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O1 Supplementary Proofs of Theorem 1

Proof of Proposition B.1. To bound || A — R||, we rewrite it as:
A-R=Y+ ) X9,
1<i<j<n
where
Xi’j = (AZJ — Rij)(eiejT + eje?),

Y = diag(AH — RH, Ce aAnn — Rnn),

and e; is the standard basis vector in R".
Observe that X7 are independent, have mean zero, and are also independent of Y, which
itself has mean zero. Then, applying the matrix Bernstein inequality (Theorem 5.4.1 in Ver-

shynin, 2018), we obtain:

y t%/2
P<Y XU >ty <2 _ 0.1
{H 2 }‘ v (<o) ©-b
1<i<j<n
where [, |X*| < K = 1,and 0* = [EY? + 5,0, (X2
Since
(X™)? = (Aij — Rij)*(ese] +eje)),
we obtain

E(XY)? = (R — R%)(eie] +eje)).

J
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Similarly,

EY? =) (R — R})ee/ .

i=1
Since each A;; follows a Bernoulli distribution, we have R;; € [0, 1], and thus, R;; — R?j <

1/4. Tt follows that

o? < n/4.

Setting t = 3y/nlogn in (O.1), we obtain:

IP’{HY+ > X

9nlogn
/ 2
2 3 nlog n} S 2neXp <_Q+3—nl\/m>
1<i<j<n 4 3

< 2nexp(—3logn)
2

E.
g
Proof of Proposition B.2. The proof of Proposition B.2 follows from Lemmas B.4 to O1.1.

Lemmas B.4 and B.5 have already been stated; we now proceed to prove them. U

Proof of Lemma B.4. We first prove (B17). Recall that K > 1. The inequality
¢(a, mind;(R)) < ¢(a, K mind;(R))

follows from the monotonicity of ¢ for o > 0. For the reverse inequality, we consider

¢(a, K min; d;(R))
¢(a, min; d;(R))

log = log ¢(a, K mind;(R)) — log ¢(cr, min d;(R))

= (K~ 1)mind,(R) - log 6(0, ).

for some dy € [min; d;(R), K min; d;(R)].
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By Property 3’ in (B3),

0¢/0d(a, dy)

(K — 1)miindi(R)glog o(a,dy) = (K —1) miin d;(R)

od ¢(aa dO)
&b/@d(a, do)
Thus, we obtain
¢(a, K min; d;(R)) ¢(a, K min; d;(R)) c
¢<C¥, mini dl(R)) o (log ¢(C¥, mini dl<R>> ) S °

The proof of (B18) follows similarly using Property 3’ in (B4). Finally, (B19) and (B20)
follow from (B17) and (B18), respectively, by reversing all inequalities, since d¢/0d < 0 for
a < 0. U
Proof of Lemma B.5. Recall that d;(A) = > " | A;; and d;(R) = ", R;;. Applying Ho-

effding’s inequality, we obtain

Setting ¢t = /2n logn, we obtain

2
P{|d;(A) R)| > \/2nlogn} < 2e 418" = e (0.2)

which establishes (B21).

For (B22), by the mean value theorem, we have

60 d;(A)) — 6ler.d;(R))] = |d;(A r\ (.c,)
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for some ¢; € [d;(R) — |d;(A) — d;(R)].d;(R) + |d;(A) — d,(R)]].
Using the bound from (O.2), it follows that

|6(a, dj(A)) = p(a, d;(R))[ < v/2nlogn

0
az (Oé CJ 1)

for some ¢;; € [d;(R) — v/2nlogn,d;(R) + v/2nlogn] for each j = 1,...,n, with proba-
bility at least 1 — % U

Lemma O1.1. Under Assumptions (1)-(2),
ID — Dg|| < Cy/nlogn, 0.3)

with probability at least 1 — %, where C'is a fixed positive constant independent of n.

Proof of Lemma O1.1. Since both D, and Dgr are diagonal matrices, we first derive an

entrywise bound. Forany ¢« = 1, ..., n, we have
‘Z Amb a, i(A) 22, By olas d (R))'
(A)) ¢(a, di(R))
‘Z AZJ Cb a,d;(A)) Z Rij ¢, d;(R)) ' Z Rw Cb a,d;(R)) B Zj Ry ¢(a, d;(R))
(A)) ¢(a, d;(A)) di(A)) ¢(a, d;i(R))

:@+@. (04)

Define d; _;(A) = d;(A) — A;j, noting that d; _;(A) is independent of A;;. Then, the

numerator of the first term @ in (O.4) can be decomposed as:
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_ i P(a, d;(A)) — Z Rij ¢(a, dj(R))‘
=[ > Aij (6(,di(A)) - cb +Z = Riy)d(ad;_i(A))
+ Z Rij [, dj—i(A)) — d(a, dj —i(R))] + Z Rij [#(a, d;(R)) — (e, dj—i(R))] |

ij (e, dj(A)) — ¢l dj—i(A)))| +

> (A — Rij)d(a, dj,—i(A))|

J

ij [0(c, dj(R)) = ¢(a, dj i(R))]

Z Rzg (a s dj—i (A)) = é(a, dj,—i(R))] +

=G+H+J+K. (0.5)

Bound for G in (O.5). By the mean value theorem and Lemma B.5, we have

{d(a, dj(A)) — dla. dj—i(A))} — {¢(e, d;(R)) — ¢(e, d;—i(R)) }|
< {dla. dj(A)) — d(a, d;(R))} — {d(a, dj—i(A)) — ¢(e, d;—i(R))}|
<2max (|¢(, d;(A)) — ¢, d;(R))|, |¢(ev, dj—i(A)) — d(ar, dj,—i(R))])
<2y/2nlogn

«, Cj,2) )

0
74"

for some ¢;» € [d;(R

) —v2nlogn — 1,d;(R) + v/2nlogn| for each j = 1,...,n, with
probability at least 1 — %

Applying the triangle inequality,

60 d5(A)) — dler,d;i(A)] < 6@ d5(R)) — dler,d;_s(R))| +2y/2nlogn |2

¢
od OZ?C]}?)
9¢
)| +24/2nlogn %(a,cm)

Y

0
< ‘a—(g(a,cj,s
for some ¢; 3 € [d;_;(R),d;(R)] foreach j = 1,...,n, with probability at least 1 —
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Note that this bound is not optimal but is sufficient for the proof of Lemma O1.1. Consider

+ 2+/2nlogn @( }

A= (V{1660 (8) - i (AN < | F5tacs2 %2 (0,13

By the union bound*', we obtain P{A} > 1 — .

Denote Ps{T'} = P{S N T} forevents S and 7. Define

t =2 (lognz (’%(Ox,%,s)

o
+E E |Aij — Rijl (‘_(‘M(a’cj’?’)
7

+ 24/2nlogn 0 (

¢
% &, Cj2

+ 24/2nlogn 0 (

¢
% a, Cj72)

) )) N
) . (0.6)

Applying Hoeffding’s inequality (see Hoeffding, 1963), we obtain

]P’{ > t}
<Py { Z(Aij — Ryj) (¢(a, dj(A)) — d(a, dj —i(A)))| > t} +P{A°}

< Py {Z |Aij — Ryl (‘%(a,cj73) ) > t} + P{A°}

<2€xp< 4lognz (} (o, ¢ }+2\/2nlogn (Oz CJQ)DQ) +3
B Z (Bdacjg|—|—2\/2n10gn‘8dac]2D

2
<2exp(—4logn) + —
n

D (Aij — Ryj) ((a, d;(A)) — d(, d; i(A)))

J

+24/2nlogn 0 (

¢
% a, ijg)

n3

< (0.7)

4
ﬁ.

Similarly, with probability at least 1 —2n"%, the remaining term > Ry; (¢(v, d;(A)) — d(a, d; i(A)))

3For events Fy,...,E, satisfying P(E;) > 1 — ¢; for all j = 1,...,n, it holds that P(N;E;) =
P((U; Ef)9) =1 _P<UJEC) >1-3,P(ES) 21-3 ;¢
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can be bounded by

+ 2\/2nlogn

O[CJQ

)

Bound for H in (O.5). By the mean value theorem and Lemma B.5, we obtain

(9¢
ZRW (‘&l a,cjs)

J

a,cjq)

|b(er, dj—i(A)) = d(ar,dj—i(R))| < v/2(n — 1) log(n — 1) ’%

ad(
d9
< +/2nlogn

8d(

)

a,cjq)

for some ¢;4 € [d;j(R)— v2nlogn —1,d;(R) + v/2nlogn] for each j = 1,...,n, with
probability at least 1 — %

Consider the event:

I = ﬂ{ A)) < ¢(a,d;(R)) + v/2nlogn g?(a Cia) } (0.8)
Using the same proof technique as in Lemma B.5 and applying the union bound, we obtain
P{I'} >1-%.
Define
p o\ 1/2
t=2 (lognz <¢(a,d]~(R)) +/2nlogn 8d(a Cja) ) ) : (0.9)

J
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Applying Hoeffding’s inequality, we obtain
IP) {
< Pr {

<2exp

> (Aij = Rij)o(a, dj_i(A))

Z(Aij — Rij)¢(a, dj—i(A))
(_SIOgan (¢(a,d;(R)) + v/2nlogn ‘%(a,cﬂ)‘f) N 2
Zj (gzﬁ(oz, d;(R)) ++/2nlogn }%(a, cj74)})2

2
<2exp(—8logn) + —
n

$

> t} +P{r°}

4
<. (0.10)
n

Bound for J in (O.5). Conditioning on the event () {|¢(c, d;—i(A)) — ¢(a, d;—i(R))[ <
)
V2nlogn ‘8—‘5(

i lo(a, dj—i(A)) — (o, dj—i( \/2nlognZRw (e, cjq)l- (0.11)
Thus, this inequality holds with probability at least 1 — % by the argument above (O.8).
Bound for K in (O.5). By the mean value theorem, we have
99 d¢
i [6(, dj(R)) — ¢(a, dji(R))]| <Y Ry Ry %(0@ ¢s)| <> Ry %(a, Cis)|
J J
(0.12)

for some ¢;5 € [d;_i(R),d;(R)] foreach j =1,...,n
Bound for @ in (O.4). Assumptions 1 and 2 imply that d;(R) is of the same order for all
j. By Lemma B.4, this also holds for ¢(«, d;(R)) and %(a, d;(R)). Using assumption 1 and

Property 3 (B3) of ¢, we combine the four bounds (0.7) — (O.12) to obtain a bound for the
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numerator of @:

Z Aij o(a, dj(A)) — Z Rij ¢(a,d;(R))| < Cy/nlogn ¢(a,d;(R)), (0.13)

with probability at least 1 — %, where C'is a fixed constant independent of 7.

By Lemma B.5 and the triangle inequality, we obtain

1 1
S0 di(A)) = ola di(R)) — [o(e, di(A)) — (e, do(R))]
1
<

~ oo, d;i(R)) — /2nlogn |%(a,cj,1)|’

with probability at least 1 — 7% Therefore, we obtain

5 Am w.dy(A) X, Ry blo,dy(R)
LAY dadA) 'SCV”I"g”’

with probability at least

Bound for @ in (0.4). By Lemma B.5 and the bound for we have

1
d(e,di(A))’

‘Z Rwﬁb a,d;(R)) B Zj R;; ¢(aadj(R))‘
(A)) ¢(a. d;(R))
|9(, di(A)) — ¢(a, di(R))]
e d. V2nlogn ‘%(a,ciﬁo)’
= ;R” i ’dj(R»(b(a,di(R)) (¢(r, di(R)) — v/2nlogn | 22(av, ci0)])
Vnlogn ‘%(@,Ci,o)‘
<Cy/nlogn, (0.14)

= Z Rij ¢(a, d;(R))

<Cd;(R)

with probability at least 1 — %

Bound for @ + @ in (O.4). Combining (O.13) and (0O.14), we obtain the entrywise bound.
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For any i,

>, Ay dla, dj(A)) 30, Ry ¢la, dj(R))
Had(A)  dladm) |- Cvnlsn (0.15)

with probability at least 1 — %. Finally, applying the union bound,

||DA—DR|| < C\/nlogn, (016)

with probability at least 1 — 3. O

Proof of Proposition B.2. Rewrite the left hand side as:

HD:/z _ D;/Q

-1
_ H (Dxl . Dr_{l) (D:/z i D;/z)

-1
— H(DA —Dg) (DasDg)™ (D;f/2 + D;ﬁ”)

-1
< 1A = Dal- D3| D[ (03" + D)

By Assumption 2, we have % < 00. Combining this with Property 2" and the fact that

$(0,d) = 1, it follows that 22 @dR) -, Conditioning on the event |[Ds — Dg|| <

min; ¢(a,d;(R))
Cv/nlogn,

H (DXW + DE_{1/2> _1H = max ((DA);-I/2 + (DR)Z,—Z,W) !

< (min(DA);'"* + min(Dr),,*) -
< (miin(DR);.l/2 - miin((DR)n' +(Da)i — (DR)M\)”/Z) -1
< C (min(Dg); ") -

k23

< Cminy/d;(R).

Similarly,

IDX)] = (min(Da)s) <€ (mind(R)) .
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Combining the results and applying Lemma O1.1, we have

-3/2
HD:M—D;/QH §C\/nlogn<mjndi(R)> :

with probability at least 1 — 3. O

02 Additional Proofs for Section C.2: Characterization of

Convergence Speed

Proof of Lemma C.1. Before proving Lemma C.1, we establish the following lemma.

Lemma O2.1. Let the m X m matrix Fr« be defined as:

_ NPkl Gf)(aa Zh nhplh)
Zl’ nyprr ¢(a, Zh nhPrn) .

(Frre )y (0.17)

Then, ¥« has the same nonzero eigenvalues as T*.

Proof of Lemma O2.1. First, note that R is a matrix with m? blocks. Within each block,
the entries are identical, as is T*. From the definition of T*, if 7 and j are in groups k and [,

respectively, we have

o R di(R))  pudla, 3o, nupin)
Yoy Ry ol di(R)) Doy nepre dlon, 3, npin)

After a suitable rearrangement of the vertices, the matrix T* takes the following block form:

By By ... By,
B,. B,2 ... B.n

where each By, is a block matrix in which all entries are identical. Denote the entries in block
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By, by By, which takes the value of 17 in (O.17) if 7 and j are in groups £ and [, respectively.

Consider eigenvectors in the form of v = (v1,v1,...,V2,V2, ..., Um, U ...) . The equation
T*v = Avimplies: ny B11v1+n9B1ova+. . .41, BV, = Avy, - - - and ny B,1v1 +19 Bipave+
e oo+ N By Um = Avy, , which completes the proof of Lemma O2.1. ]

We focus on the case where dj > d; in this proof of Lemma C.1. The proof for dj < d;
is almost identical and thus omitted. By applying Lemma O2.1, we reduce the n X n matrix
T* to an m X m matrix Fr«. Recall that for vertices in group 1 (the group of size n;), dj =
nip + (m — 1)naq, and for vertices in the remaining groups, d5 = ni1q + nep + (m — 2)nag.

Then, the matrix Fr« takes the following form:

a b b b ... 0b
e ¢cd d ... d
e dc d ... d
Fro=| . |, (0.18)
e d d . c d
e d d . c|

where

_ nip ¢(a7 d?)
mp ¢(a, di) + (m — 1)naq ¢, d3) °

_ naq ¢(a, d3)
nip ¢(@, dT) + (m - 1)712(] ¢(Oé, d;) ’
nap (25(04, d*>
)

b

© T g dla, di) + map éla, di) + (m — 2)naq dla, d)

2
naq ¢(0€, d;
1

niq ¢(a7 d;) + nap ¢(a7 d;) +
niq ¢(Q, d*
niq ¢(av, di) + nap o, di) + (m

)
(m = 2)naq ¢, d3) °
= 2)n2q p(a, d3)

We perform row operations on the matrix Fp« — Al,, before finding the zeros of the character-
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istic polynomial:

det(Fp« — AL,) = 0. (0.19)
Subtracting the last row from rows 2,3, ..., m — 1, equation (O.19) becomes:
) b b b b ]
c—d—\ 0 0 —(c—d—\)
0 c—d—X 0 —(c—d—=\)
det ) ) =0.
0 0 0 c—d—X —(c—d—N)
| e d d c—A ]

We now see that one eigenvalue is A = ¢ — d, with algebraic multiplicity m — 2.

Suppose A # ¢ — d. Multiplying rows 2,3,...,m — 1 by 1/(c —d — \), we obtain:

[a—\ b

0 1

det ’ O
0 0

e d

b
0

Then, subtracting multiples of rows 2, 3, . ..

[a — )
0

0
det

0

e

0
1
0

0

b

-1

-1

) =0.
1 -1
d c—A]

,m — 1 from the first and last row, we have:

1
0

(m—1
—1
—1

—1

)b

c— A+ (m—2)d

=0. (0.20)

Computing the determinant in (O.20), we see that the eigenvalues different from ¢ — d should
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satisfy the equation:
(a—AN)(c=A+(m—2)d) —e(m—-1)b=0.

Note that whether m is even or odd does not affect the equation. By solving the quadratic
equation, we find that the other two eigenvalues are A = 1 and A = a — e. To determine the
second-largest eigenvalue, we compare a — e and ¢ — d, both of which are positive. Thus, in the
computation below, | A\2| = Ao, and the absolute value is omitted. Comparing the two candidates

a — e and ¢ — d, denoting the denominators of a and c as D, and D, respectively, we obtain

Dng(a —e—cCc+ d)
=nip ¢(&, d;) [nlq ¢(Oé, d;) + Ngp ¢(a7 d;) + (m - 2)n2q (b(aa d;)]
— (n2(p — @)(a, d3) + mgq ¢(a, dy))[np ¢(a, di) + (m — 1)naq e, d3)]

= (m - 1)712(] ¢(a7 d;)(p - Q)(nl ¢(a7 di) — N ¢(&, d;)) . (021)

This proves (C3) in Lemma C.1, since ni¢(«, d}) > ny ¢(a, d3) is equivalentto o > g~ (ny/ns).
We are left with the special case of m = 2. If m = 2, there is no eigenvalue equal to ¢ — d. This

completes the computations in Lemma C.1. U

Proof of Proposition C.1 In this proof, we focus on the case where dj > d; and p > ¢. The
case dj < dj or p < q can be handled analogously. We therefore provide only brief arguments
for that case at the end of the proof and omit the remaining details. For m > 3, to show
monotonicity, we first consider o > g~!(n;/n,), for which the second-largest eigenvalue is:
mp ¢(a, di) n1q oo, di)

mp Qb((lf, dT) + (m - 1)”2(] ¢(Q, d;) _nlq Qb(Oé, dT) + (n2p + (m - 2)n2q)¢(a, d;)’
(0.22)

Ao = a—e =
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From this expression, we have lim A\, = 0. We rewrite the above expression of )\, as:

a—0o0

1 1
Ao = — , 0.23
T 14 Cigla) 1+ Cag(a) ( )
where C} = %, Cy = %j)mq, and g(a, d;,d}) = igzgfg Since d} and d} are

fixed here, we omit them in the notation below and write g(«).

Note that 0 < C; < Cs for p > ¢, hence Ay > 0. Then, the derivative with respect to « is:

da (4 Cigl@) T+ Cog(@))?  da

3>\2 Cls—i ng—i . @ [ (Cg — Cl)(l - 010292(06))

_ (1+ Crg(a))(1 + czg<a>>2] . (024)

Property 2 in (B1) implies that j—g < 0. Thus, % < 0for 1 — C,Cyg*() > 0, or:

w20 (7o) =7 (Z_ (=T 2>q>)1/2) O

Similarly, for a < g~*(ny/ns),

na(p — q)g(a)

=c—d= . (0.26)
? n1q + na(p + (m — 2)q)g()
Then, taking the derivative and simplifying, we get:
oA 0 —
2 9 nin2(p — q)q <0, (0.27)

Do da (g + na(p + (m— 2)g)g(a))?

since g—i < 0. For m = 2, noting that Ay = a — e, the proof follows similarly from
(0.22)—(0.25).
We now consider several additional cases under the condition m > 3.

If di > dj and p < g, then C; > C5 > 0, A2 < 0, and Equation (O.24) becomes

o) 0N CFE GE dg [ (CL=Cy)(1— CiCag(a)
da O (14 Cig(e)? (14 Cog(a)?  da [ (1+ Cig(a))?(1+ Cog(a))?
(0.28)
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For d} < d3 and p > ¢, when o > g~ (ny/ns),

na(p — q)g(a)

Ao=c—d= n1q+n2(p+ (m - 2)Q)g(a)

>0. (0.29)

Therefore, when o > g~!(ny/nsy), we have

|\ O\ 0 —
[Ao| 0Ny Oy nina(p — q)q =0, (0.30)
o da  da (mg+na(p+ (m—2)q)g(e))
where we use the fact that when d; < d, Property 2 implies g—g > 0.
The remaining cases are analogous and are therefore omitted. U

Finally, we determine how large an increase in « needs to be in order to observe a change
in convergence speed with high probability. We answer this question by applying Theorem 1 in

the following proposition.

Proposition 02.1. We assume that || + |an| < C for some positive constant C' and o, oy €

D,, as defined in Proposition C.1. There exists an integer ng € N, such that for all n > n, if

.v/Iogn e { {ng/@a(a,dl) _ 0¢/0a(a, d2)} 1} (0.31)

ar —ag > C
T TV aélasad) é(, dy) é(av, dy)
we have, for some constant C>0 independent of n,>

P {Pa(T(a))| — o(T(an))] > 0} > 1~ 75

Remark 1. The condition in (0.31) may seem complicated but is not restrictive: the right-hand
side of the inequality approaches zero as n goes to oo. This condition simply describes the

minimum required size of a; — Q.

This proposition determines the required increase from o to oy so that the change in the

32( depends on lim sup,, pp /qn, limsup,, na/n1, limsup,, ¢(ar, ds) /(v , dy) and the constant C' in Theorem
1.
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magnitude of the eigenvalue exceeds the error, whose size is given by Theorem 1. Therefore,
Proposition O2.1 states that if « increases from oy to o satisfying the conditions in Proposition
02.1, then we will observe a decrease in |A\y(T)| and thus an increase in convergence speed
with a probability tending to one as n goes to co.

Proof of Proposition O2.1. In this proof we focus one the case di > d; and p > ¢, the

other cases can be proved similarly and we omit the details. By (0.23) we have |\y] = \o.
Recall that in Lemma C.1 and Proposition C.1, we computed |2 (T*(«))| and w. Since
|A2(T*(c))] is positive and monotonically decreasing on D,,, for oy > ay,
[A2(T" ()| — [A2(T7 (1)) = A2 (T () — A2(T7 (1)) - (0.32)
By the mean value theorem,
« . O (T* («x
Ao(T*(a0)) = Ao(T* (1)) = (g — 1) % : (0.33)

where ay € [ap, o1]. We want to determine the size of the derivative. Let

(m — 1)nag c, = P + (m — 2)naq
—, (1= :

nip ni1q

Cy =

Then, for a > g~!(n1/ns), using the expression (0.24) in the proof of Proposition C.1, we have

O (T (ar))
oo

- Oy (@ q ¢(a2,d§)) {8¢/8a(a2,d>{) 99/0a(as, dy)

0.34
ny’ p’ P(ag, dy) P(aa, di) P(aa, d3) ] - (039

¢(az,dz)
Slandr)’ but does not

where C'5 is some positive constant that depends on the fractions Z—f, %, and
depend on n when n is large. By Assumptions 1-2, we imply that max,,e(ag,alphai] C3 (

Cs for some positive constant Cs. By assumption,

o o\ Jlogn do/da(a,d)  d¢/dala,ds)] ™"
ap — o >C (03,0) log max {[ (b(/ﬁ(a,(dl)d ! B (b(/b(a,(dz)d )1 } 7

TnV/ N a€lag,on]

017

ne g ¢(a2,d3)
n1’ p’ d(az,dy)

) <



where C is the constant in Theorem 1. Combining (0.32) — (0.34), we obtain

Vlogn

A2 (T ()| = [Ae(T*(ar))| > CCs i

(0.35)

On the other hand, for & < g~'(n;/n,), using expression (0.27) in the proof of Proposition
C.1, we obtain equation (0.34) for a positive constant C'y possibly different from C's. Similar to

(0.35), we then get
Viogn
To/T0

Ao (T (a0))| = [Ae(T*(en))| > CC, (0.36)

We then observe that

[A2(T(c0))| = [A2(T(a1))| = [X2(T" ()| — [A2(T*(1))| + (|A2(T ()] — [A2(T*(w))|)
+ (A2 (T ()| = [A2(T(e))])

> [Aa(T*(00))] — ol ()] + C5 Y128

To/n

(1-Cs)

with probability at least 1 — % for some constant C, by Theorem 1. Letting C = (. Cn)

we see that the result of Proposition O2.1 follows. U

O3 Extension: Perturbation of Adjacency Matrix

In this section, we examine the effects of perturbations in the network structure. Specifically,
we introduce a perturbation term to each entry of the adjacency matrix A and analyze its impact
on our main results.*

More formally, for i, 7 = 1,2,...,n, let ¢;; be independent and identically distributed ran-

dom variables supported on [0, 1]. The perturbed adjacency matrix A is then defined entrywise

3deally, the perturbation would be applied directly to the matrix T. However, this could easily disrupt the row-
stochastic structure of the matrix. For theoretical simplicity, we instead introduce the perturbation to the adjacency
matrix A.
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as:

1212']' = (1 — 6)AZ] + 5Eij s

for some small enough & € [0, 1]. Replacing A with A in (3), we define the perturbed weight

matrix T by:

By a similar argument as in the proof of Theorem 1 and using the Bauer—Fike theorem Bauer

and Fike, 1960, we obtain the following result:

Proposition O3.1. Given any degree-dependence parameter o € R and a random network
A(P,n), there exists a positive constant C, independent of n, such that for all n > 0, the
following results hold for the realized learning matrices T(A, «) and the perturbation learning

matrix T = T(A, a):

P{|(T) ~ 2a(B)] > CXIEL <

min; d;(R n2’

The additional perturbation term does not alter the structural assumptions imposed in the
paper. Moreover, the concentration result of Theorem 1 continues to hold, as the perturbation
€;; 18 bounded. Consequently, the concentration inequalities used in the proof of Theorem 1

remain unaffected, ensuring that the results that rely on this theorem follow.
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04 Alternatives to Assumption 3 Based on Model Primitives

Recall that Assumption 3 is stated in terms of eigenvalues rather than model primitives. This
section provides alternative assumptions based solely on model primitives.

Assumption 3 plays two key roles. First, it guarantees that the realized adjacency matrix A
(with high probability) and the expected matrix R are primitive (Proposition A.1), providing the
basis for our discussion of convergence speed and influence. Second, for the asymptotic result
in Theorem 1, it ensures that the spectral gap of the expected matrix remains strictly bounded
away from zero. This provides the structural stability required for the eigenvectors to be robust

to noise (i.e., deviations between the realized and expected matrices).

04.1 Alternative Assumption for the Primitivity of A with High Probability

First, we provide an alternative condition for the first role of Assumption 3 and establish an

analogue to Proposition A.1.

maxi<;<m{ni}

Assumption 4 (Block connectivity). Let T i

= ¢,. We assume c,, < logn. Moreover,

V7men logn
n

forany 1 < i,5 < m, there exist some 1 < k,| < m such that pyypy; > and

Jlogn
PikPrPL > Vg .

Proposition O4.1. Under Assumptions 1, 2, and 4, there exists ny € N such that A is strongly
connected and aperiodic with probability at least 1 — n=% for all n > ny. In other words, A is

primitive with high probability. Moreover, R is primitive.

maxj<;<m M

Proof of Proposition O4.1. Without loss of generality, suppose that = Cp.

ming <;<m 1

To establish that A is strongly connected with probability at least 1 —n %, it suffices to show

that the diameter of the network is at most 2. Let A,, be the event that there exists a pair (i, j)
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not connected by a path of length 2:
P(A,) = P(31 <i,5 < ns.t. there is no length-2 path connecting 7 and j) .

By Assumption 4, there exists n, € N such that for all n > n,, we can bound this probability

using the union bound and the independence of edges:

P(A,) < Z P(no length-2 path connects ¢ and j)

ij=1

= i P((A2)ij = 0) < i P( Z AixArj = 0)

ij=1 ij=1 k#ij

_ n2 . 7mcn logn ming < <m Nt - n2 - 7an logn micn

- n - n

< pleTloen — nTh < (0.37)

Thus, A is strongly connected with high probability.

Next, consider aperiodicity. Recall that a strongly connected graph is aperiodic (primitive)
if the greatest common divisor (GCD) of the lengths of its cycles is 1. Therefore, it suffices to
show that the network contains cycles of lengths 2 and 3, as GCD(2, 3) = 1.

Define B,, as the event that some node 7 is not part of a length-2 cycle:
P(B,) = P(31 <i < ns.t. there is no length-2 cycle at 7).
Then there exists n; € N such that for all n > ny,

P(B,) < Z P(no length-2 cycle at 7)

i=1

=Y P((A%); =0) < P(A,) <n™*. (0.38)
=1
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Similarly, define C, as the event that some node 7 is not part of a length-3 cycle:
P(C,) = P(31 < i < ns.t. there is no length-3 cycle at i) .
Then there exists n. € N such that for all n > n.,

P(C,) < Z P(no length-3 cycle at 7)

=1

= i P((A%); =0) < i P( Z A A Aij = 0)

=1 kl#ij

: 2
1 ming <¢<m Ny

< n? (1 _ Y (;i”) < ple VB <t (0.39)
n

Combining these results, with high probability the network is strongly connected and contains
cycles of lengths 2 and 3. Since GCD(2, 3) = 1, the network is aperiodic. Finally, for R, note

that under these assumptions all entries of R? are positive, and therefore R. is primitive. O

04.2 Alternative Assumption for Bounded Spectral Gap

Let v, = 1 — | A\o(T*)|. Proposition O4.1 (with Assumption 4 replacing Assumption 3) implies
that v, > 0, allowing us to establish the following alternative statement for Theorem 1 (the

influence part):

P{jls(T) - s(T)[ls > SV < 1O
Yn Tn/T n?
The second role of Assumption 3 is to provide a uniform lower bound, ¢ > 0, for -y, in the
denominator. This subsection provides alternative sufficient conditions for this bound.
We first show in the next proposition that a sufficient condition is that the quotient matrix

Fr+ (defined in Equation (O.17)) converges to a primitive limit. We then provide a further

sufficient condition based solely on model primitives.
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Proposition O4.2. If there exists a primitive matrix C such that lim,,_,., Fp« = C, then the

spectral gap sequence {~,} is bounded below by some positive constant ¢ > 0.

Proof of Proposition 04.2. Since C is the limit of a sequence of row-stochastic matrices, C is
also row-stochastic. Moreover, since C is primitive, the Perron—Frobenius theorem implies that
its largest eigenvalue is simple and equal to 1, and all other eigenvalues are strictly less than 1
in magnitude. That is, |A2(C)| < 1.

Let ¢; = 3(1 — [X2(C)|) > 0. By Lemma O2.1, the non-zero eigenvalues of T* are
exactly the eigenvalues of Fr-. Since eigenvalues are continuous functions of the matrix entries

(Ostrowski’s theorem), and lim,,_,., Fr+ = C, it follows that

Tim [\o(T")] = lim [As(Fr.)

= [A(C)].

Therefore, there exists n. such that for all n > n,, |A2(T*)| < |X2(C)| + ¢; = 1 — ¢;. This
implies v, > ¢; > 0.

Finally, letting ¢ = min{vy, ..., Vn.,c1} > 0, we have ,, > ¢ > 0 for all n. O

When is the limit of Fr+ primitive? We further provide a sufficient condition based on the

model primitives.

Assumption 5. lim,, o, "% = ¢ > 0 forall 1 < k,l < m.

Tn

Lemma O4.1. Under Assumption 5, there exists a primitive matrix C such that lim,, .. Fp« =

C.
Proof of Lemma O4.1. Recall that the (k, [)-th entry of Fp- is given by:

_ TPk P, D, napin)
Zz/ nyprr (o, Zh NhPUh)

(Fr )
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Under the condition that lim,, ;. "% = cy; > 0, we can normalize the terms in the fraction

Tn

by dividing the numerator and denominator by ¢(«, n,) and n7,. Provided ¢ is a regularly
varying function (e.g., ¢(z) = xz%), the ratio of the ¢ terms converges to the ratio of their

arguments. Specifically,

lim P(a, Zh NhPik)

=1.
n—00 ¢(a> N7y Zh Clh)

Substituting the limits cx; and simplifying, the matrix converges element-wise to a limit matrix
C with entries determined by the constants c;. Since ci; > 0 for all £, [, the limit matrix C is

strictly positive, and thus primitive. ]

Collectively, Assumptions 4 and 5 constitute sufficient conditions based on model primitives

to replace Assumption 3.
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