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Proof of Propositions in Section II

Fiscal

We can rewrite the capital market equilibrium condition as
1 _
5 (1= Powlke), 1) + Fwlky) - G = (qt . w?) ke + di,

where

9t = g+ a(wy —w").

Let us define a net saving function

S(w(ky),re) = s (L —=T)w(ky), re) + Tw(ks) — Gy

In this proposition, we perform a comparative statics exercise varying « (or equivalently

7;) and keeping the normal steady state fixed. Therefore, let us denote by

o = Os (L =7T)w(ke),re) + Tw(ke) — 7
Ok ’

and
Os (1 —=7T)w(ke), ) + Tw(ke) — g
87“t ’

Sp =

These numbers do not depend on «.

Note that a first order approximation of wages around the normal steady state is:

*Respectively: MIT and NBER; MIT; DELTA and CEPR (DELTA is a joint CNRS-EHESS-ENS research

unit). E-mail: caball@mit.edu; efarhi@mit.edu; hammour@delta.ens.fr.



w(ky) = w" + 71k ky.

We therefore have the following first order approximation for the net saving function

» s ks + sp1¢ + 8§, k < k°;
S(w(k),r) = { 0 )
Skkt‘i’srrt‘i‘so +57 k’Zk;

where
amy (k)3

sy = s —amk”, and sg = sg+
Sr

Assumption 4 guarantees that the normal steady state is in a dynamically efficient
region, while the speculative steady state, if it exists, is in a dynamically inefficient region.

The speculative steady state, if it exists, is characterized by the following equations

kS > kO,
s(w(k®),r*) =d® + (L + )K",

Ts =T — 7T1ks,

1+
=
Similarly, in the normal steady state, we have

dS

(7 + a(w® —w") — Tw?®).

sw(k"),r") = (L + )K",

r’ = my — mk",
g=Tw".

Using these equations, we can rewrite the conditions characterizing the speculative
steady state as

kS > kO,

sp(k® — k™) + s, (r* —=r")+ 5 =d° + (1 +v)(k° — k"),



s — " =~y (k° — k™),

1+

e D =),

dS

w® —w" = mk"(k* —k").

We can solve these equations for k%, w®, ¥ and d*.

In particular, we get

[Sk_ﬂ-lsr‘_(l_{—’}/)](k‘ —k )+5_,y_,rn_|_ﬂ.1(ks_kn)

We can rewrite this equation as

5 = [(147) — sp +mis] (K — k) + am k" (k° — k") (1)
(o -7y LT o TR = Bl mAn (kT - K
v =" 4w (kS — k) '

Using the fact that 1 +7* = 1+ r" — 1 (k* — k™) > 0, (1 +7) — s — m1s, > 0 and
k* > kY, we see that for a > 7, the right hand side of this equation is greater than

[(147) = sp + mise] (K0 — k™) 4+ am k" (K — k™).

It is clear that

lim  {[(1+7) — sk +mse] (k0 = &™) + am k" (k° — k") } = +o0.
a——+00
This proves that for « high enough (1), has no solution.
We have the stronger result that a sufficient condition for (1) not to have a solution is

A2 KO — k"
aZmax{mkn(kO_kn)(l— 5 )T p -
Therefore if mAkn (kOék") (1— kogkn) < 1, it can be the case that there is no solution for
A

« > o where @ < 1.



External

We continue to assume that § is small so that we can make a first order approximation
around ¢ = 1 and k = k™ for the transition from k™ to k°, if such transition is possible. Let
G =(q—1), k= (ky — k™), and 2 = (2, — 27) then the linearized dynamic system can be

written as:

- 147" 0 N 0 S N
= + + 1+— 2
d [1+v (MHV m( 1+7>>1+W]Qt ®
1+v—s;]| ~ ~ ~Y To
Loosl g fhsp) 20
+|:771+7T1 1+fy :| t = 1+’Y
—— oK™ ~
ki1 = ——=q + ke 3
-+ (1_1_7)275 t (3)

The analysis and proofs that follow refer to the dynamic system described by (2) and
(3).
The speculative steady state is characterized by ks = ) 45%6(1 o) 0 and 25 =
T ;> 0.

T (1) 7 (1+y—sk
For a speculative growth path to exist, it must be the case that the unstable path of

the normal steady state intersects the k° line below the intersection of the latter and the

saddle path of the speculative steady state. We can express this condition as

D N
Tl Rk

where the superscript e stands for external and

A€

_ 147" ﬂ(1+%)k" T10k™
1 1+ 1+~ + 1+’y“{ + (14)?
)\€+ =1 + 5 T ﬂ(l+%)k” oxn 2 ﬁ_‘l/ekn(l,lsf ) 0kn
— y 1 Y T
+ ( I+T5 + I+y + (1+7)2> 4 (1+7)? +4(1+7)2
and
o 1+r" ﬂ(lJr%)kn T10k™
¢ T T IR (T
AT =1+ = — o 2 — s
P N O B L v = LA Y mi0km (1- ) T 0kn
\/< b e * 1+77 + (14+7)° +4 (1+v)° ’ +4(1+7)2
We have
1
ANe=—-142—H
+ 1—-P’



where

sk —1/2
1+7) + 4 T10k™

(14v)° (14y)°
P=|1
+ C ,

FLOK™ (1—

and
1+ m(l+ %)k’n mOk™
+ 2
L+ 147 (1+7)
This is true because we have assumed that Assumption 0’ holds, which implies that

-1+ T_f: + Tf; > 0 and therefore

C=|-1+

1+ m(l+ %)kn T10k™

1+ +
1+~ 1+~ (1+7)°

A€ is a decreasing function of

TR (1-) ) ok
4 1

e I (o)
= ~ ,

where C' is defined as before and Y is non-monotonic in 6. It is increasing on (0, 56) and

decreasing on (6%, +00), where

Tik™

14+r™

96 — 1+
(r1471) k"
(1+7)?

In addition limy_,o Y€ = 0, and limg_, 1, T¢ = 0.

As a result, A® is non-monotonic in #. It is decreasing on (0,0°) and increasing on

(5‘3, +00), and reaches a minimum for § = 6¢. We also have limg_,g A® = +o0, and limg_, o, A€

—+00.

Proof of Claims in Section III

Technological progress

Let us assume that 6, = 1 — p is small so that we can make a first order approximation
around ¢ = 1 and k = k™ for the transition from k™ to k°, if such transition is possible. Let

¢t = (¢ — 1) and ey = (k; — k™), then the linearized dynamic system can be written as:

1, (M Tt | s, AT 0
1= 14r" + 1 1-?-7 + 1-?7""1 k| @+ é]/f\ — |gn 14~ +r 5 k> kO° ( )
1+ 1+ Sp at sp vt Sp p> = )



oK™ . ~
m(h-ﬁ‘kt (6)

The analysis and proofs that follow refer to the dynamic system described by (5) and

(6).

Assumption 5 (Minimum technological progress)

kiv1 =

A
_ Sr 0_ n
6p>i—7rn+1;7kn(k k™).

Proposition 9: (Multiple Steady States)
If Assumptions 0, 0’ and 5 are satisfied, the economy has two non-degenerate steady states,

k™ and k*, with:

K" =

S0 + o PETISra T+7r"+ (14 v)k™/s,

A A 6p:k7 (7)

(7

where A = 71 + (1 4+ v — si)/s, > 0, and the superscripts “n” and

“s” stand for normal

and speculative, respectively.
Assumption 6 (Speculative adjustment costs region)

A k"2
+ _ Sr (1+7)
N1 SR e g
A kM < ko_kn‘
- st (144)2
11— - 240

rn4 lst‘W kn

Proposition 10: (Multiple Equilibria and Speculative Growth)
If Assumptions 0, 0°, 5 and 6 hold, there is a speculative growth path that takes the economy
from k™ to k5.

Proof: Imposing ¢;+1 = ¢ and 15:1 = k; and solving for k* and ¢° in

0 [}
147" Ty Tom T 1 N
+ ( Iy 4 1y k| G

qt+1 1+~ 1+~ s
A ~ 1
Tl [1@"” + r”] 5,
Sy Sy
and
_ gkr
kty1 = ———=a + ki,
(1+7)
n+1+7kn

we find that k* = %5]3 and ¢® = 0. This is a steady state if and only if B> k0 =

kE? — k™, which we can revx;rite as
A
bp >0p= (KO — k™).

Sr
rn4 1:;"/ kn



Let us now assume that this inequality holds. We now ask under what conditions a
transition from the normal steady state to the speculative steady state is possible. For a
speculative growth path to exist, it must be the case that the unstable path of the normal
steady state intersects the k° line below the intersection of the latter and the saddle path

of the speculative steady state. We can express this condition as

[(v ) ((9"")2) 1] (K~ &) < l(v 1) ((‘""&)1 (k=1 65, (8)

L+y 1+~

We can rewrite (8) as

A k- 2 Ak 2 - ks k.O
+ s ()T B Ul € v 0 N L
Mot LR U e’ e

Bubbles

Proof of claims in Section III.C

In principle, there could be a third steady state once bubbles are feasible: (k?, 1,b), where
7o —mk? = v and b > 0. Assumption 4 guarantees that this steady state does not exist. To
see why, assume the contrary. It is clear from assumption 3 that k* < k°. But the associated
bubble in this steady state would be negative, since b = so+srmo—AkY < so4-s,mo—Ak™ =0,
which is a contradiction.

In the proof of this proposition, we have to perform two linearizations, one around
the normal steady state and one around the speculative steady state. This is because
the characteristics of the dynamic system are different around the two steady states. The
normal steady state has a two-dimensional unstable manifold and a one-dimensional stable
manifold, whereas the speculative steady state has a one-dimensional unstable manifold and
a two-dimensional stable manifold.

We consider the possibility of a small initial bubbles, 0 < by < M, (d,) 6, for some
function Mj, (6,) > 0 such that

lim M, (6,) =0

0p—0

and
M,
lim o) (6p) = 400
dp—0 6[7



and show that if

A_ k™ . A__ k" 5 ! kS k;O
+ sr (14rm) I € ) -
Al w+%%ﬁ b=A w+%ﬁw9 SRk

then there exists a function my, (d,) > 0 such that a transition is possible for ¢, small enough

and 0 < by < my, (0p) 0p, and that if

D TR € D R VI S U ) R s M TR
+ o 1-::n o "t 1-|S-:n n kO — kn’

then for ¢, small enough, for every m; > 0, there exists 0 < by < mypd, such that no
transition is possible with initial bubble bg.
Let us first linearize the system around the normal steady state. Up to second order

~

terms in ¢; = (¢ — 1), /;:\t = (k¢ — k™), 1 = (ry — 1), Z/); = b; and ¢, we have that

0
~ T t1l 14~y —sp~ 1~
re = Iy k”qt + 77 kkt + *bt,
Sr Sr r
0 1.n [
_ L4+r" Tk T N [ 1+7—sk]A 1~
= + + k™ + |m+—| ke + —by,
di+1 14+ 1+~ s qt 1 . t Srt
— o™ —~
= 2 Gtk
(1+7)
b/\ . 1+r"~
i+l = T+~ t-

Similarly, we linearize the system around the speculative steady state. Up to second

order terms in ¢; = (¢ — 1), ke = (ke — k%), ¢ = (ry — 1%), b; = by and dp, we have that

9
R =t 14 y—sp~ 1~
A= T g+ — Ry

Sy Sy ,
e Mgk %—Flks .
qt+1 1+~ 14~ s, t
1+vy—s] ~ 1~
-ﬂm+'7ﬂm+m
Sy Sy
_ 0ks .
kiyr = ——=q + ke,
(1+7)°
_ 147~
b = b;.
t+1 1_'_7 t

The dynamic system around the normal steady state is characterized by the matrix



7] 7]
(EE LS = LA i

n 1+y—si 1
k T + =

1+ 14 Sr Sr
Q" = Ok 1 0
(1+9)?
0 0 1+r

1+~
Similarly, the dynamic system around the speculative steady state is characterized by

the matrix
0 s 0
14rs | Mok ety Ity—sy L
14~ ™ 14+~ T Sy k2omt Sr Sr
Q° = ok” 1 0
(1+9)*
0 0 147

1+~
Keeping the same notations as above, it is clear that the eigenvalues of Q" are A"t > 1,

A~ < 1 and 2 > 1, with corresponding eigenvectors (z"t,1,0)", (z"~,1,0)" and 2

14y
where
6 n 0
Lyrn | Mkt et
1 14+~ + 14y + s k 1
At =14 5 e gk 2 - on
T 1+~ 14+~ n __ Y—Sk
+ [MJF otk 1] +4(m + =1 )(m)?
and
Py X L—l—l
147" L1ty NS E SRy S |
1 1+ 14y Sr
AT =14+ = 0 0 2
2 I S N =R T 1+y—sj\_Ok™
/T T Tk = 1] A(m o+ L )(M)Q

Therefore, the tangent plane to the unstable manifold of the normal steady state is the
plane through the normal steady state with directing vectors (z"t,1,0)" and z;', and the
tangent line to its stable manifold is the line through the normal steady state with directing
vector (2", 1,0)".

Similarly, the eigenvalues of % are At > 1, A~ < 1 and 1117”; < 1, with corresponding

eigenvectors (z°+,1,0)", (z°7,1,0)" and 2§ where

[ s 6
et | MTRk | Tetls
1 14y + 1+ + Sr k 1
As'f‘ =1 + 5 o 0 ps 0 +1 2
1trs 1114 Tyt s _ I4y—s,\_Ok*
+ [1H+ otk 1] HA(m A+ )
and
0 s [
14rs | M T tls
1 14y + 14y + Sr k 1
N =14- 0 ) 2
20 _ s mTe® | et Lfy—sky_Ok®
[MJF o+ Pkt =1 A+ )(1+,y)2



Therefore, the tangent line to the unstable manifold of the speculative steady state is
the line through the speculative steady state with directing vectors (z5",1, 0), , and the
tangent plane to its stable manifold is the plane through the speculative steady state with
directing vectors (z°~,1,0)" and z;.

Let us now vary 6, k* = £°(6,) v = 7(6,) and s* = s°(§,) in such a way that k" =
(so + srm0) / (spm1 + (147 — s1,)) is fixed, assumptions 0,1 and 4 are verified and |k —k"|

V

edp for some € > 0. Note that v(d,) < r"™ = mg — m1k" for 6, > 0 and lims, .o v(5p) = r" =
mo — mk™. Also k°(6,) > k" for 6, > 0 and limg, .o k() = k™.

As we do this, k%, 2T, "7, \"T X" 25T 257, X*T and A\*~ also vary. These vari-
ables are all continuous functions of d,. Let us denote them by k*(d,), "% (dp,), 2™ (d,),
A (6p), A" (8p), 51 (0p), 257 (0p), A5T(8,) and A5 (d,). It is clear that k%(6,) = k™ +O(6p),
2" (6p) = at 4+ O(6p), 2" (6p) = 7 4+ O(8p), A"T(8,) = AT + O0(8,), \" " (6p) = A~ +
O(0p), 257 (dp) = 27 + O(8p), 257 (dp) = 27 4+ O(p), AT (dp) = AT + O(d) and A*~(3p) =
A7 4+ 0(dp), with

r 0 n 0 T
14rn | Mgk mmtln
n 1 1—rn + 147 + Sr k 1
AT o= 14— 0 0 2
2 14rn | Mgkt ety Lrr—sg ) __Ok" ’
N [17‘” T T k=1 +A(m + sr )(1+T”)2
r 0 n 0 ]
n T 1wk T+l
o 4 e+ k-1
AT o= 14— 0 0 2
2 14 T m k" et 14+ —sy Ok™ ’
- [lr” + e R S 1 A (m o+ )(1+T")2
where
At —1 AT —1
+ _ I
T = g >0, z = —oF < 0.
(1+rm)? (1+rm)?

Because the dynamic system we consider is twice continuously differentiable in the regions
k < k® and k > k°, the following results are true:
e there exists J, > 0 such that for all §, < J,, there exist continuously differentiable
functions ¢; * : (K0, k] x [0, My, (6p) 6] — [1, +oo] and ¢™ " : [k™, k%] x [0, My (6,) 6] —
[1, +o00[ such that the stable manifold of (k*(6p), 1, 0) is parameterized by (k, b, q(‘;; (k,b))
in the region (k,b) € [k°, k*(5,)] x [0, My, (6,) 6], and the unstable manifold of (k™,1,0)
is parameterized by (k, b, qg‘;(k,b)) in the region (k,b) € [k", k%] x [0, My (8,) 6,).
e there exists 6, > 6, > 0 and m" > 0 such that for all 6, < &, (k,b) € [k°, k*(5,)] x
10, My (6,) 8], and (K',) € [k, k] x [0, M, (6,) 3,

g5, (k) =1 =27 (0p) (k — k°(8p))| < m" My (0p) b

10



and

a5, (K',6) = 1 — 2" (3p) (k — &™) < m" M, () Jp-

Using the fact that k%(6,) = k™ + O(8,), 27 (0p) = 2~ 4+ O(5,), 2" (6p) = x™ + O(Jp),
A7 (6p) = A7 + O(8,) and A" (8,) = AT + O(d,), we see that there exists g > i >0
and m® > 0 such that for all 6, < 0,, (k,b) € [K%,k*(6,)] x [0, My (3,) 6], and (K, V) €
[k, k%) x [0, My, () 6,

457 (6,D) = 1 — 2~ (k — *(6,))| < m* My (5,) 5,

and

|qu+(1<:', V) —1—at(k—k")| <m®M, (6,) 5,

Let M = max{m™, m*}. The ¢ = 1+ 2+ (k — k™) plane intersects the k = k" plane along
the line k = k%, ¢ = 1 + 27 (k° — k™). Similarly the ¢ = 1 + z~ (k — k%(J,)) plane intersects
the k = kY plane along the line k = k%, ¢ = 1 + 27 (k° — k%(8,)). Therefore, if §, < i , We
have that

L+ a7 (K2(dp) — k*(8)) + MMy (8,) 8 > 1+ a7t (K°(8) — k™) — 6 = MMy (6) 5, (9)

is a necessary condition for the intersection of the unstable manifold of the normal steady
state with the vertical £ = kg plane to lie below the intersection of stable manifold of the
speculative steady state with the vertical k = ko plane in the region b € [0, My, (6p)].

Similarly, a sufficient condition is

1+ a7 (K0(8p) — k°(8,)) — MM, (3,) 8 > 1+ 2™ (K°(3,) — k™) = 8p + MMy (6) 6. (10)

We can rewrite (9) and (10) as

)\+—1+G</<;s—k:0+ 2M My, (6,) 6y
1= -G KO-k (1-X—G)(k°—Ek")
and
)\+—1+G<k5—k0_ 2M My, (6,) 9y
1= =G kKO—k» (1-X"—QG)(K'—kn)’
where
A k"
sr (14rm)

rn 4+ Lgi:nkn

11



Using the fact that k° — k™ > &6, we see that a necessary condition for a transition

when ¢, < g is

)\+—1+G<k5—k0+ 2M M, (5,)
1-A -G KO-k e(1-X —-G)

and that a sufficient condition for a transition is

N —14G k=K MM, (6)
I -G Wk c1-A-q)
Notice that (2M M (6)) /e — 0 when 6, — 0.This shows that if

)\+—1+G< kS — k0
1=\ =G kK0O—kn

then there exists m(dp) > 0 such that a transition is possible for ¢, small enough and

0 < by < mp(dp)dp, and that if

A+—1+G> k* — KO
1-A =G~ KO—kn»

then for ¢, small enough, for every m; > 0, there exists 0 < by < mpd, such that no
transition is possible with initial bubble bg.

This condition holds if and only if

A1 G R
Tl -G Rk

which is exactly the same condition as without bubbles. The discussion of the possibility

A

of a transition is therefore entirely similar.
Proof of proposition 7: The proof follows directly from the fact that in the neighborhood
of the speculative steady state, the interest rate is smaller than the growth rate of the

economy.
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