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Including the case of ap € {0,1} in the main result

This online Appendix states the result in Theorem 2 of the main paper for (a4, ap) €
[0,1] x [0,1], and includes the proof of the Theorem when ap € {0,1}. The proof for
ap € (0,1) is in the main paper.

Theorem 2’ (Optimal contracts). The optimal contract varies across (aa, ap)-space as
depicted in Figure 1 in the main paper. Specifically:

If ap < ay < 1— ap, the optimal contract is a “sell the firm to the agent” contract with
e} = €9 and e} = €Y.

If ax < ap and ax < 1 — ap, the optimal contract has distortion at the bottom with
ey = ey and e} < ej.

If oy > ap and oy > 1 — ap, the optimal contract has distortion at the top with e = e}

* o
and ep > ey;.

If 1 —ap < as < ap, there exists & € (1 — ap,ap) such that the optimal contract has

distortion at the bottom for all ay < & and has distortion at the top for all ay > &.!

IThere is an exception: if a = 0, ap = 1, and a4 > 0, there is no solution to the principal’s problem.
The principal would want to offer a contract that has distortion at the top. With that contract, she
would assign zero weight to the agent being of type xx. She would therefore want to distort effort for the
high-efficiency type towards infinity, combined with paying this type a correspondingly higher wage and
require a correspondingly higher price for the firm from the low-efficiency type. Since a4 > 0, the agent
assigns positive weight to being of high-efficiency type, thus the contract, with sufficiently high wage to
type zpg, would satisfy his participation constraint. Of course, this problem arises only because I have

assumed no upper bound on the agent’s effort.



Proof of Theorem 2’ when ap =0 or ap =1

The arguments given above the Lagrangian in Appendix B apply here as well. Equation

numbers refer to equations either in the main paper or in this online Appendix.

Proof when ap =0

The first-order conditions for the principal’s problem are given by (B1) through (/Cp)
with appy p(h) + (1 — Oép)]_?H’P(h) = QHJD(h), where (B3), (B4), (PC), (ICg), and (IC})
hold with equality if, respectively, e};, €7, v*, A}, and A} are strictly greater than zero.
It follows from (B1) and (B2) that v* = 1. The analysis of the first-order conditions can

again be broken down into 4 cases, which are to be compared to the corner contracts.

Case 1: A\ >0 and Ag =0. In this case, (B2) implies that BH,P(h) < 1 and (B4)
implies that e > 0. Conditions (B2) and (B4) then together imply that e] = e9. Also,
(IC1) implies that wi — g(e9,x) = wi; — g(ely, ).

Suppose first that ]_?H’P(h) > 0. Then (B3) implies that e}, > 0 and (B3) together with
(B1) imply that e}, > e%. We hence have distortion at the top. Condition (B2) implies
that

aapp.a(h) + (1 —aa)p, ,(h) > appyp(h) + (1 = ap)p, ,(h). (C1)

The principal will be best off if the agent is of type x, by the same argumentation as
used below expressions (B8) and (B9) in Appendix B. Thus, BH,P(h) = b. Then (C1) is
equivalent to aab+ (1 — aa)a > b, which is a contradiction since as € [0,1] and b > a. It
can therefore be ruled out that Py p(h) >0.

Suppose instead that ]_9H7P(h) = 0. Then (B1) and (B3) imply that g.(ej;,zy) >
ge(€5r, x1), which only holds if e}, = 0. Using this, (/Cy) becomes w}; > wi—g(e9,xy) and
(ICL) becomes wi — g(€9, ) = wj;, which together imply that €9 = 0. This contradicts
eg > 0.

Since both Py p(h) >0 and Py p(h) =0 lead to contradictions, the conclusion is that

Case 1 will never be prevailing when ap = 0.

Case 2: Mg >0 and A\, =0. In this case, (B1) implies that 1_9H7P(h) > 0 and (B3)
implies that e}, > 0. Conditions (B1) and (B3) then together imply that e}, = e%,. Also,
(ICy) implies that w};, — g(e%, xgy) = wi — g(e},xy).

Suppose first that ]_9H7P(h) < 1. Then (B4) implies that e¢] > 0 and (B4) together with



(B2) imply that e} < €. We hence have distortion at the bottom. Condition (B1) implies
that

aaPpa(h) + (1= aa)py, ,(h) < appyp(h) + (1 —ap)p, ,(h). (C2)
The principal will be best off if the agent is of type xy, by the same argumentation as
used below expressions (B14) and (B15) in Appendix B. Thus, BH,P(h) = a. Then (C2) is
equivalent to asb+ (1 — a4)a < a, which is a contradiction since ag € [0,1] and b > a. It
can therefore be ruled out that p, plh) <1

Suppose instead that ]_9H7P(h) = 1. Then (B2) and (B4) imply that

ge(e*LaxH) S ge(e*LaxL)' (03)

If e > 0 then (C3) implies that ge.(e},zy) < ge(e},xr), which is only satisfied if e} =
0. This is a contradiction. If instead ej = 0, (ICy) becomes wj — g(e%y,zy) = wj
and (PC') becomes (aab+ (1 — ax)a) (wi; — g€y, zm))+ (1 — (aab + (1 — aq)a)) wi =0,
which together imply that w}; = g(e%, xg). This in turn gives that wj = 0. But then the
principal’s Bernoulli utility is 7(e%;) — g(€%, xy) when the agent is of type zy and is zero
when the agent is of type z, which means that the principal is best off when the agent is
of type xz. This contradicts that BH,P(h) =1.

Since both p,, p(h) <1and Py p(h) = 1lead to contradictions, the conclusion is that

Case 2 will never be prevailing when ap = 0.

Case 3: Ag =0 and A, =0. In this case, (B1) implies that p, (h) = aapy (k) +
(1 —aa)p,, ,(h). Condition (B3) implies that

Py pmelerr) < (@abmalh) + (1= a)p, (1)) gcleiy wn)

and condition (B4) implies that

(1 =Dy p(M)meler) < (1= (QuBralh) + (1= a)p,, (1)) geleran).

Suppose first that aapg 4(h) + (1 — aA)]_aH,A(h) = 0. This can only hold if a4 = 0 and
a = 0. We then have that Py P(h) = 0, which implies that the principal must be best off
when the agent is of type xy. Condition (B4) then implies that e} = €9, while (PC') implies
that w} = g(e9,xr). Furthermore, (ICy) gives that w}; —g(ef;, xg) > wi —g(e,xmy) > 0,
while (IC) gives that w}; — g(ej;, ) < 0. These two conditions together imply that
ej; > 0. Because ap = 0 and the principal is best off when the agent is of type xy, the

principal’s utility is OW EUp = 7w(e9) — g(e9,xL).
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Suppose instead that aapy 4(h) + (1 — aA)]_)H,A(h) = 1. This can only hold if s =1
and b =1. We then have that p i, P(h) = 1, which implies that the principal must be best
off when the agent is of type xy. Condition (B3) then implies that e}, = €%, while (PC)
implies that w}; = g(e%,xg). Furthermore, (ICy) gives that 0 > w} — g(e9,xy), while
(ICL) gives that wi —g(e},xr) > wi;—g(e%, xr). Because ap = 0 and the principal is best
off when the agent is of type z, the principal’s utility is OW EUp = 7(e%) — g(€%, xn).

Finally, if aapg a(h) + (1 — aA)BH,A<h) € (0,1) we have a corner contract. These are
considered in Appendix B.

Case 4: Mg >0 and A > 0. In this case, (ICy) and (ICr) imply that e}, = €.
Conditions (B1), (B2), (B3), and (B4) then imply that e}; = ¢ = 0. But (B3) and (B4)

imply that e}; > 0 or e} > 0. Hence, Case 4 leads to a contradiction.

Corner contracts: (wyg, ey, wr,er,) for which 7(eg) — wg = 7(er) — wr. The anal-
ysis of the corner contracts is as in Appendix B, and the principal’s utility with a corner

contract is given by (B19).

I now have to establish which type of contract is optimal. Cases 1, 2, and 4 are ruled
out. Comparing the principal’s utility in Case 3 with her utility under a corner contract,

the conclusion is that a corner contract is always optimal when ap = 0.

Proof when ap =1

The first-order conditions for the principal’s problem are again given by (B1) through
(ICL), this time with appy p(h) + (1 — ap)gH’P(h) = Py p(h), where (B3), (B4), (PC),
(ICy), and (IC}) hold with equality if, respectively, e}, €5, v*, A5, and A} are strictly
greater than zero. It follows from (B1) and (B2) that v* = 1. The analysis of the first-order
conditions can be broken down into the same 4 cases as above, which are to be compared

with the corner contracts.

Case 1: A\, >0 and Mg = 0. In this case, (B2) implies that py p(h) < 1 and (B4)
implies that e > 0. Conditions (B2) and (B4) then together imply that e] = e9. Also,
(ICp) implies that w} — g(e},xr) = wi; — g(ef;, xr). Condition (B2) also implies that

aapp.a(h) + (1 —aa)p, ,(h) > Py p(h). (C4)



Given incentive compatibility, this is equivalent to ab + (1 — aa)a > py p(h), which
necessitates that a4 > 0 and py p(h) = a. The principal will therefore be best off when
the agent is of type z.

Suppose first that py p(h) = 0. Then (B3) together with (B1) imply that g.(e};, rz) <
ge(€%y, xp), which is only satisfied if ej; = 0. Then (ICy) and (IC}) together imply that
e = 0, which is a contradiction. Therefore, it must be that py (k) > 0, that is, a > 0.

When py p(h) > 0, condition (B3) implies that e}; > 0, and (B3) together with (B1)
imply that ej; > e%,. We hence have distortion at the top. Conditions (PC') and (IC})
imply that

wiy = (a0 +(1=aa)p,  (1)g(ehr wm)+ (1= (aappalh) + (1 = an)p, (1)) aleipon)

and

wy, = g(ef, vr) + (aabya(h) + (1 —anp, ,(h)) (9(el, vn) — g(ely, zL)).
The principal’s utility is given by (B10).
Case 2: g >0 and )y =0. In this case, (B1) implies that py p(h) > 0 and (B3)

implies that ej; > 0. Conditions (B1) and (B3) then together imply that e}, = e%,. Also,

(ICy) implies that w};, — g(e%, ) = wi — g(e},xy). Condition (B1) also implies that

Py a(h) + (1 — @A)BH,A(}L) <Pu,p(h). (C5)

Given incentive compatibility, this is equivalent to ab + (1 — aa)a < Py p(h), which
necessitates that a4 < 1 and py p(h) = b. The principal is will therefore be best off when
the agent is of type zy.

Suppose first that Py p(h) < 1. Then (B4) implies that ej > 0 and (B4) together with
(B2) imply that e} < e%. The contract hence has distortion at the bottom. Conditions
(PC) and (ICy) imply that

wi = (auB ah)+(1=anp, (W) g(er, o)t (1= (@ubyalh) + (1 — anlp,, (1)) glei,r)
and

wiy = glef am) + (1= (abia(h) + (1 = anp,, (1)) (g(ei20) = gler,am))

The principal’s utility is given by (B16).



Suppose instead that py p(h) = 1. Then (B4) together with (B2) imply that g.(e}, vx) <
gelel,xr). If €5 > 0, this implies that e; = 0, a contradiction. Hence, it must be that
e; = 0. Then (PC) and (ICy) imply that wj = 0 and w}; = g(e%,zy). The principal’s
utility is w(e%) — g(e%, vr). Note that py p(h) = 1 only when b = 1.

Case 3: Ay =0 and A\, = 0. In this case, (B1) implies that py p(h) = aaby a(h) +
(1 —aa)p,, ,(h). Condition (B3) implies that

Pp(W)meleir) < (aabmalh) + (1= an)p,, (1)) go(cip, o)

and condition (B4) implies that

(1 =B p()re(er) < (1= (@abialh) + (1= an)p, ,(0))) geler e

Suppose first that aapy 4(h) + (1 — aA)]_JH’A(h) = 0. This can only hold if ay = 0
and a = 0. We then have that py p(h) = 0, and thus principal must be best off when the
agent is of type x. Condition (B4) then implies that e} = €9, while (PC') implies that
wi = g(e9,zr). Furthermore, (ICy) gives that wj; — g(e}, zmy) > wi — g(e9,zy) > 0,
while (ICL) gives that wj;, — g(e};, ) < 0. These two conditions together imply that
ej; > €7 > 0. Because ap = 1 and the principal will be best off when the agent is of type
xr, her utility is OWEUp = 7(e}) — g(€9,xL).

Suppose instead that aapy 4(h) + (1 — aA)]_)H’A(h) = 1. This can only hold if sy =1
and b = 1. We then have that py p(h) = 1, which implies that the principal must be best
off when the agent is of type xy. Condition (B3) then implies that e}, = €%, while (PC)
implies that w}; = g(e%,xg). Furthermore, (ICy) gives that 0 > w} — g(e9,xy), while
(ICy) gives that w; — g(e;,xr) > wi — g(e%y, xr). Together these imply that ej < e.
Because ap = 1 and the principal is best off when the agent is of type z g, the principal’s
utility is OWEUp = w(e%y) — g(e%y, xn).

Finally, if aapg 4(h) + (1 —aa)

are considered in Appendix B.

P, 4(h) € (0,1), we must have a corner contract. These

Case 4: A\g > 0 and )\, > 0. This case leads to a contradiction, by an argument similar

to the one for Case 4 when ap = 0.

Corner contracts: (wyg,en,wr,er,) for which 7(eg) — wg = 7(er,) — wr. These are

analyzed in Appendix B and give the principal the utility in (B19).
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I now have to establish which type of contract is optimal. Suppose that a > 0. The
situation when a = 0 is considered below. The contracts in Cases 1 and 2 both dominate
the corner contracts. Case 3 gives the principal the same utility as the corner contracts.
The same argument as was used in Appendix B for ap € (0,1) works to show that there
exists & € (0, 1) such that the optimal contract has distortion at the bottom for all as < &,
has distortion at the top for all a4y > &, and has either distortion at the top or distortion
at the bottom when ay = ap.

Suppose now that a = 0. If a4 = 0, Case 1 is ruled out, and Case 2 dominates Case 3
and the corner contracts. The optimal contract therefore has distortion at the bottom.

If, on the other hand, a4 > 0, there does not exist a solution to the principal’s problem
when a = 0 and ap = 1. To see this, suppose first that the principal offers the contract
(Wp, ey, W, €9), where wy and wy, are such that (PC') and (ICp) both hold with equality.
With this contract, she pays the type z agent a lower wage and the type xy agent a higher
wage than with a “sell the firm to the agent” contract. Thus, the principal is best off when
the agent is of type x 1, and her utility equals K +aab[r(e$)—g(e9,zr)—m(e%)+9(e%y, xL)],
where K is her utility with a “sell the firm to the agent” contract.

Suppose now that the principal instead offers the contract (Wy, €y, W, €9 ), where wy, =
wy, — v with v > 0, and that the contract satisfies both of (PC') and (IC}) with equality.
That is,

Cab(@n — 9@, wr)) + (1 — aab)(@y — g(efa1)) = 0 (C6)
and
wr, —g(e7,rr) = Wy — g(€m, vr)- (C7)

This contract has distortion at the top. Solving (C6) and (C7) for wy gives that w, =
g(e9,xr) +aabg(ey,xy) — g(€n,xr)). With distortion at the top the principal is best off

when the agent is of type xp, hence, since ap = 1, her utility with this contract is
OWEUp =m(e]) —wr =7(e]) —gle],xr) — asb(g(en,zg) — g(€q,xr)) .

This is strictly increasing in ey for all ey > 0. The principal therefore want to distort
effort for the high-efficiency type towards infinity. It follows that no solution exists to the

principal’s problem when ap =1, a =0, and a4 > 0.



