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Results for the Cobb-Douglas Case

1 Preliminaries

Assume now that the linespeed functions are Cobb-Douglas, i.e. for type i € {L, K} the
linespeed is,
g = Aok,

with ap > ag. Without loss of generality, we can set

1

Ai = ) T—a,
aft (1 —ay) ™

in which case the cost to produce one unit of type 7 linespeed is ¢;(w,r) = w*r!~%. Nor-

malizing r = 1, the cost function reduces to
c; = w. (1)

Moreover, the cost-minimizing labor demand to attain linespeed y; is

Li(wi,y:) = aiwi_(l_ai)yi~

In the limiting cases of a; = 1 and ax = 0 considered in the text, ¢, = w, I, = y; and
CKg =— 1, { K = 0.
Given a unit linespeed cost of ¢;, the problem of a specialist firm of type 7 facing price p;

is same as the problem considered in the text. Therefore the optimal line speed equals

1 1

i =Tapl e . (2)

As discussed in the main text, for our result we condition on intermediate goods prices

pr, and pgx being such that the linespeed is the same for both type L and type K firms,



Yy =yj. From (2), this implies
L _ P
Cr, Ck ’
or using pr = A\ppr + prpr (i-e. final good price equals the sum of the component prices),

we have
C;

=— " 3
)\LCL+)\KCKpF ( )

Di

Note that equality of linespeed across types, y; = vy, implies that if the share of type @
production line capital spec_share; allocated to specialist firms in equilibrium is the same
for both types, spec_sharer = spec__shareg, then when the intermediates are aggregated
to make final good among just the specialist firms, the proportions of type L and type K
intermediates are exactly right so there are no leftover parts. In particular, if spec_sharey, =
spec__sharex = 1, there is full specialization, and market clearing in the intermediate goods

market implies (3) must necessarily hold.

2 The Condition

In this section we derive a condition under which a firm that initially has vertical structure
(mp,mg) strictly prefers selling off all production lines, s;, = mp, sx = mg, to going into
stage 2 to with vertical structure (my, mg). As discussed in the text, the market price of
production lines is bounded from below by the profit from operating them as specialist firms.
So it is sufficient to show that the combined profit of my and myg specialist production lines
of type L and type K exceeds the profit of in integrated firm with with vertical structure
(mp, mg).

Recall from the paper that maximized profit at price p and unit linespeed cost ¢ equals

T = wpﬁ T , (4)

and that this formula works for both integrated and specialist firms with the appropriate
choice of p and c.

Let II; be the combined profit of running the m; and my lines as speciality firms after
dividing through through by w to get rid of the multiplicative constant. Using (4), this

equals
1 _ 1 lod
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where ¢y, s and cg s are the equilibrium unit linespeed costs determined below. Substituting

in for p; from (3), we can write this as

1

—
Pr
MmrCr.s + mgc .
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The analogous profit of an integrated firm with m; and my lines equals

= 1 -
II, = po "¢’ = (mppr+mepr)™ co "
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1
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= — (mpcrs + Micks) ™ ¢
(ALcrs + AxCr.s) T

It is immediate that 11, > II, if and only if
MLCLs + MKCK s < Cy,
or substituting in for (1),
mpwrh + mrwis < mpwy® +mgwy . (5)

It is this condition that we evaluate numerically below, after we obtain the formulas for wy, 5,

wg s and w,.

3 Equilibrium Wages
A union facing a specialist of type 7 sets the wage to maximize

(w; —w®)l; = (w; — w) gy Ty
—(1—ay)

= (w; —w°) aw,
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It is straightforward to derive the solution to this problem,

1—(1—a
Wiy = wwq (6)

QY

Next consider the problem of a union of an integrated firm with m; and mg production

lines. Given a wage of w, the unit linespeed cost of the vertically integrated firm is
Co = mpw™t + mgw™s, (7)

Labor demand for the vertically integrated firm is

The problem of the union is to pick w to maximize
(w—w)l, = (w—w°) (mLaLw*(I*aL) + mKaKw*(lfo‘K)) Yo

where y, solves (2) with ¢, given by (7) and p; = pr. We can rewrite this problem as
1
max (w — w®) (caw™F 4+ dbw ) (cw® + dw®) T (8)

where to ease the notational burden we substitue a = ap, b = ax, ¢ = my and d = mg
1

and drop the multiplicative constant vﬁ pe~”. The FONC of problem (8), after dividing
1
through by (cwa + dwb) ! equals

(caw™* 4+ dbw™'*?) (cw” + duw’)
—(w—w°) (ca(l—a)w " +db(1—b)w ") (cw + du’)
— (w—w°) le (caw™ " 4+ dbw™"**) (caw® " + dbw’™")

= 0



Multiplying through by w? yields

w (caw® + dbwb) (cw® + dwb)
—(w—w°) (ca(l—a)w®+db(1—"b)w’) (cw+ du’)

— (w —w®) ! S (caw® + dbwb)2 =0

We are unable to solve this for an explicit expression for the optimal wage w. However,
we can go the other direction and for each w, determine an equation for the w® that results

in w for the optimal wage. This equation is
w® = w——= 9)

where

Aw) = (ca(l—a)w+db(1—b)uw’) (cw” + du’)
—i—l = (caw“ + dbwb) :
B(w) = A(w)— (caw” + dbwb) (cw” + dwb) .

It is straightforward to see that the ratio B(w)/A(w) depends upon only the ratio of ¢ to d,
so without loss of generality we can assume ¢ +d =1 (or my + mg = 1).

We note that for some parameter values B(w) < 0. We have examined examples where
this happens and in these examples, at w® = 0, the optimal wage in the vertically integrated
case is strictly bounded above zero. In contrast, with specialization, the optimal wage goes
to zero as w° goes to zero, for both types. (See (6)). In such cases, for low w°, the optimal
wage w, under integration is strictly higher than both wy, ; and wk s, so condition (5) holds

immediately.



4 Numerical Analysis

Restating (5), we need to show
mpwrh + mrwi, < mpwy® + mgwy® (10)

for

e l>ar>ax >0
e my >0 and mg > 0, for my + mg = 1.
e 0<y<l1

® wr s, Wk, and w, as defined above.

We show this numerically as follows. We take (ay, ok, mr,v) and a value of w,. We
first check if B(w) < 0 and if so we are done, following the discussion above. If B(w) > 0,
we use formula (9) to back out the implied value of w°. We then use (6) to calculate wy, s and
wp s and then verify that (10) holds. We did this on a grid of (o, ak, mr, ) on increments
of .01. We set w, = 2/, for integers j from —20 to 20 (a range of w, from .000001 to a
million). We evaluated approximately 20 million different cases. The condition was satisfied
everywhere at a tolerance of ten decimal places. That is, either B(w) < 0, or B(w) > 0
and (10). The event B(w) < 0 tends to happen when 7 is small, making labor demand
inelastic. The following table shows how the likelihood that B(w) < 0 varies with 7:



Table 1

Fraction of Cases Where w, is Bounded Above Zero at w°® = 0.
(That is, where B(w) < 0)

Range of 7 Fraction of cases

0, 1] 328
(.1,.2] 157
(.2,.3] 100
(.3, 4] 068
(4,.5] 047
(.5, .6] 031
(.6,.7] 020
(.7, 8] 011
(.8,.9] 005
(.9,1.0) 002




