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This note contains proofs of the identification results given in section 4 of the paper.

1 Identification of the non-inertial policy rule

The model is given by the following equations:

it = BEimi41 + Ay (1)
Yt = Ewrr1 — o (re — Eymesr) + g (2)
Tt = Ve Bimig1 + Y + ey (3)

Tt =Yt — 2t

2= pai-1+Eng (4)
gt = Pg9t—1 + Eqt- (5)
It is convenient to express egs. (1) and (2) in terms of the output gap x;. Given eq. (4), eq. (2)

will be

v =Exiy —o(ry— Emmen) 90— 2 (1—p2). (6)

/ li . . /
Define Y; = (w4, 24) ", and X; = (2, 9¢)" and the vector of innovations e; = (e,,€4,¢,6r¢) - From



the Taylor rule, I derive

re — Eymipr = (Yr — 1) Eymen + Yade + €0y

and I substitute this into eq. (6) to obtain

Ty = By — 0 (Yn — 1) Eympq1 — 0Yex — 0€ry + g1 — 20 (1 — p2) -

The model for Y; can be written in the form

By (0)Y: = B1(0) EtYi1 + C(0) Xt +c(0) ey

X =D(0) X¢—1+ (e24.6)

where By, B; (0), C (0) and ¢ (0) are given by

1 =) B 0
By (0) = , Bi(0) =
0 140, —o(r—1) 1
0 0 0
C () = ,.c(0) =
—(1=ps) 1 —0

and D (0) is a diagonal matrix with p, and p, along its diagonal.

1.1 Determinate solution

When the Taylor principle is satisfied, the equilibrium is determinate, that is, there exists a unique

non-explosive solution to eq. (7). This solution will be of the form

Yi=A0) X+ f(0)ery

which is a stable process for any matrix A, since X; is stable.

(10)

To verify that this is a solution, derive E;Y;+1 = A (0) D (0) X, substitute this into (7) to get

By (0) A(0) X¢ + Bo () f (0) er.e = [B1(0) A(0) D (0) + C (0)|X: + c(0) er



and observe that there exists a matrix

Qrz Qrg

A(0) =

Qgz Qgg

such that the above equation is satisfied for all Xy, i.e., A () solves the equation By (6) A (0)
=B (0)A0)D(0)+C (), or

1 —A Qrz  Org B 0 ArzPz  QrgPg 0 0

0 1+ o1, Apz Qg —o(Yr—1) 1 Ap2Pz  GgPg —(1—=p,) 1

This yields the set of equations

Qrz — NQgy — /szaﬂz =0
Urg — Nage — Bpgarg =0
Ayz (0’1% + 1) — P2Qyy + 0P, (ww - 1) Qrz = —1+p;

gy (0 + 1) — pgage + 0pg (Ve — 1) arg = 1.

Solving these equations, we obtain:

Ary = )\azz/ (1 - 5pz)

arg = Aagz/ (1 — Bpy)

a:vz(o'wx'i‘l_pz):pz_0',0,2(1/%_l)awz_l:>

Qg (wa +1-— pz) =Pz — 0P (% - 1) )\axz/ (1 - sz) -1=

o (p- = 1) (1= p.)
v (0w$+1_p2) (1_ﬂpz)+0pz (%—1))\

Qzg (0Ye +1 _Pg) =1—o0pyg (Y — 1>a7rg =

Azg (0% +1—pg) =1 —0pg (Vr — 1) Aaga/ (1 — Bpy) =

o — (1 —Bpyg)
Y (0Ye + 1= pg) (1= Bpg) + 0pg (br — 1) A




So,

(Pz—l)
A= A A (UT/JIJFl*Pz)(1*BPZ)+O'PZ('¢’7T*1)/\ 0
1
L= Bp= 1= Ppy 0 0T 1=pg)(1=Bpa)F0pan =T

A necessary condition for the identification of eq. (3) is that there is no linear combination of
the endogenous regressors, my1 and xy, that is uncorrelated with variables known at time ¢ — 1.

Dropping the explicit dependence of A () on € for simplicity

Tt = Qnz2t + QrgGt + frrert (11)
Ty = g2t + QpgGt + forert (12)
it follows that
Ey 1mi1 _ [ @nzpz GngPy p 0 241 (13)
Ei_ 12y [ Qg 0 pg gt—1
F(0)

Thus, the rank condition for identification is that

Qr Qr 0
det | 7 P9 et [P £0.
Qyz Qzxg 0 Pg
But
a a
det mPz gl
Ay Qg
(Pz_l)
= det A Mg det | (@¥at1-p2)(1=Bpz)+opz(dbr—1)A ?
1—Bp. 1—PBp, 0 (00eF1=pg)(1—Bpy)+0pg (Br—T)N

X A(pz = pg) (= = 1)

So, the rank condition for identification is

Apz = pg) (p= — 1) pzpg # 0.



2 An alternative DSGE model with cost push shocks

An alternative model of the transmission mechanism is found in Clarida Gali Gertler (1999, Equa-

tions 2.1 through 2.4)

T = ﬁEﬂTH_l + Az + U (14)

xy = Eyxyq — o (re — Eymegr) + g4 (15)

where x; is the output gap as above, u; and g; are cost-push and demand shocks, respectively,

whose laws of motion are given by

ur = pup—1 + Uy

9t = Ugt—1+ gt

with 0 < p,p < 1 and 1y, §; are iid random variables with zero mean and variances o2 and 03,
respectively. The system is closed by the non-inertial forward-looking Taylor rule (3). The model
can be written compactly in the form (7), with the coefficient matrices By (#) and Bj () given by
(8), C(0) = Iy, the identity matrix of dimension 2. Following the arguments in the last section,
the conditions for determinacy are exactly as in the model given by (1), (2) and (3), and the
determinate solution will be of the form (10), but with a different coefficient matrix A (#), which

can be found by solving the equation
By (6) A (6) = By (9) A(6) D (6) + I

where D (0) is a diagonal matrix with elements p and p along the diagonal. This equation is given

by

1 - Qry  Grg 15} 0 Arup Grgft 1 0
0 1409y Qgy Qg —0 (TZJﬂ - 1) 1 QzupP Qggfh 01
or
oy — Ngy — /Bpawu Qrg — )\amg - 5Mawg B 10
gy (0Vz + 1) = pagy +0p (Vr — 1) ary Qzg (U¢z+1)_#amg+gﬂ(¢ﬂ_1)aﬂg 01



which yields the four equations:

(1= Bp) ary = 1+ Nagy

(1= Bp) arg = Aazg
(0e +1—=p)agy =—0p(Vr — 1) any
(0Ye +1—p)agg =1 —op(thr — 1) ang

So,

(U¢x+1_ﬂ)(1_ﬁﬂ)awg:/\_>‘Uu<wﬂ_1)aﬂg:>
A
97 (e + 1 — ) (1= Bp) + Aops (o — 1)

- (1—Bp)
Y (oe + 1 — ) (1= Bu) + Aop (¢r — 1)

(0 +1—=p) (1 = Bp) azu = —op (Yr — 1) (1 + Aagu) =

P —0p (wﬂ - 1)
(oY +1—p) (1= Bp) + Aop (¥r — 1)

o — oYy +1—p
™ (ot +1—p) (1= Bp) + Aop (e — 1)

The rank condition for identification of the forward-looking policy rule (3) is determined by the

rank of the matrix F'(6) in the regression

Eiamip1  [axup axgp [ O w1
Ei g4 Ary  Qgg 0 p) \gt-1
F(0)

Now,

—op(thr—1) (1-Bp)
(0Y2+1—p)(1=Bp)+Aop(Pr—1)  (0¢o+1—p)(1—=Bp)+Aop(hr—1)

x pl(ove +1—p) (1= Bu)+ Ao (Yr —1)]

(0Yz+1—p)p A
dot (amp awgﬂ) — det ((awz+1p)(lﬁp)+>\w(¢wl) (UTPI+1N)(1IBN)+)‘JN(¢W1)>

Qg Qrg



which, given the sign restrictions in the parameters, is zero if and only if p = 0. So, the rank
condition does not fail when the autocorrelation of the demand and cost push shocks is the same
(provided the demand and cost push shocks are not highly correlated), or when the Phillips curve
is flat, unlike the model in Clarida Gali and Gertler (2000) and Lubik and Schortheide (2004).



