;/P;, using the definition of the discount factor
Diyyj = [ ’\f\zj, and the fact that Ay = C;Z (= Y;jr;' in equilibrium), the auxiliary
variables i, and ¢; are defined, respectively, as:

(P;t

> 0} | "
v =Ep» (08) }/t—lf—]a Atl—i-]a (o H]]] (18)
- t,t+7
Q 1—¢
=K 08y Y10 Lﬂ—l ) 19
tZ | s (19)

We then rewrite the infinite sums in (18) and (19) recursively, as

—oe

=1 1
Py = thtl"‘Ytk“ 7+ 0B, Ey [ﬂt+1 ¢t+1:| (20)




and .
¢y = Y7 4+ 087 O, (7t bes] - (21)

Defining an economy-wide real marginal costs as:

1 1 _a
MGy = 5 wi AP, (22)

equations (17), (20) and (21) correspond to (26)-(28) in the PA, by setting o = ¢ = 0.

1.4 Aggregation and price dispersion

Using (7) and the expression for intermediate inputs Y;;, aggregate labor demand is

—E&

[ (2) o= [ () 0 ("
= idl = —= 1= —= 1| — =5 | .
! o o \ A o \ P Ay "\ A

~~
St

(23)
Schmitt-Grohé and Uribe (2007) show that the variable s; is bounded below by one, so
that in this model s; represents the resource costs due to relative price dispersion arising
from positive long-run inflation: the higher s;, the more labor is needed to produce a
given level of output. If trend inflation is zero (7 = 1), s; does not affect the real variables
up to the first order. In the PA we thus define s; as the relative price dispersion measure.

As shown by Schmitt-Grohé and Uribe (2007), under the assumptions of the Calvo
model s; can be rewritten as:

P*\ T pr xf \ T
se=(1—0) (P:) +0(1—0) (”‘;:r“> +

€

pP* 7.‘.9 7‘(‘Q T1-a

P

Collecting terms yields:

‘F)i*t I - 1€—ga lfa
St = (1 — 0) ?; + 97Tt—]. Ty X
P “Ta Py (72 “Ta
x { (1-9) < 1;;:) +6(1-96) (“t‘;t:”)) T

The expression in curly brackets is exactly the definition of s;_1. Thus, it follows
that the equation for s; can be written recursively as:

_ e ceQ €
= (1—0) (1) ™7 40 (w) AT, (24)

which corresponds to equation (34) in the PA, when setting & = o = 0.



1.5 Monetary policy

The central bank follows a standard Taylor rule, with weight ¢, on deviations of inflation
from target 7 (we assume that target inflation and trend inflation are the same) and
weight ¢, on output deviations from steady state output Y :

(-G ()" o

where v; is a monetary policy shock, and ¢, ¢y are non-negative parameters.

1.6 The complete non-linear system

To summarize, the complete non-linear model, imposing equilibrium condition C; = Y3,
is described by equations (3), (4), (16), (17), (20), (21), (23), (24), and (25), which we

reproduce here for convenience:

1 . 1+ 1
e o |(5) (5]

wy = dpe NFYS

. 1— 077&15)@%;‘_1 e
Pt =

1-6

(e-1)(1—0a)¢

=L 1 _5 3
v =wATY Y 4+ 08T T By [7%1;{! ¢t+1}

=Y+ Qﬁﬂf(lig)Et [Wf;11¢t+1]

1
Y l—a
Nt = St <f1t)
t

€ €0 €
se=(1-0)(pi,) = +0 (thla) T st

L) _(myer (V)
1+2/) \=# Y

The model has nine endogenous variables: Y3, %, m¢, wi, N, pit, ¢, Ve, 5S¢ and three
exogenous shocks: Ay, ¢, vs.3

3A DYNARE code to simulate the model is available from the authors upon request.



2 Deterministic steady state

We compute the non-stochastic steady state of this system, characterized by a positive
trend inflation 7, as:

F=B(1+0), (26)
w=d,N°Y", (27)
1
. 1 — @7le—D—g) | 1=
%y 14+ =% € 1/}
: - - - ¥ 9
) = (29)
—1 1
WAT=aY T-a 7
P = o (30)
1— 087 1-a
Yl—(f
0=1C /7 E—1(1-0)’ (31)
V]ia
N=s [A] , (32)
1-06 or—
§=——— g i) T, (33)
1—07 1«
and N
1 Yi-a
MC : (34)

= w .

l—a gt
Note that substituting (28) in (33) gives the relation between price dispersion and in-
flation in steady state:

s =
e(1—o) _
]. 07” I_Of) 1 9

Setting o = p = 0 this is equation (35) in the PA.
Plugging the values of w from (27) and N from (32) into (34) we obtain:

1-40 [1 — 97—7(61)(19)] [EE =)

M =
¢ 11—« A e A 1l—a 41t (35)

 d,N¥Y? (Ya>11a das? [Y] T YO <ya)11a dyse y it
From this equation it follows that:

peei, (1= Q) ATGMC  (1—a)ATa
N d,s¥ N dns?u

where we indicated by p the steady state mark-up (@ = 1/MC). The expression for
steady state output is then:
14o 1—a

(1— ) ATE ] FFrrTD

Y =
dns¥p

=Y (7). (36)




Setting a = 0, this is equation (36) in the PA.

In this model superneutrality doesn’t hold. We note this by indicating steady state
output in (36) as Y (7) ; this notation will help distinguishing this steady state level of
output from the output level in a steady state with zero inflation.

We can also obtain a relation between optimal price and marginal cost in steady
state. Using (29) and (27) we get:

-1 1
wAT-aY I-a

=) _ —(e—1)(1—p)
" ca € 1-087 1I-a € 1 9577(‘5
()% = S ( we,

— — yi-o (-0
(e-1D(A-a) 1-0p7(—D(-2) 1—-6p7 =

where the second equality follows from observing that, from (34): WATaY a7 —
(1 —a)Y1=9MC. Therefore:

11—«
_ —(e—1)(1—p) T+a(e—1)
v e—1 _e(1-0)
1—-0p7 1-a

When a = 0, the above equation gives the ratio ]\Ifc, as in equation (37) of the PA.

Assuming also ¢ = 0, we obtain the simple decomposition of the mark-up discussed in

the PA:
1
1 P o 1—0rE DT ¢ 1—por!
/’l‘ = —_—— 7* = . . (37)
Mc — \pr)\McC 1-0 e—1 1- 307

/

price adjustment gap marginal markup

As mentioned in footnote 40 of the PA, it is easy to show that with positive trend

inflation (7 > 1) the marginal markup is increasing in 3 :
1—poze—!
d ( lfﬁgﬁa ) B —07 1 (1 — BORe) + O7° (1 — /897’15_1)
op (1 — BO7e)?

o= tr—1
A i
(1 —pore)
Hence, the higher the discounting (the lower (), the lower is the marginal mark-up and,
other things equal, the lower is the average mark-up and the higher the steady state
output.

2.1 The cost of price dispersion in steady state
From (32):
A

Slfa

Y = N=@ = ANT—e,

where we defined A = Sli_a. A change in s causes a variation of A. By definition, denoting
by AA the percentage change in A, we have that a change in s from sg to s; yields:

A A . .
fo ()T ! T (38)
Ad=5— %" _ (50 = _
A $1 1+ As ’

Sl—a




by using the fact that As = %, hence 2 = 1 4+ As. Expression (38 ) allows to

S
map percentage changes in the steady state value s, which are due to changes in trend

inflation, into an equivalent percentage change in aggregate productivity. If so = 1, so
that As =s1 —1:
B 1 l-a
A= () .
S1

~ 1
Ad=— 1,
S1

If , in addition, a =0 :

showing that, as discussed in footnote 37 of the PA, decreasing returns to labor (0 < a < 1)
make price dispersion more sensitive to changes in trend inflation, and therefore deliver
a larger equivalent change in productivity for any change in s.

3 The log-linear GNK model

We now take a log-linear approximation around the deterministic steady state defined
above for a generic trend inflation rate 7. Defining by Z; the log deviation of any variable
x; from its steady state, from (3), (4), (23), and (25), we obtain, respectively:

Yt = Etf/t+1 —o ! (i — Eyfreq1) (39)
W = oN; + oV; + s, (40)

N 1 N
Ny =5 + <1—a> {Y;S_At} ) (41)
i = oy + ﬁbth + vg. (42)

To obtain an expression for §; we start by log-linearizing (24) to obtain:

£ €0 €

13 *\ T T g0 —— =
X 1, 1=0))) T | —T 0T Temias |
St = Dit + -1+

s ' s
___ee e _ €0 €
07 Tmemizas| N 07 T-agi-as|
7y _—— | 51.
s s

Next, substituting the expression for steady state price dispersion s from (33), we obtain:

. I 75(1— ) . 75(1— ) g N 9 N N
St = [—1 <1 97 i )] Pie+ [GTF =3 } {—1 ¢ Tp—1 + 1 T+ Se-1| - (43)

— — —

Next, we log-linearize expression (17) to get:

<1 + ea) Dig = b — b, (44)

11—«

where expressions for 1; and ¢, are obtained by log-linearizing equations (20) and (21),
respectively.



From (20) we get:

-1

WAT Y Ta
(G

-1 _ 1
1 wWwAT=aY1-a ¢
- )=
11—« P

€08 _<0-o ] | e _et-o . _e(l-o) -
- [f_iﬁ = } s + [1 _BO/T = ] Eimii1 + [9577 = ] Eypyiq.

Y =

_|_

Substituting in the value for ¢ from (30), this expression becomes:

O R | L () B = L B
+ [eﬁﬁs(ll‘f)] |:Et¢t+1 + <1 f a> Eymtiq — <1 Q_€a> ﬁ't:| .

>

~+

bi=|1-0 YH Vit [o(1—e) 08070 &,

+ [(5 -1) 9577(8_1)(1_9)] By + [Qﬂﬁ(a_l)(l_g)] Eidri
which, upon substituting in the value of steady state ¢ from (31), becomes:

b1 = (1 - 9577(8_1)(1_@)) (1-o0) Vit [957?(8_1)(1_9)} [Q (1—¢) @+ Eiri1 + (e—1) EthtH] .

Finally, the log-linearization of equation (16) gives: 1o
0= [9 (1-¢) Qﬁ@—l)(l—@] Fro + [0 (c—1) 7-7@—1)(1—@)} A
+ -0 -2) )| i
which, substituting p} from (28), becomes:
(01— &) 70070 [ — o] = [(1- 0xED0=9) (1 - )| 7,
o =(e—1)(1-0)
P =1 ﬁﬂ&fr(f—l)(l—g)) (7 = ofia]. (47)

To sum up, the log-linearized GNK model consists of equations (39), (40), (41), (43),
(47), (44), (45), (46), and (42).
By combining equations (40), (47), (44), (46), (41), and (43), one can substitute

out the variables Nt,ﬁ;‘t, wy and ¢y, and write the system in more compact form as a

9



5-equation system in the variables Yt,frt,lﬂt,@ and 7;, driven by the three exogenous
shocks: At,gt, and vy.

In the next two subsections we show that the supply side of the model can be
alternatively written as a GNKPC in terms of marginal costs, in terms of output, or in
terms of output gap.

3.1 The GNKPC in terms of marginal costs

To ease notation, we define the quasi-difference of inflation as Ay = 7y — o7 _1. Equations
(47), (45) and (46) can then be written, respectively, as:

pre—1)(1—0)

ﬁi,t = 1— 07?(5_1)(1_@) At (48)

e = [1 - eﬁws(ll—f)] [wt - <1ia> Ay + <1—1a - 0) Yt] (49)
+ [96715(11—_&9)} |:Et7;t+1 + (1505) EtAt+1:|

= (1 . eﬁﬁ(a—l)(l—g)) (1-0) v+ [957?(5_1)(1_@)] [Et$t+1 +(e—1) EtAt+1] (50)

Substituting (48) into (44) and rearranging, we obtain:

cQ 07_'('(571)(17@)
) 1 — 9re—1)(1-0)

ét:d}t—<1+l t-

—

Using this expression to substitute gZ;t and qgtﬂ in (50), and rearranging, we get:

7 cx grle—1(1-0) )
- _ gpre—1(1-0) _
= (1 = a> 1 — frle—101-0) Art (1 06T ) (1-0)Y; (51)
=(e—1)(1-0)
—(e—1)(1- N EQ or
+ {9577 e g)} By — (1 + - a> 9100 EiDy1 + (e — 1) ByAp g

Now note that, from (49), v is function of the real wage (a component of the marginal
cost); substituting (51) in (49) and rearranging, we obtain:

ca \ gRED-0) v .
<1 " ) [ gre DA g = (1 — 0pr! g)) (o= 1) ¥it

+ [1 - aﬁwsﬁl—_f)} {wt S ( ! —0> Y;}
l—«o l1—«a
<957_TE(11_‘5)> - [Qﬁﬁ(s_l)(l_g)H Eyry1+ (52)

|
+ <1fa) [0,6‘7‘?

1) (1— " 1
+ [9571'(5 ) 9)} (1 + 1 a) [ g-(—D(-0) TAVERD

o) eﬂﬁ(e—l)(l—é’)} EiAi i

10



From (22), the log-linear expression for the marginal cost is:

1 . a o~
—~ ~ Y 53
mCt—_wt+a_1At+1_a ts ( )

so that the expression in the second square brackets of (52) is:

1 . 1 N .
Wy — A + —o|Y,=ma+(1—0)Y,.
1 -« l1-a
Substituting this expression in (52) and, recalling that A; = 71, — o7t;—1,we obtain an
expression of the dynamics of inflation in terms of marginal costs.
In the case of the PA, @ = ¢ = 0, this expression is:

(1—0771) (1 - 0p87)
077(-8—1
+B[l+e(®—1)(1—07Y)] Byt

0= [1 =07 (L= 0) Vi~ Bl |

= e (54)

which is equation (41) in the PA.
Furthermore, using expression (53) for the marginal costs, (51) can be written as:

e(1—o)

P = [1 - 957_710‘] [@t +(1—-o0) ?t} + [957_76(115)] [Eﬂ/;tJrl + <1ga> EtAtJrl] ;

which, when @ = ¢ = 0, is equation (42) in the PA:
b = [1 — 087 [n?ct Y (1-o0) Yt} +0pR° [Etz&m + sEtfrm} . (56)

Finally, combining (43) and (48), we obtain an expression for price dispersion as
function of inflation and past price dispersion:

. £ _ -0 gr(e—1(1-0) (o) c A
St = |:—1 . <1 — 7 1o >:| (1 —0rE D10 Ay + |:97T T—a :| |:1 — aAt 4 3t1:|

- o —(e—1)(1—
_ € [97_;(115) B (1—97? (11(5)> gr(e—1(1-0)

c(1-o0)

Ay + 07 T 5.

1 — fre—1)(1-0)

For a = ¢ = 0, and observing that in that case A; = 7, this expression simplifies to:

. [ efre1

Si= |1 —gre (7 — 1)} T+ 0751, (57)

which is expression (45) in the PA.

11



3.2 The GNKPC in terms of output

To express the GNKPC as an inflation-ouput relationship, we first substitute the ex-
pressions for labor input (41), into that for real wage, (40), to obtain:

{Dt:@gt"i‘ <90—|—0')Yi— 14 flt—i—g}. (58)
l—-—«a -«

We then go back to eq. (52), and, using (58), observe that the term in square brackets
is

Wy —

1 ~
At-f-(—()')Y:(pSt—Fng_'—(Y% At>+§t

so that eq. (52) can be rewritten as:

1 — fgrle-1(1-0)

c(1-0) 1/n

[1 687 1= } [sos:t + 2 (V- &) + ct]
l-«a
e(1—p) N
[<957_T115> - [Qﬁﬁ(e_l)(l_g)u Epr i+

+< < ) {95{(115) _gﬁﬁ(e—l)(l—a)} EApi
a

—(e—1)(1— e 1
+ {0574 X 9)} (1 + ) [ 0-G-D0=0 EiAgy.

11—«

frc-D(1-0) .
_ (1 - 98000 (5 _
<1 + = a) A (1 057 ) (0 —1)Vi+
_l’_

When o = 9 =0, Ay = 7, and this expression simplifies to:

O~ 1 el R . N N ~
1—07751 (1_9/877 )(‘7_1)16"‘[1_957“[SOSt‘F(SO‘Fl)(YZ—At)-FCt}
e—17 1 ) em17 [ ~ opmet
+ [687° 7] [ — 1] Exbyr + € (087 [F — 1] ExTipgr + T 07_1_671Et77t+1~

Adding and subtracting (1 — 637°) (0 — 1) Y; to the right hand side yields:

Ore— 1

T grei’t = (1-087"") (1= 7) (0 = 1) Vi + [1 - 057°] |:90§t+(90+0')}>t_(§0+1)14t+§t]

. 1 ~
+ (0877 [ — 1] Eytyy1 + 0871 [6 (m—1)+ 1—07?5—1} By,

which can be written as:
R = A (F) Vi + by (7) Biieer + 1 (7) |03t — (0 + 1) A+t (59)
+ by (7) ((1 o)V — thﬁm) .

This is equation (43) in the PA, where the coefficients are defined as follows: A (7) =

k() (o +0), 5(T) = (1*9*5;;251595’_’5), b (7 = B(1+2(7—1)(1—071)), and

bo(m) = [B(1—071)][1 —7].

12



3.3 The GNKPC in terms of output gap

In order to define an output gap we need to define the flexible price equilibrium in this
model. First we define the steady state output under flexible prices as Y; from (36),
since under flexible prices s = 1 and — > 0, we derive:

l—a
_ [(1 — a)Am] Fato(l—a) | (60)

Yy —

dnpt
where now p = -=;. In the steady state under flexible prices output does not depend
on inflation, and it is also equal to output in the zero inflation steady state of a sticky

price model.
Taking shocks into account, the flexible price equilibrium is:

A SP+(1 5
_ t pt+ato(l—a a—1
=y (%) (estyFrasatioa

where we assumed ¢ = 0. Taking logs:

p+1 N 11—«
o+a+to(l—a) ' pt+a+o(l-—a

logV;" —logY = )gt. (61)
We define the output gap in a zero-inflation steady state as ¥; = log¥; — log Y/". We
can then decompose the log-deviation of output from steady state in our model: Y; =

log Y; —log Y (), where Y () is the steady state level of output (as derived in expression
(36) above), as follows:

V; =log¥; — log V(%) = (log V; — log ¥;*) + (log ¥;* — log V) + (log Y — log Y (7))
p+1 . 11—« -

=Y+ - G —Y, 62
Teotato(l—a) ' ptatol—a)” (62)

where we have indicated the long-run output gap by ¥ = logY (%) — logV.* This
equation corresponds to equation (63) in the PA.

We now derive the GNKPC in terms of output gap for the case of the PA, where
a = ¢ = 0. Starting from equation (59), we substitute in it the expression for Y;:

m=B[l+e(m—1)(1-07")] Evipa

(1—6r1)(1—-6B87°) [ . . ot . i
" o1 ps = (Pt DAt (pto) (Yt ——A - ——a -V ) +q
+8(-0m ) -0 [a-0) (T4 A - a7 ) - B

oty p+o *

and, rearranging, we get:

#e = K (T) 0 + A (7) (Yt - f/) + by (7) Eyfrogpa+

(s = +1 . 1
+b2<7r>[<Yt—Y+¢ Ay -
o+ p+o

gt> (1-0)- Et«z?m} , (63)

*The expression for Y can be easily derived from expressions (36) and (60).
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where A (7) ,k (), b1 (7), and bz (7) were defined previously. This is equation (64) in
the PA.
Similarly, upon substitution of Y;, the expression for ¢; becomes:

b= =05 (a4 (o) (- ¥+ 22040 - 22%) e

+ 0p7° [Eﬂ;tﬂ + €Et7?t+1} ,

which is (65) in the PA.
1-67°1)(1-687°)

Note that the slope of the GNKPC depends on x (7) = ( gei=1 , which is
decreasing with trend inflation since 37° < 1 and 07! < 1.

3.4 The log-linear model in the zero-inflation steady state

When prices are stable (i.e. at zero inflation: 7 = 1), it is straightforward to show that
the standard results are obtained. The log-linear model in this case (assuming also no
indexation: ¢ = 0), simplifies to:

Y, = EYyp1 — 0 ' (i — Erfrn)

@t:@ﬁt‘i'gfft‘FCt

- 0
Pi=1g

Tt
<1 + 15_04@) Dy = by — by
Py = [1—08] [wt— <1_1a>/1t+ <1ia —U> Yt:|
+ [05] [%@tﬂ + <1fa> frt+1]

$r=(1-08)(1—0)Y; +[0f] [QgtJrl +(e—1) 7ATt+1}

B st (12 ) [fi- A

€

l—«o l—«o

@z[g umkm+w[ m+@4
it = Qrr + ¢y1>t-

Price dispersion becomes (as in eq. (46) in the PA):

) gl | . el . R
St = | — Tt + Tt + 95t71 = 98t,1
l1-a 11—«

so the dynamics of §; does not affect first order dynamics.
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The NKPC in terms of marginal costs is:

) 1— 1-6)(1-20
. o ( ) ( B) me; + BEifii1 = Amcy + BEifig1.
l-a+ea 0

Using the expression for me; derived by combining (53) and (58), the NKPC in terms
of output becomes:

N +
T = A (U + f z) )\71413 + A6t + BE Ty q.

Finally, with the usual substitutions, the NKPC in terms of output gap becomes:

T = KY; + BTiq1,

1-o c
o(1—a)+ota t

where/@:)\(a—i—%),andﬁ:—%ﬁt—i-ﬁ—i-

4 Macroeconomic dynamics

For this part we used in the PA a simplified version of the baseline model where, in
addition to the assumptions of constant return to scale and no indexation (o = o = 0),
we also assumed o = 1 and ¢ = 0. With these assumptions the log-linear equations (59),
(45) and (39) simplify to:

T = A(T) {Yt — A+ Ct] + by (7) Eyfiegr — ba (7) Eythesa (65)
U = (1 —087°) <f/} — A+ q) + 087 E, Wtﬂ + e (66)
Vi = EYiy1 — (i — Erfrgsn) - (67)

These are equations (53) to (55) in the PA. The policy rule (42) is unchanged, and the
notation for the coefficients is as indicated previously; with the additional assumptions
above it is also the case that A (7) = k(7). Note that because of the assumption of
linear utility in labor (¢ = 0), price dispersion, §;, does not affect the dynamics of the
above system. Technology, labor supply, and monetary shocks are specified as AR(1)
processes, respectively as:

At = PAAt—l + U At UA: ~ i.i.d.N(O, 1)

St = PcSt—1 + Ut uer ~4.4.d.N(0,1)

Ut = polp—1 + Uyt Uyt ~ 1.0.d.N(0,1),
which are equations (50) to (52) in the PA.

The system can be easily solved with the method of undetermined coefficient. The
solution is given by the two equations:

iy = L)d) <<t — A — ! vt> , (68)




which is equation (57) in the PA, and:

Y, = M ()\ (7) (At - §t> - qblﬂvt> (69)

which is equation (58) in the PA.

To look at the effects of trend inflation on the impact of the shocks on output and
inflation, denoting by 7; and y;, for i = A, ¢, v, the impact of shock ¢ on variables 7 and
Y, respectively, we compute the effect on the technology shocks impact as:

A(T)
oma L+ (7) 125 1 O\ (7)
or o - 2 o7 0
(1 + A (7) 1fgy>
and
A(7)
Opal _"TE0m _ S a@®
on on on '

(152 4 a@)

It follows that an increase in 7 reduces the impact effect of a technology (labor supply)
shock on inflation and output because it flattens the Phillips curve by reducing A (7).
Note that the effect of ¢ is just the opposite of the one of A.
For the monetary shocks we compute:
A(T) _
Olm| _ OT5gsron@ _ 1+ ¢y OA (7)

o 0F T (l+a+A(m) ¢} 07

<0,

so that an increase in trend inflation decreases the absolute value of the negative response
of inflation. Moreover, since y, = , and 8%5:) < 0, it follows that an increase

-1
1+¢y+dxA(T)
in trend inflation increases the absolute value of the negative response of output.

5 The optimal trend inflation

In this section we derive the results of Yun (2005) in our GNK model, that we analyze
in section 3.5 of the PA. Again assuming, as in the PA, constant return to scale and no
indexation (a = ¢ = 0), substituting the expression for pj, in (15) into (24) yields:

—E&

1 — e—1 l1—¢
st=(1-10) <19_7r;> + Omgsi—1. (70)

Following Yun (2005), the Ramsey problem can be defined as maximizing the utility
function of the representative consumer under the resource constraint, A;N; = Cysy and
the evolution of price dispersion s; described in (70). The first-order condition with

16



respect to inflation is thus (it just involves (70)):

-1
— 1 —@rc 1\ T _ 1) ne2
0=-0) (=) (F55) T S e

1—¢ 1-0 1-0
1 —1
1 — @1\ 1< 1—Ors— 1\ 1T«
0= eom (1) e == () e
Hence: )
1—0rs 1\ =1
(7)) = (™)

which is equation (2.5) in Yun (2005), p. 94. Substituting this equation into (70) we
get:
st =mys—1 [0+ (1—0) sfjﬂ . (72)

Noting that (71) can be written as:
L=m [0+ (1-0)s;{], (73)
and dividing (72) by (73) we get:

_ mEse1 [0+ (1—0)s571]

s = MS¢_1,
e N TR e
or:
M=t (74)
St—1

This is equation (2.6) in Yun p. 95, and (68) in the PA. Plugging this equation into (73)
gives equation (2.7) in Yun and (69) in the PA:

S; = 841 [9 +(1-0) sf:ll] = . (75)
Now recall equation (24), which under p = 0 is:

se=(1=0) [pi] "+ 0nfsi_1,
and use equation (74) to write:

(1 — Hﬁf_l)

Stw = [p;t] _87

and equation (71) to get:

St (WtSt—l)E_l = [p;:t] L

Using again (74), it then follows:
.1
Dip = 5 (76)

which is equation (2.12) in Yun (2005), p. 96, and equation (70) in the PA.
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