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Online Appendix

A. Proof of Proposition 1

We begin by showing that o} (x) exists; if H] (z) and @ (y) exist for all (¢,z,y) in
their domains, then
H; (z)
o (z) = ——2 .
A er)

exist for all (¢,x). Now, F' has density for each y, so does ®; as defined in (6).
Since ®; has a density, o} exists if H] does. Moreover, the RHS of (11) preserves
differentiability, so that if Hy has a density, so does H;. Therefore o' exists for all
(t,z). Then a; (x) must solve for s the first-order condition to the problem in (12):

(40)

0
[ 18 @)+ s (@ loal)) g (01) =V (5). (11)

The unknowns (7, w, V') must satisfy (8), (12) and (41). They must also satisfy
the SOC

[ 16 @)+ B (@ loal)) gy (519) < VY (5). (42)

The relation in (13) is a map from a set of function w’ into itself. If w is differen-
tiable so is V', which is defined in (8). The FOC reads

Vi ulel) = [ [F (.9) + Bt (0 o) godrs (sl o). (43)

Now (8) implies that

-1
do;

Vel = (ui0)+5 [ w6 loal) o ()i Glae o) ) 2o

(44)

s=ay(x)

46 [ st 6 o)) godr (v ).

Combining (43) and (44), the term 8 [ 711 (¢ [#,y]) 2d7 (y|ow [2]) cancels, leaving

-1
do;

(w; (a:)+ﬁ/7r2+1 (¢ [z, 9]) &, (x,y) dre (ylow W) s

= [ren gl
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da,
ds

Now = - ( L implying that

/ f (@) oGl = 8 [ w0 (90e.0]) 60 (2, drs (gl o).
(45)
Finally using the envelope theorem in (9) and updating to ¢ + 1 yields

0
7T:s+1 /f:r x y d7t+1 (?J |04t+1( ) +041:+1 /f z y d7t+1 (y |5 = Oigy1 (x))_w1,5+1 (x)

(using 3/, s’ for the next period ¥, s), so that replacing = by ¢ (z,y)
7r;+1 /fm o lx,y), ) dri (Y] = g (0 [2,9]))

+O4t+1 (¢, 9] /f [z, 9], )aa,dﬂﬂ (¥ |at1 [¢ (2, 9)])
wt+1 (¢[z,y]).

Substituting for 7,1 into (45), it becomes

B / 6. (2, / £ (e, 9), ) dree (o Jaess <¢ 2, 9))) drt (vl [2])
—5/04:‘,+1 (¢ [15 y (z,y /f 33 y d7t+1 (y |t [(b (%y)])dﬂ (y]ay [x])
3 / Wy (6 [2,3]) by (2, ) dri (o [2])

This is the Bellman equation to be solved for w; (z). Finally, the standard contraction
mapping argument for continuous functions applies when U is bounded and (15)
holds. That completes the proof.

B. Proof of Proposition 2

Suppose y = o*z for some a* > 0. But then (3)) implies that ¥ = o*z = bz =

o = bz, i.e., (17). Since ¢ is linear homogenous, I' = 2¢ (z, a*z) = ¢ (1, be), i.e., (16)
and (18). Next, if (19) and (20) are correct, then lifetime utility in (8) simplifies to

Vo= (wra0-wp) 1 (1) (40

It remains to be shown that in the Bellman equation (8), the solution for y of the
FOC is then given by (17), and that the firm’s objective is strictly concave in y. With
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the substitution from (20) and (46), (8) reads
(I—W)fxzmgx{f(x,y)—V(y)+5(1—w)f¢(r€,y)}, (47)
where f = f (1,b). The FOC is
0 = £, (1) -V +80a-wis, (1.2)
= 08 —of (1) =B =) o (21) + 51— Fo, (1,02) (49

where (48) after substituting for the assignment in (17). For any w € [0, 1], the SOC
holds in that the RHS of (47) is concave in y because V' is linear in y, while and f and
¢ are strictly concave in y. Hence, (42) holds for any as long as w < 1. Evaluating
the RHS of (47) at y = bex, and noting that f (&, 1) y=f(g1)bex = f(L,be)x
and that ¢ (=,1) y = ¢ (1,be) x = I'z, it reads

(1—w) fr=fz-V (bex)+B (1 —w) fTx = fr—wfr—B (1 —w) fTz+8(1 —w) fTo = (1 —w) fz,

i.e., (8) evidently holds for all (z,w). Therefore we can just solve the FOC (48) for
the one unknown, w. Noting that ¢ (%, 1) = éF and that f (é, 1) = b—lgf, we get

_ 2 — r fy(l’bg) =
_ fy (17b8) + ﬁfgby (1,[)6) - %Bfr _ f(1,68) + B¢y <1’b8) o b_lé‘ﬁr
fre +Bfo, (1,08) — BT 3+ B, (1,b8) — 58T

But since ¢ is linear homogeneous, I' = ¢ (1,b8) = ¢, + ¢,bz so that B¢, (1,b8) —
Al = —fx=0, (1,b2) , and substituting into the above equation we have (19). Next,
we show that w < 1: By linear homogeneity of f and Euler’s theorem, in (19),
bt = e <l=w<l

Finally, since we derived w directly, it remains to be shown that (13) and (14) are
consistent with the claim of Proposition 2.

C. Proof of Proposition 3

Eq. (23) implies that [ f (z,) £d7. (yls = s [2]) and [ £ (¢ [0,3],y") Zdrees (4']s = avea [6 (2. 9)])
both converge to zero. Then the first and third terms on the RHS of (14) converge
to zero, and only the second term stays positive. Therefore (13) reads

wie) =5 [ (wzﬂ @)~ [ £ @ls4]. o) G <y’>) b, (2,9) dGi (3)

In the Cobb-Douglas case (21), it reads

wi@) = 80-04 [ (aes (e) - (1= ) [ (505 ) G ) (2) a6t

/

= 50004 [ (aes (Ao = 1= a0 [ () a6 .
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If w} () is of the form Byz~C, it must be that C' = (0 + p(1 —0)), and that C =
(1—0)(0+p(1—0)). But the equality

(1-0)0+p(1—=0)+0=p(1—0)+06
implies that p = 1. Then let
/ 1 /
wy (2 p) = T W (z),
p
so that

! P
wy (z;0) =B (1-0)A / <w2+1 O T e / ( fye) dGy i1 (y’)> y?dG (y) .

As p — 1, we have

wi (w3p) =B (1—-6) A / <w£+1 (Azt %% p) a0 — 27! / ( jyo)pdGm (y')) y'dGy (y) .

Then the solution is

. / . _ T
})liqwt (:Evp)_ T )

where
/ p
By = limp(1- Q)A/ By Ay +/ i dGri1 (v') ) 4dG, (y)
p—1 Ayt
= B(1-10) (BH—I + /y’th+1 (y/)) (because A and y cancel)

[5 (1— 9)]j E (yt+j) .

I
NE

1

<.
I

But since lim,_,; ' ~y” = y, lim,_,; ¢ = y, the second equality in (27) follows.

D. Proof of Proposition 4

With ¢ as in (21),

2 1/60 2 1/0 )
Pr (xt+1 S xl | Ty = x) = Pr Yy S (m) ‘ St = O (l’) =T (m) | (I);

and therefore the law of motion for H in (11) becomes

Hal)= [ ((F)/ @ (8, <x>>) 8, (). (49
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Now in (6) and (7), ® is log normal and therefore if H; is log normal, oy (x) is log
linear with § given in (29). Thus, since 7 is log normal, if H; is log normal, so is Hy.;.
Thus, if Hy is log-normal, H; remains log-normal for all ¢, and is fully described by
its first two moments.

Deriving (30).—To keep notation as simple as possible, we shall omit the ¢ sub-
script from &, 9, 8, 115, and p. Letting ¢ ~ N (0,1),"

g = (1=r*)py;+r’8+ vV1—r20C
= (=7 py+r” (M§+§(i'_:ut))+ V1—rioe(
t

O¢
_ - / 2
= M@"‘T’U— (l'—/ljt)—i‘ 1—r UéC? (50)
t
2 2 2 2
_ R : 205 _ 2V %1% _ 20y [95F%0 oy oe
because p; = iz, 05 = 0z, and (since r?Zs = p?¥X—1—1 = y274 =g = re),
because o -
S 15
r?= ==, (51)
o Ot

This proves (38) Since ¢ (z,y) = Azt=%, & evolves as follows:
P =A+(1—0)i+0)=A+(1—0)i+0 (uﬁ FrZ (G —p) + VI 7«2%4) . (52)
Ot

We integrate both sides over H, to get i, = A+ Oy + (1 —0) . In (3) we note
that y = bTe = beexp (p, + 307), so that

. « - 1
Hipr = A+9Hg}+(1_6>ﬂt:f4+9<b+ﬂg+ut+§(7§>+(1—9)ut

A ~ 1
= pu+A+0 <b + s + 50?) , 1e., (30). (53)

Deriving (31).—The evolution of o, does not depend on y,. Taking the variance
of both sides of (52) we get the difference equation for o7:

2
o, = (1 —0+ HTZ—i> o; + (1—1?) 0%0?

= (1-60)202+20(1—0)ro:04 + %02,

HThe distribution

JR N 2 2
o pBly)p®) . 94%n 2\ 2 2 2
- —_ =7 h = 1 — P .
p(§|38) () as variance U%, n 0727 ( r ) o, =170,

Therefore this is the variance of § conditional on s.

30



and (31) follows.
Deriving (32).—That BGP value of o, solves the equation ¢ = x, () which, since
1—(1—6)>=6(2—-0) is the quadratic.

0=02-0)0*—-2(1—0)ros0 — o2,

The unique positive solution for o (after rearrangement and then division by 0) is

Oz

o (r) = 52 ((1—9)7“—1—\/(1—9)2r2+(2—9)9).

Therefore, for § € (0, 1], we have (32). This completes the proof of Proposition 4

E. Deriving (34) and (35)

Conditional on (z,s), output is

2
P —p pr
[ st@iniols) =exp {1 - g + Gt Lt
Now (29) implies
03 oz/ot
o () = exp | ps — —py | 277
Ot

Conditional on z alone, output is

2

205
gt

where 1 — p + pr

2

C =exp {p(l - r2)ug + %r%i} ., and D=1-p+ pr?

O3
0t

Therefore aggregate output in (34) is gotten by integrating out Inz™N (y,, 0?) .

F. Computation of the solution for w(x) to (13)

We want to solve the following integral

ay(v) (54)

s=a ()

— 5% /yt Y1 F(@l, yels yes 1) AT i1 (Y1 |veia (@[, ye) ) dTe (ye| e () ) (55)

+ 5 [t ) 22 Mar )

wy(z) = %/f(:r,y)dn(yb)

(56)

s=a(x)
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We will show next how to compute each line separately. First some equations we
shall use the following equations

2
A o
g = bt

2 = o
Mg = My
02 = a; + a%
~ 05, .
ai(r) = pg+ J_j(x — 14)

This last equation then implies
O3 /.
ai(w) = exp{ps + (& — )}, so that
t
a(r) = —=—a(x).

Finally, Bayes rule implies
gl8 ~ N (L =1)py +125,1%07) .
Since the posterior of y is log-normal, we have that for any constant x
2 2 K2 o
/y”dn(y|s) = exp {/@[(1 — 1) g +75] + 57 Un}
2 K2 5 o)\ e
= expr(l—71")pu; + o8 (57)
For the first term, using that f(z,y) = #'~"y” note that
[tawintl = @ [y
p? 2
= 2! Pexp {p(l - 7“2)% + —7“20727} s,
where the second line uses equation (57) with x = p. Then

a 2
5 [ Heintals) = oD,

where D; = exp { p(1 =712y, + %27"20%}. So the first line of the expression for w; ()

is given by

line (54) = przg—th exp {pr2 (Mg — %ut) } (P51,

t
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We move now to the second line, i.e., line (55). We start with the inside integral.

/ f((b[% yt] Y1) AT i1 (Yo ‘at+1<¢[$a yt])) = ¢[x7 Z/t]l_pyf+1d7t+l<yt+1 |at+1(q§[x, yt]))

Yt+1 Yt+1

_ 1-
= (Axl oyf) p/ yf+1d7t+1<yt+1|at+1(¢[x7yt]))
Yt+1

_ 1— T
= (A*Tl eyte) * Dy (0, m])” 2
== Ot+1 (Al'l_eyf)aHl )

205

o where o, is the standard

where C; = D, exp {pr2 1154 — Z_t”t]} and a; = 1—p+pr
deviation of = at date t.
Now to compute the integral outside we have

/ Cin (Azl_eyf) Ty (Y] an ()

Yt

= G (Ad0)" / Y0 dr (el ()

Yt

6% a?
= (1 A" exp {at+19(1 - 7“2)#@,1: + 2t+1T2037} xatﬂ(l_e)%(@atﬂ@r2

~ _ 2
— Bt+1Aat+lxat+l(l a)at(l,>at+19'r‘ ,

where

5 7"0'77

Next, we now take the derivative with respect to x but keep the assignment function
a¢(x) constant. We obtain

D, CL2 92
Bi1 = Ciprexp {am@(l =)y, + —o—r? 2} .

0
Iz / [z, yel, yerr)dT i1 (Yes [ (O, i) ) dre(ye o ()
Yt JYt+1
= a1l — 9)étﬂAatHl'at“(l_e)_lat(x)atHeTQ-
Finally, using the function for ay(x), line (55) reads
line (55) = —B(1 — 0)aysy By g A% g (1040725 ) =1 (58)

where

~ O'§
Biy1 = Biriexp {at+197“2 (Mg,t - ;Mt) } :
t

Notice that étH has in it a y,;, component, i.e., the expectation of § at date ¢.
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Last, we need to solve for (56). This part cannot be done analytically since we
have the term wy ., (x) which is the function we have to find. We write it here as

line (56) = B(1 — 0) Az~" / W (AzPy O dr o (yla(2)),
and simply use §|ay(z) ~ N ((1 — 7))y + 2y (x), r%02).

The limit 0, — 0 One way to check the validity of the simulation is to compare it
to the analytic solution in (22), which obtains in the economy with no noise.

To simplify the calculations, we choose parameters so that the economy does not
grow, which means that time indexes ¢ drop out. Lets start with term 1 in (54).
Recall, the solution found is

O; O r228
(54)=pr2a—tDexp{m2m§—;ut]}aﬂ o), (59)

where D; = exp {p(l — 1)y + p—;r%%}. Since 0, ~ 0, then r ~ 1 and D ~ 1. Also,
since o, ~ 0, we have 0; ~ 0, and thus the exponent of z yields 0: (TQZ—f — 1) ~ 0.

Similarly, note that with o, ~ 0 we have p; ~ p, and thus (ué — ZT ut> ~ 0. Then,

is easy to see that (59) ~ p.
Next, we consider term 2 in (55). Recall, the solution found is

(55) = —B(1 — B)aB A% (1005 )1 (60)

where
O3

a = 1—p~|—p7“2
Ot

C = DeXp{p?"2 (Mé_ﬁﬂt)}
Ot

a?0?
Cexp {a9(1 — )y + —7“20%}

ool
I

2

B = Bexp{a0r2 (ug—ﬁut>}.
O

Since 0, ~ 0, we have both r ~ 1, 05 ~ 0; and thus a ~ 1. Also, since u; ~ y, and
D =~ 1, we have C ~ 1. Then, since 0,, = 0 and r ~ 0, we have that B~ 1 and B ~ 1

as well. Finally, note that (1 — 6 + 97‘2‘;—f> ~ 1, and in the economy with no growth
A =1, so that the second term in (55)~ — (1 — 6), which is what the code delivers.
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So far, (54) + (55) ~ p — B(1 — #). We consider the last term now. We look for a
fixed point in which the wage is linear in its argument w(z) = wz, the result reported
in (22) for the economy with no noise. Then, (56) reads

(56) = B(1— )z / wydr(y]a(z)) (61)

= Bl -0)Azwexph(1 — ) g + %nggat(x)or :

When o, ~ 0 we have exp 6(1 — %), + %Tgag ~ 1 and a,(z)"” ~ 2°, then
(56) ~ B(1 — 0) Aw.
Finally, our wage equation is a constant w given by
w=p—pF(1—-0)+p(1—-0)Aw, (62)
the solution to which reads

L= B0=0)A
1—B1—0)A

The code delivers lim,, o w'(7) ~ 0.5853 V. This is very close to the analytical
result in (22) for the economy with no noise.

(63)
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