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A Alternative Performance Objective in Model with

Endogenous Efficient Coding from Appendix A

Here we revisit the assumption about efficient coding in the model from Appendix A. The

specific performance objective that we assume there is only one of several plausible specifi-

cations (Ma and Woodford, 2020). In particular, there are other possible objective functions

that players may have, besides minimizing the mean squared error of the estimate of θ. For

example, a prominent alternative efficient coding objective from the literature on sensory

perception is to maximize the mutual information between the state and its noisy internal

representation. In the proof of Proposition 3, we confirm that the coding rule we use in our

model is robust to this alternative objective.

Yet another alternative objective that has been examined in the economics literature is

maximization of expected reward. In this section, we show that the result in Proposition 3 is

robust to using this alternative objective function. Specifically, we maintain the constraints

in Assumption 4 and we analyze a two-stage game. In the first stage, each player optimally

chooses, simultaneously and independently, the parameters of the encoding function. In

the second stage, players choose strategies in the simultaneous move game, conditional on

their chosen encoding function from the first stage. We show that the optimal encoding

function still takes the form characterized in Proposition 3. Thus, our theoretical predictions

from Appendix A are robust to three performance objectives: (i) minimizing mean squared

error of the estimate of θ, (ii) maximizing mutual information between the noisy internal

representation and θ and (iii) maximizing expected reward.

Assumption 6 (Alternative Performance Objective) Players choose the encoding func-

tion which maximizes their expected reward in the simultaneous move game.

Consider the following two-stage game: in stage 1, each player i = {1, 2} chooses simul-

taneously and independently the parameters of his encoding function, (ξi, ψi), to maximize

the performance objective in Assumption 6 under the constraints in Assumption 4; in stage

2, players participate to the simultaneous move game endowed with the encoding functions

chosen in the previous stage. We solve this game by backward induction.
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Stage 2: Simultaneous move Game (with Exogeneous Encoding Functions)

For each player i = {1, 2}, we have Si|θ ∼ N (mi(θ), σ
2
S), where mi(θ) = ξi + ψiθ.

Consider the transformed internal representation Zi = (Si − ξi)/ψi. We have:

Zi|θ ∼ N
(
θ, β2

i

)
where βi = (σS/ψi).

Proposition 6 Suppose Assumptions 3, 4, 6, and µθ = (a + b)/2. Regardless of σθ, σS,

(ξ1, ψ1), and (ξ2, ψ2), there exists an equilibrium of the game where each player invests if

and only if Zi ≤ µθ. Moreover, if
σ2
θ

√
β2
i (2σ

2
θ+β2

i )

(b−a)β2
i

√
σ2
θ+β2

i

> 1√
2π

for all i = {1, 2}, this is the unique

monotone equilibrium of the game.

Proof. Since the likelihood function of Zi is conjugate to the prior distribution of θ, we have

a closed form solution for the distribution of player i’s posterior beliefs over θ. In particular,

player 1’s posterior distribution of θ given Z1 is

θ|Z1 ∼ N
(
β2
1µθ + σ2

θZ1

σ2
θ + β2

1

,
σ2
θβ

2
1

σ2
θ + β2

1

)
Thus, we have:

EU [Not Invest|Z1] = E[θ|Z1] =
β2
1µθ + σ2

θZ1

σ2
θ + β2

1

On the other hand, player 1’s expected utility from investing is

EU [Invest|Z1] = a+ (b− a)Pr[Opponent Invests|Z1]

Assume player 1 believes his opponent uses a monotone strategy with threshold k2. In

this case, player 1’s expectation that the opponent invests is Pr[Z2 ≤ k2|Z1]. Player 1’s belief

over the distribution of Z2 conditional on Z1 is:

Z2|Z1 ∼ N
(
β2
1µθ + σ2
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σ2
θ + β2

1

,
σ2
θ (β

2
1 + β2

2) + β2
1β

2
2

σ2
θ + β2

1

)
Thus, we have:

Pr[Z2 ≤ k2|Z1] = Φ

(
k2 (σ

2
θ + β2

1)− β2
1µθ − σ2
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2
2
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where Φ(·) is the cumulative distribution of the standard normal.
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Player 1’s best response is to invest if and only if

β2
1µθ + σ2

θZ1
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Assume k2 = µθ. We want to show that player’s best response is to use the same cutoff.

In this case, player 1’s best response is to invest if and only if

E
β2
1µθ + σ2

θZ1
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θ + β2

1

≤ a+ (b− a)Φ
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First, note that the LHS is a convex combination of µθ and Z1 and that, thus, it is a) equal

to µθ when Z1 = µθ, b) smaller than µθ when Z1 < µθ, and c) larger than µθ when Z1 > µθ.

Second, remember that µθ = (a + b)/2 and note that the RHS is a) equal to µθ when the

argument of Φ(·) is 0 (that is, when Z1 = µθ, since the denominator is strictly positive); b)

larger than µθ when the argument of Φ(·) is strictly positive (that is, when Z1 < µθ), and c)

smaller than µθ when the argument of Φ(·) is strictly negative (that is, when Z1 > µθ). This

means that, when player 2 invests if and only if Z2 ≤ k2 = µθ, then player 1’s best response

is to invest if and only if Z1 ≤ µθ. This proves that there exists an equilibrium where both

players use a monotone strategy with cutoff equal to µθ for any value of (ξ1, ψ1), (ξ2, ψ2),

σS and σθ. Finally, to show that, when the condition in the statement of the proposition is

satisfied, this is the unique equilibrium of the game, we can use the same steps in the proof

of Proposition 4 to show that the best response mapping is a contraction (and that, thus, we

can apply the contraction mapping theorem). In particular, it is sufficient to show that the

derivative of the best response function of player 1 with respect to k2 and the derivative of

the best response function of player 2 with respect to k1 have both an absolute value strictly

smaller than 1.

Stage 1: Encoding Function Choice

When deriving the optimal choice of the encoding function in stage 1, we assume that, in

stage 2, players use the cutoff strategy in the (unique) equilibrium from Proposition 6.

Proposition 7 Suppose Assumptions 3, 4, 6, and µθ = (a + b)/2. The optimal encoding

function is the same for both players and is given by m⋆(θ) = ξ⋆ + ψ⋆θ = −Ωµθ

σθ
+ Ω

σθ
θ.

Proof. In stage 2, each player i = {1, 2} invests if and only if Zi ≤ µθ. Given the conditional
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distribution of Zi, the probability player i invests for a given θ and encoding function is

IPi(Invest|θ, ψi) = Φ

(
µθ − θ

σS/ψi

)
Thus, the expected utility player i gets from the game with a given value of θ is

EUi(θ, ψi) = IPi(Invest|θ, ψi) (a+ IP−i(Invest|θ, ψ−i)(b− a)) + (1− IPi(Invest|θ, ψi))θ

= θ + Φ

(
µθ − θ

σS/ψi

)(
a+ Φ

(
µθ − θ

σS/ψ−i

)
(b− a)− θ

)
where we use −i to denote i’s opponent. How does this expected utility change with ψi

(taking ψ−i as given)?

∂EUi(θ, ψi)

∂ψi

= ϕ

(
µθ − θ

σS/ψi

)(
µθ − θ

σS

)(
a+ Φ

(
µθ − θ

σS/ψ−i

)
(b− a)− θ

)
(12)

Since ϕ(·) is strictly positive for any argument, the sign of equation (12) is determined

by the product of its second and third term. First, note that the second term is a) equal

to 0 when θ = µθ, b) strictly positive when θ < µθ and c) strictly negative when θ > µθ.

Second, note that — since IP−i(Invest|θ, ψ−i) is greater than 1/2 if and only if θ < µθ and

µθ = (a+ b)/2) — the third term is a) strictly positive when θ < µθ and b) strictly negative

when θ > µθ. This means that the product of the second and third term of equation (12) is

always positive, with the exception of the case when θ = µθ, in which case it is 0.

We have shown that the expected payoff in a game with a given θ is strictly increasing

in ψi for any value of θ ̸= µθ and it is constant in ψi for θ = µθ. This means that, from an

ex-ante perspective (that is, when a player knows the distribution of θ but does not know its

actual realization), each player’s expected reward from the simultaneous move game — that

is, EUi(ψi) =
∫
EUi(θ, ψi)f(θ)dθ — is strictly increasing in ψi. Therefore, it is desirable to

make ψi as large as possible consistent with the power constraint. When the distribution of

θ is normal, we have

E[m2] = ξ2 + ψ2E[θ2] + 2ξψE[θ] = (ξ + ψµθ)
2 + ψ2σ2

θ ≤ Ω2

The largest value of ψ consistent with this constraint in Assumption 2 is achieved when

ξ = −ψµθ , ψ =
Ω

σθ

Thus, m⋆(θ) = − Ω
σθ
µθ +

Ω
σθ
θ.
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B Experiment on Awareness of Cognitive Noise

Here we report results from an additional experiment that is designed to investigate whether

subjects are aware of their own imprecision and the imprecision of others. If subjects are

not aware of the cognitive noise of others, then this would shut down the channel that

generates strategic uncertainty in our model, which is key to generating the unique threshold

equilibrium.

Experimental Design

Our method for studying awareness of imprecision is to create a simplified version of the

coordination game experiment in the main text, but one that retains the core individual

decision-making prediction that subjects play a threshold strategy. We employ a task from

the numerical cognition literature where subjects are incentivized to quickly and accurately

classify whether a two-digit number is larger or smaller than the number 55. Note that this

threshold strategy is identical to the equilibrium strategy in Experiment 1; the important

difference is that here, we exogenously impose the strategy on subjects without any strategic

considerations or equilibrium requirements. We then incentivize subjects to report beliefs

about errors in their own classification and in the classification of others. These beliefs are

the main object of study in this experiment.

We recruit 300 subjects from Prolific who did not participate in Experiment 1 or Ex-

periment 2. We pay subjects 1 GBP for completing the study, in addition to earnings from

three phases of the experiment. In Phase 1, on each of 150 rounds, subjects are incentivized

to quickly and accurately classify whether a two-digit Arabic numeral on the experimental

display screen is larger or smaller than 55. Subjects earn (1.5×accuracy−1× speed) GBPs,

where ‘accuracy’ is the percentage of trials where the subject classifies the number correctly,

and ‘speed’ is the average response time in seconds.1 As in Experiment 1, there are two con-

ditions, and the only difference across conditions is the distribution from which the two-digit

Arabic numeral (which we again denote by θ) is drawn. We use the same two distributions

as in Experiment 1: in the high volatility condition, θ ∼ N (55, 400), and in the low volatility

condition, θ ∼ N (55, 20). We then round each value of θ to the nearest integer and re-draw

if the rounded integer is less than 11 or greater than 99 (again, to ensure that each number

contains exactly two digits).

We note that one difference in incentives compared to those in Experiment 1 involves

decision speed. Here, we penalize subjects for the time it takes them to respond. The

reason we impose the speed incentive comes from the well known “speed-accuracy tradeoff”

1The experimental instructions are available in Supplemental Appendix C.

5



in perceptual decision-making: one can obtain higher accuracy in classification as decision

speed slows down. Thus, in order to increase statistical power to detect how accuracy differs

for values of θ close and far from the threshold, we jointly reward speed and accuracy.

In Phase 2 of the experiment, we incentivize subjects to report beliefs about others’

performance in the task. Furthermore, we collect data on whether subjects believe that

others are more imprecise when the number on screen is closer to the reference level of 55,

compared to when the number is farther from the reference level. This feature of beliefs

is important because the equilibrium predictions from our previous experiment depend on

the noise structure in perception. In particular, recent theoretical work has shown that an

important property of the noise structure for determining equilibrium is that discriminating

between nearby states is harder than discriminating between far away states (Morris and

Yang, 2022; Hébert and Woodford, 2021). We ask subjects to consider the 149 other par-

ticipants in their experimental condition of the study, who also just completed Phase 1. We

then ask subjects the following two questions:

1. Consider only trials where the number on screen was equal to 47. In what percentage

of these trials do you think the other participants gave a correct answer, that is, they

correctly classified whether the number was smaller or larger than 55?

2. Consider only trials where the number on screen was equal to 54. In what percentage

of these trials do you think the other participants gave a correct answer, that is, they

correctly classified whether the number was smaller or larger than 55?

For each of the two questions, we pay the subject 0.5 GBP if their forecast is within

1% of the true percentage.2 Question 1 elicits beliefs about others’ imprecision when the

distance between the number is far from the threshold (47 vs. 55), whereas Question 2 elicits

beliefs about others’ imprecision when the distance is close (54 vs. 55). While we could

have asked subjects about their beliefs about others’ imprecision for a range of numbers —

rather than the single numbers 47 and 55 — this would have introduced a confound, since

the distribution of numbers is different across conditions.

In Phase 3, we ask subjects about their own performance on the number classification

task (that they completed in Phase 1). This question is not trivial because we do not provide

subjects with feedback after any round in Phase 1 (nor after the end of Phase 1). Here, we

are also interested in subjects’ awareness of their own imprecision for numbers that are close

and far from the threshold. Specifically, we ask subjects the following two questions:

2Following Hartzmark, Hirshman and Imas (2021), we choose this elicitation procedure as opposed to
a more complex mechanism such as the Binarized Scoring Rule (BSR) due to recent evidence showing that
the BSR can systematically bias truthful reporting (Danz, Vesterlund and Wilson, 2022).

6



1. Consider only trials where the number on screen was between 52 and 58. In what

percentage of these trials do you think you correctly classified whether the number was

smaller or larger than 55?

2. Consider only trials where the number on screen was less than 52 or greater than 58.

In what percentage of these trials do you think you correctly classified whether the

number was smaller or larger than 55?

For each of these two questions, we again reward subjects with 0.50 GBP if they provide

an answer that is within 1% of their true accuracy. All subjects first go through Phase 1,

and the order of Phase 2 and Phase 3 is randomized across subjects. We note that one

potential concern with our design, is that when asking subjects about their performance in

Phase 1, we are testing memory, not ex-ante beliefs. This is a reasonable concern, and an

alternative is to have subjects forecast their performance before undertaking the classification

task. However, under this alternative design, subjects’ classification performance would be

endogenous to their beliefs, and would invalidate the incentive compatibility of our belief

elicitation procedure. For this reason, we opt to implement Phase 1 first for all subjects.

Experimental Results

The upper panel of Figure A1 replicates the classic result from previous experiments on num-

ber discrimination, whereby subjects exhibit errors, and these errors increase as the number

on screen approaches the threshold (Dehaene, Dupoux and Mehler, 1990). Moreover, we see

that, for numbers between 47 and 63, errors are systematically higher in the high volatil-

ity condition (Frydman and Jin, 2022). Similar patterns are reflected in the response times

shown in the lower panel of Figure A1: response times increase as the number approaches the

threshold of 55, and response times are systematically longer in the high volatility condition.

The purpose of Phase 1 is to create a dataset about performance, over which we can ask

subjects about their beliefs in Phases 2 and 3. In the left panel of Figure A2, we see that

subjects believe their behavior in the classification task exhibits imprecision (that is, beliefs

about accuracy are less than 100%). Moreover, we see that subjects are aware that mistakes

are more likely for numbers closer to the threshold (greater than 52 and less than 58) than

for numbers farther from the threshold (less than 52 or greater than 58; p < 0.001).

The results in the middle panel of Figure A2 help validate a crucial assumption in our

model. Specifically, we see that subjects are aware of other subjects’ imprecision. Moreover,

subjects believe that others are less accurate when discriminating 54 vs. 55 compared with

discriminating 47 vs. 55 (p < 0.001). When embedded in a game, these beliefs are sufficient
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Figure A1: Accuracy and Response Times in the Classification Task. Note: Upper
panel shows the proportion of rounds on which subjects correctly classify θ as greater than or
less than the reference level of 55. Lower panel shows the average response time on rounds
where subjects correctly classify θ. Inside each data point, the length of the vertical bar
denotes two standard errors of the mean. Standard errors are clustered by subject.

to generate strategic uncertainty: if player i believes that player j perceives θ with error,

then player i is uncertain about player j’s perception. The data in the middle panel of Figure
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Figure A2: Beliefs about Own and Others’ Accuracy in the Classification Task.
Note: Left panel shows the average belief about own accuracy for values of θ that are far
(θ < 52 or θ > 58) and close (51 < θ < 59) to the threshold 55. Middle panel shows
the average belief about others’ accuracy for values of θ that are far (θ = 47) and close
(θ = 54) to the threshold 55. Right panel shows the average belief about others’ accuracy
when θ = 54, split by experimental condition. In each panel, the vertical bars denote two
standard errors of the mean.

A2 therefore provide support for the mechanism that generates strategic uncertainty in our

model.

Finally, our data also enable us to test one other feature of beliefs about others’ impre-

cision. As outlined in our pre-registration, we test whether beliefs about others’ accuracy

on rounds when θ = 54 is higher for those subjects who experience the low volatility dis-

tribution in Phase 1.3 Such a test investigates the hypothesis that subjects are aware that

others’ perception of a given number varies as a function of the experienced distribution.

Indeed, the right panel of Figure A2 shows that, for θ = 54, subjects who experience the

high volatility distribution in Phase 1 report that others make more errors, compared to

those subjects who experience the low volatility distribution in Phase 1 (p = 0.048).

3Pre-registration document is available at https://aspredicted.org/OGG_XNK.
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C Experimental Instructions

Experiment 1 (Coordination Game)
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Experiment 2 (Human vs. Algorithm)
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Experiment 3 (Awareness of Cognitive Noise)
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D Response Times from Experiment 1

Figure A3: Average Response Time as a Function of θ. Note: Response times are
averaged across subjects and across rounds. Inside each data point, the length of the vertical
bar denotes two standard errors of the mean. Standard errors are clustered by subject.

Here we analyze the distribution of response times in both the high volatility and low

volatility conditions from Experiment 1. The response time variable is defined at the round

level, and measures how long it takes a player to execute a decision after the game is presented

on the screen. As outlined in our pre-registration, we test two hypotheses regarding the

distribution of response times. First, response times should peak at the unique equilibrium

cutoff level of 55. Second, conditional on θ, response times should be longer in the high

volatility condition. Our hypotheses are motivated by the literature on sequential sampling

models (Ratcliff, 1978; Bogacz, Brown, Moehlis, Holmes and Cohen, 2006), which robustly

predict that response times become longer as the values of two items under comparison

become closer together. Thus, the tests we present in this section are joint tests of cognitive

noise, which predicts that subjects use a unique threshold strategy, and sequential sampling

models, which predicts how long it takes to implement the threshold strategy on each round.
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In many sequential sampling models (see, e.g., Krajbich, Armel and Rangel 2010), the

agent will execute a decision as soon as a stream of incoming signals has reached a pre-defined

reliability threshold. Because signals are sampled sequentially, response times increase with

the number of signals drawn. While the model we present in Section 2 only allows the

agent to draw a single noisy signal, Si, one could generalize the model to allow a sequence

of independent noisy signals. For every additional noisy signal that the player collects,

her posterior will become narrower, and, thus, the entire stream of signals provides more

reliable evidence about whether θ is less than 55. As signals become more informative about

whether θ is below the (equilibrium) threshold, the agent will reach the pre-defined reliability

threshold with fewer signals, and thus response times will be shorter.

In our setting, there are two particular ways in which a signal can provide more informa-

tion about whether θ is less than 55. First, recall that in our model, the mean of Si varies

monotonically with θ. Thus, Si provides cardinal information about θ, and not just ordinal

information about whether θ is below 55. It follows that as |θ − 55| increases, Si provides

a more informative signal about whether θ < 55. Second, as the precision of Si increases,

this naturally provides more information about whether θ < 55. Taken together, sequential

sampling models predict that, when a player is tasked with implementing a cutoff strategy

(which is derived as the equilibrium strategy under cognitive noise), response times should

decrease as (i) |θ − 55| increases and (ii) the precision of Si increases. We can test the first

prediction by relying on variation in θ within an experimental condition. We can test the

second prediction by relying on the variation in signal precision across conditions, which is

endogenously generated by efficient coding.

Figure A3 plots the average response time, conditional on θ, for each of the two ex-

perimental conditions. We highlight two features of the figure. First, in the high volatility

condition, the peak response time is at θ = 55; in the low volatility condition, the peak is not

far away, at θ = 54. Moreover, response times fall almost monotonically as θ moves away

from the equilibrium threshold of 55 (p = 0.001 in a mixed-effects regression of response

time on |θ − 55| for each of the two conditions). Second, there is a clear separation of the

curves across conditions: conditional on θ, response times are longer in the high volatility

condition compared to the low volatility condition (unconditionally, the average response

time is significantly longer in the high volatility condition, p < 0.001). These two features

of the data are roughly consistent with the predictions outlined above.

One caveat to this analysis is that the player chooses the precision of Si according to

efficient coding, but under the assumption that she can only draw one signal. Predictions

may change if we endogenized the signal precision and the number of signals to be drawn (or

the reliability threshold). That said, the data from Figure A3 provide suggestive evidence
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that subjects are implementing threshold strategies in a manner that is consistent with core

predictions of sequential sampling models. Thus, the response time data help validate our

assumptions about the cognitive constraints that subjects face when playing the game.
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E Heterogeneity in Experiment 2

Figure A4: Heterogeneity in % Correct Decisions in Experiment 2. Note: Each
point represents a single subject from the Algorithm condition. A “near to threshold round”
is one where θ takes on one of the following values: 51, 52, 53, 54, 56, 57, 58, or 59. A “far
from threshold round” is one where θ takes on one of the following values: 47, 48, 49, 50,
60, 61, 62, or 63.

Figure 5 in the main text shows that, on average, subjects in the Algorithm condition

from Experiment 2 exhibit noise in their behavior. However, Figure 5 only shows the data

at the aggregate level. Here, we investigate individual-level data. We demonstrate that a

majority of subjects exhibit noise in their behavior, and that the noise structure is consistent

with our model assumptions.

For each of the 100 subjects in the Algorithm condition, we compute the proportion

of decisions that are “correct” in the sense that subjects best respond to the computer’s

exogenous strategy. In particular, we define a decision as “correct” if the subject (chooses

invest and θ < 55) or (chooses not invest and θ > 55). Otherwise, we define a decision as

“incorrect”. We analyze the sample used to create Figure 5: all rounds for which 46 < θ < 64

and subjects exhibit a response time greater than 0.5 seconds.

Before presenting the results, note that our model of cognitive noise induces incorrect

decisions because the subject does not observe θ, and instead only observes Si = θ + σεi.
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Thus, even if a subject perfectly follows the optimal threshold strategy of choosing invest

if and only if Si < 55, there may still be “incorrect” decisions, and the frequency of these

incorrect decisions is increasing in σ.

Figure A4 shows that nearly all subjects (91%) exhibit incorrect decisions, consistent with

them using a noisy signal to implement a threshold strategy. We also note that a majority

of subjects (78%) are located above the 45-degree line, indicating that the frequency of

incorrect decisions is higher when θ is near the threshold of 55, compared to when it is far

from the threshold of 55. Taken together, these results are consistent with: 1) subjects

exhibiting noise at the individual level and 2) our assumption of the noise specification,

whereby incorrect decisions become more likely as θ approaches the threshold of 55.
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