A Online Appendix

A.1 Proof of No Ordinal Restrictions in Assumption 2

Note that Assumption 2 is not required to hold at all levels of the gross interest rate, only
the technological rate of return R, i.e. the return on storage without taxation.

Start with concave preferences U(co, ¢1;6) that satisfy Assumption 1. We construct a
renormalization of preferences by applying the transformation f9(U(co, c¢1;6);6). This renor-
malization ensures that Assumption 2 holds, and preserves concavity.

The functions f9(V;6) are constructed as follows. Fix 6*. For any function g, for all I
and 0, define f9(V;0) by

fo V(I R;0);0)Vi(I, R;0) = ¢'(V(I, R;0))Vi(I, R; 07),

or

Vi(I, R; 0%)

fo(V(I,R;60);0) =g (V(I,R; 9*))m.

We can pick g so that f{,(V;6) is decreasing in V' for each € so that concavity is preserved.

A.2 Proof of Proposition 1

Case (a) is immediate. We now prove case (b); case (c) is symmetric. Define Cy(cy,v;0) as

v = UP(Coy(eq,v;0),¢q;0). The planning problem is

min | (Co(cr(6), v(0):0) + ~c1(60) ) £(6)d0
/( 20)

subject to ¢; non-decreasing and
0(0) = Uy (Co(c1(6), v(6); 6), c1(0); 6),
/)ng(G)f(@)d@ > V.

We study the relaxed planning problem

min | Co(cr(0),v(0):0) + ~er(6) ) £(0)d6
/( #)

subject to ¢; non-decreasing and
0(8) = Ug (Co(cr(6),v(0); 0), c1(8); 0) + 7(8),
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r(0) >0,
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The original problem imposes 7(6) = 0 for all 6, but here we allow for r(¢#) > 0. Our first
goal is to show that an interior solution to the relaxed problem features r(f) = 0 and, thus,
coincide with the original planning problem.

Adapting Theorem 3.1 in Hellwig (2009) we form the Hamiltonian

H = 00f(0) =1 (Colen, v36) + 1) £(6) + u(UF (Coler, i8).1,) 1) 4 x4

where ~ should be thought of the inverse of the multiplier v on the promise keeping constraint.

We obtain the following necessary conditions for an interior optimum:

£(6) =75 £(6) + 17 (6)Co, (6) — p(6) (U7, (6)Ci ) + UF, (6),
(6) = ~X(8) + 17 (6)Ci,(6) — u(O)U,, (0)Co, 0.

/X(Q)dcl(é’) = 0.

The relaxed problem solves the original problem. To show that a solution to the
relaxed problem features () = 0 and, thus, coincide with the original planning problem,
we argue by contradiction. Thus, assume that 7(f) > 0 on a positive measure of points 6.

We claim that if we can find a set E of positive measure such that for all 6 € E' we have

and ¢, (+) strictly increasing at  then we are done. First we show that we can find such a set
under the assumption that r(6) > 0 on a set of positive measure. Let E be a set of positive
measure on which 7(#) > 0. Then by the necessary conditions we know that p(6) =0 on E.

Since u, v,y are all absolutely continuous they are differentiable almost everywhere. Thus



we can assume without loss of generality that u,xy and v are all differentiable on E. Since
u(d) < 0 we know that u(f) = 0 on E. If we have that ¢;(6) is strictly increasing on a
positive measure subset of E' then we are done. Thus suppose not, so that ¢; is not strictly
increasing at almost every of E. Without loss of generality we can suppose that ¢; is not
strictly increasing at every point of FE. In other words given 6 € E we can choose ¢ small
enough so that ¢1(0 — €) = ¢1(0 + €). Now by our preliminary fact we know that E contains
an accumulation point, call it 3. By the preceding argument there exists an € > 0 so that
c1 is constant on the interval (g — €,0y + €). Let ¢ = ¢1(0y). Now since U, > 0 and v is

differentiable at 6y the implicit function theorem says that ¢o(#) defined by
v(0) = UP(co(0), 15 0)
is differentiable at 6,. Then
0(00) = UZ (co(bo), 13 0)¢0(00) + Ug(co(bo), €15 0).
We also know that
(o) = Uy (co(0o),¢1;0) +1(0) > Ug(co(o),c1;0).

Since 7(6y) > 0. Since UL > 0 this implies that ¢y(6p) > 0. Since 6, is an accumulation
point of E there exists a sequence #, € E with 0,, — 6,. We can further suppose that we

have either 6,, 7 0y or 6, \, 6y. We take the case 0,  0y. Using the fact that for all § € £
we have 1(0) = [1(#) = 0 we have that

v = AO)UE (co(0), c1(0); 6).

Using the fact that ¢y(6y) > 0 we know that for all large enough n we have ¢y(6,,) < ¢y(6p) and
c1(0n) = c1(0). But then using the concavity of the utility function, the fact that U} , <0

and )y is decreasing we see that

which is a contradiction. Thus on the original set £/ we must have had a positive measure



set of points A such that ¢; was strictly increasing at these points. Consider the new set

E’ = E N A which also has positive measure. Then for all # € £’ we have that

the function ¢ () is strictly increasing and p, v, x are all differentiable. Since ¢; is increasing
at § we know that we must have x(f) = 0. But since x is differentiable at 6 and x(6) = 0
and y < 0 it must be that y(6) = 0.

From here onwards we restrict to points # € E’. Using the fact that () = p(8) =
x(0) = 0 tells us that

=g f(0) +~vCo(0) f(0) = 0.

and

35 16) + 7)o, (6) = 0.

Rearranging and using the definition of Cy(cy,v; ), these two equations are equivalent to
v = AUg (co(0), c1(0

)
_ Ufo(c(lw)? c1(0);0
U‘];l (CO(Q>7 Cl( 9

0), (1)

R ; . 2)

The second equation tells us that we can write
v(f) = VP(1(0), R, 0)

for some I(0) since cy(0) and ¢;(#) are chosen as they would be in the parent’s optimal

problem. Now we claim that () is decreasing on E’. This follows from the fact that

77 = Ub(eo(0),c1(6):0) = VP (1(0), R:6)

A(0) ’
and the fact that V' is concave and ) is decreasing. Since E’ has positive measure it contains
a limit point #. Suppose that there exists a sequence 6,, € E with 6, \, 0. The case 6, "0

is symmetric. Then since v is differentiable at # we know that

5(0) = 1im W) =00)

noo 6, — 0



since V is differentiable in I and 8 we see that

v(0,) —v(0) =VP(I(0,), R;0,) — VP(1(0), R;0)
= Vi (1(0), R; 0)(1(6n) — 1(0)) + V5 (1(6), R; 0) (0, — 0) + £(6n — 0)

where the £(6,, — 0) is a second order error term so that % — 0. Thus

5(0) = tim TUO: B OUT0) ~ 1(9)) + Vi), B:0) (6. — 6)

n—o0 6, — 0

— VJUI(6), R:0) + VP(1(6). R:0) - i TP = 1(0)

< Vy'(1(0), R; 0)
since 1(6,,) — I(0) < 0. Thus we see that v(0) < VP (1(0), R;0). But since
0(0) = V5 (1(0), B; 0) +7(0) = Uz (co(0), c1(0); 0) + r(0)

and r(0) > 0 we have a contradiction. Thus it must have been that » = 0 almost surely so

that the solution to the relaxed problem coincides with the solution to the original problem.

The relaxed problem features positive taxes. In the proof, we will make repeated use
of the fact that over an interval where there is bunching, the tax rate 7 is increasing. This
is a direct consequence of the single crossing condition in Assumption 1.

Since pu, v, x are all absolutely continuous they are differentiable almost everywhere. Thus
there is a full measure set Q2 of 6 such that i, y and v are all differentiable. Consider 6 € (2.

Suppose that ¢; is strictly increasing at 6. Then x(f) = x(f) = 0, and we get using
equation 4 together with the fact that p(6) < 0 and single crossing that 7(6) > 0.

Now suppose that c; is not strictly increasing at 6. Consider the greatest interval around
6 over which c; is constant. Then the tax rate 7 is increasing over this interval so that it is
comprised between its limit values at the bounds #; and 6, of the interval.

If 6, > 0, then the function ¢; must be strictly increasing at ; so that 7(6;) > 0. If ¢; is
continuous at 6, then so are ¢y and 7. We can conclude that 7(6) > 0. Suppose now that ¢; is
not continuous at f;. If limg_,,+ 7(6) > 0, then we have 7(f) > 0. Otherwise limg_, o+ 7(0) <0,
from which we derive a contradiction by constructing a new allocation that satisfies the
constraints of the relaxed planning problem but achieves lower cost. We first construct a
new allocation (&, ¢;) which coincides with the old one except at points 6 e (6;,01,) such that

7(6) < 0, in which case we pick (¢y(0),é1(0)) so that UP(¢y(0), é1(0):0) = UP(co(h), c1();0)



and R = % so that 7(6) = 0. Then define an ironed version of this allocation

by setting ¢1(0) = é1(6(0)) and ¢o(0) = éo(d(A)) where ¢(0) = arg max_;é1(60'). Then this

allocation satisfies the constraints of the relaxed planning problem but has a lower cost.
Suppose now that 6, = §. We have x(f) = 0. Then for every ¢ > 0, we can find HNE in

0,0 + €) N Q, such that x(0) < 0. Because lim.,ox(f.) = 0, we conclude using equation

(3) that lim.,o7(fc) > 0. Since 7 is increasing on (6,6;), this allows us to conclude that

)
7(0) > lim._o7(0,) > 0.

A.3 Derivation of Optimal Tax Formula and Proposition 2

Define Cy(cq1,v;0) as v = UP(Cy(c1,v;6),c1;6). We have Cy ., = U4 and Coo = 7. We
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adapt Theorem 3.1 in Hellwig (2009). We form the Hamiltonian

H = (Mv + apU(c1)) f(0) — v (Co(cl, v; 0) + }%01> F(0) + pUf(Co(er,v;0),¢1,0) + xq

We have the following necessary conditions:

£(6) = ~agUS, (6)1(6) + 75 £(9) + 7/ (6)Ci () = p6) (U, (0)Cocs(6) + UL, 9))
i(6) = ~Xf(0) + 11 (6)Ci,(60) — (O, (O)Co..(0).

x(0) <0,

and the complementary slackness condition

/X(Q)dcl(é’) = 0.

Using the definition for

£(0)
7(0) = RU&(G) —1
we can rewrite the first equation as
_ X0 c 1(0) e Upe,(0) Uy, (0)
77(9> - _Rm — Oé@RUcl (9) — mR[jc1 (9) < Ugl (8) — Ué,_:)(9> ) . (3)

The result in Proposition 2 follows immediately from the fact that (@) is zero at the ex-

tremes. As long as ¢1(0) is strictly increasing, then we have x(6) = 0 and x(6) = 0 so that



1

using v = -, we have
_ ¢ 10) orre Use, (0)  Ug,(0)
7(0) = —vapRU; (0) — VWRUCI(Q) < Uz (0) — Uz (0) ) . (4)

A.4 Proof of Proposition 3

We fix the weights ay, and solve the following system

1 Ue@d) 1 1
TTme) s T RUL @) ©)
UP(0) = v(0), (6)
Ur(6) = (6). )

Given v(f), equations 5 and 6 pin down cy(6) and ¢;(6). Equation 7 can then be seen as a
differential equation in v(#).

If the solution of this system is such that ¢;(6) is increasing in 6, then the corresponding
allocation is incentive compatible, and solves the planning problem for parental weights g
given by .

VW = N
For ay = « constant, we know that the allocation is incentive compatible. Indeed the

allocation can be constructed by confronting agents with a nonlinear tax on bequests given
by

cp—1
T’( 1R 1) = —vaRU; (c1).

The bequest tax T'is convex, and hence the resulting budget set is concave. The correspond-

ing allocation is incentive compatible by construction.

A.5 Proof of Proposition 4
The planning problem is (normalizing \g = 1)

min | Co(cr(0), v(0):0) + ~er(6) ) £(0)d6
/( #)

subject to ¢; non-decreasing and
C1 (9) 2 C,

0(0) = Uy (Co(cr(0), v(0); 0), 1 (0); 0),



/v(@)dF(Q) >V.
As in the proof of Proposition 1, we study the relaxed planning problem

min | (Co(cr(60), v(0):0) + ~c1(60) ) £(6)d0
/( 710)

subject to ¢; non-decreasing and
ci(f) > ¢

0(0) = Ug (Co(ca(0), v(0);0), c1(0); 0) +7(0),

r(6) >0,

/ v(0)dF(0) > V.

The original problem imposes r(f) = 0 for all 6, but here we allow for r(f) > 0. The
necessary conditions can be derived by adapting Theorem 3.1 in Hellwig (2009). Indeed, his
setup explicitly allows for a constraint such as ¢;(0) > c.

We claim that a solution to the relaxed problem must feature r(#) = 0 and, thus, coincide
with the original planning problem. The proof of this claim is essentially identical to that
laid out in the proof of Proposition 1. The presence of the new constraint ¢;(0) > ¢ does not
change the key arguments involved. Indeed, the necessary conditions are identical except
that x(€) is not required to be zero.

Following the proof of Proposition 1 it follows immediately that 7(6) > 0 for all § > 0*.
Finally we can use Proposition 9 to conclude that we cannot have 7(0) = 0 almost surely for
0> 0*.

A.6 Proof of Proposition 5

The proposition is a direct application of Proposition 6 specialized to the logarithmic utility

case.

A.7 Proof of Proposition 6

We define the after-tax interest rate R = % The planning problem is'

e

min / <CO(I,R, 0) + %01(1,1%, 9)) f(0)do

f cig = 0 this case amounts to a many-person Ramsey tax problem, as in Diamond (1975).



subject to

/ ()\QVP(I, R.0) + apUe(cr (1. B 9))) e

where ¢o(I, R, ) and ¢1(I, R, ) are the uncompensated demand functions and V?(I, R, 6) is
the indirect utility function. We denote by W (I, R,0) = N\V?(I, R, 6) + apU(cy(I, R, H))).
Finally we denote by ¢§(u, R;6) and ¢ (u, R;6) the compensated demand functions, and by
€, a1, R, 6) the compensated elasticity of ¢; to the after tax interest rate R.

We now proceed to prove Proposition 6. We use

1
co.r(0) + 501,1(9) =1,

co.r(0) + ECLR(Q) - 501(9) =0,

cual0) = ¢ 4(0) + =5 (8)cws(0),
1

co.z(0) = c; 5(0) + 501(9)00,1(9),

We find

/ K}% B %) ¢, (0) + %61(0) (1—vV7P(0)) — ozngfl(Q)cLR(Q)} F(0)do = 0,

L1y [Fa® Q=17 6) - aUs (0)e, 4(0)] £(60)d0
(E_ﬁ)_ Jera@)F(0)do |
Similarly, we have

/ {1 + (% _ %) c1(8) — VVP(0) — aguU°, (9)61,1(0)] £(0)d0 =0,

(l _ 1) J (1= vVP(0) — agrUE (0)cy 1(6)] £(6)do
R R .

N Jenr(0)f(0)do
After some manipulations, we get

1 1 #Cov(ci(8), Wr(9)) + [ agrU¢ (0)cc -(0)f(0)df

RTRT 60000+ HC (@@).e,(8)




which can be transformed into

T - %COV (c1(0), Wr(0)) + faaU§1(9>CC (0)f(0)do

1,R
= —v

T T OO+ 0o ) eua®)

and finally
Cov(c (Wi () éf agUg, (0)e., 7(0)c1(0)f(0)dO
T _VfaCbR(G)cl(H)f(O)d@ Jec, 2(0)c1(0)£(6)d0
1 Cov(c1 (9),01,1(9))
R [, 7(0)ci(0)f(0)do

147
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A.8 Proof of Proposition 7
We apply Proposition 9 to the logarithimic utility case to prove Proposition 7. We have
¢i(I, R, ) = min(I RO, exp(u)),

by [(1 —§)log (1 . %) n 0@] if 1RO < exp(u),

N VP(I, R, u,0) = 3 s
oV ) by [1og1+(1_9) log(1—9)+910g(39)] it RO > exp(u),

so that 2
) A‘)(ex;<u)> if IRO < exp(u),
MNVIL Row,0) = ="
2 if 1RO > exp(u).

Note that for IRA < exp(u), we have

N(1—0) M1 —0)R PR
_exp(w) T TPR(1 _ DO _ B TRO—exp(u) 77
[— 2R IR(1—0)+ IR0 —exp(u) I+ R(l——g)

TRO—exp(u)
and ~Ei )

g is constant. Also, ¢, ;(6) = R6 for § > ex}';%) and 0 otherwise. Thus, both ¢;(#) and ¢, ;(0)
are increasing in 6, implying that Cov (¢1(0),c1.1(0)) > 0.

is negative and increasing in 6. Hence Cov(c1(6), VP (9)) is negative even when

A.9 Proof of Proposition 8

We first show that V' (I, R, u; 6) is higher for types such that the constraint U¢(c1 (I, R, u;0)) =
u binds. Let CY{ be the inverse function of U¢. We have

1
VP(I, R,u;0) = max U(I — }—%cl,cl)
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subject to

The FOC implies that

with an equality if ¢1 (I, R, u; ) > C{(u), i.e. if § > 6*. Consider § < 6* so that ¢;(I, R, u;0) =
C¢(u). We have
1
Vi, R, w;0) = U (I = 05 (w), Ci(w)-

Hence
U d —VP = Up Ub
Cld R COCO+ cp,C1?
where we have omitted the arguments for brevity.
Since Ui} < 4 and UP . <0, we get
d ur
us—vP>——2gr 4+ UP . >0,
1 d U& 0,C0 0,C1

where the second inequality follows from the assumption that c¢; is a normal good. Hence
LyP > 0. Using the fact then when u is low enough, the constraint U¢(c;(I, R, u;6)) =
ceases to bind and then VP(I, R,u;0) is independent of 6, we conclude that V¥(I, R, u;0) is
higher for types such that the constraint U¢(c; (I, R, u;0)) = u binds.

We now use this observation to prove that a small positive tax is beneficial. We find it
easier to work in the prime where we maximize welfare subject to a resource constraint rather
than in the dual. Imagine that we change R to R + dR. To satisfy the resource constraint,
we need to change I to [ +dI, where dI = —%% [ ¢;(I, R, u;0) f(6)df. The change in welfare
is given by

qv - / No(VEO)dR + VF(0)dI) £ (6)db.

which using Vi = £ V], we can rewrite as

W = [ M@0 T -5 [ @100 100,
aw =55 [ M(@V70) = VE©) [ @)@ 10)as
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which when \g = \ is constant, can be rewritten as
dR -
dW = ﬁ)\Cov(cl(é’), VP(0)).

Our previous result shows that Cov(c(0), V7 (6)) < 0, assuming normality of good ¢;. We

conclude that starting with no tax, a small positive tax increases welfare.

A.10 Proof of Proposition 9

The planning problem is

mm/(%@éﬁﬁ%%aﬂﬁggﬁ)ﬂ@w

subject to
/Mwuﬁ&mﬂmwzu

where we have defined u = U¢(RB) and V?(I,R,u,6) = max,, ., UP(co,c1;6) subject to
co + % < I and U(c1(0)) > u, with demands co(I,R,u,0) and ¢i(I, R, u,6). The dual
problem min, (co + %) subject to U = UP(cy, ¢1;6) and U(c1(6)) > u gives associated
compensated demands & (U, R, u, #) and ¢$(U, R, u,6), and by € 2, R, 0) the compensated
elasticity of ¢; to the after tax interest rate R.

The proof of Proposition 9 follows exactly the same steps as that of Proposition 6.

Indeed, this follows from the fact that the Slutsky relations between uncompensated and

C _ C1

compensated demands are still valid ¢f » = —%

2
11+ C1.R
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