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I. Environment
1.1. The Cournot Competitive Tax Equilibrium

When the first-order conditions are both necessary and sufficient for the individuals” and the final good

producer’s problem, the equilibrium allocations are governed by conditions (12) to (18) alongside the indi-
1

T+4
viduals’ budget constraints. Given the technology considered in this paper and assuming ¢, (l,) = 11”+—L,
the following conditions hold in the symmetric equilibrium: ?
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where Q;; (6,) is treated as given by the entrepreneurs.



3. Labor market clear condition
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4. Meanwhile, in the equilibrium, we have:
(A8) Q= [ Nefe (6:) P(0:)Qy(6,)d0.

The above parts 1 to 4 solve the equilibrium allocation { L, (6,), le (6) 1w (6w)}, price system {P(6.),W}, and
total output Q. Then one can derive other allocations with ind1v1duals budget constraints.

1.2. Elasticities
(1) ELASTICITIES OF PRICE AND WAGE.

We define the elasticity of firm-level outputs with respect to the entrepreneurial effort I.(6,) and labor
inputs Ly (6,) respectively as:
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In the nested-CES economy, elcfif (6.) =1and sQ” (6.) = ¢ are constants.
We define the sales elasticity and price elast1c1ty, respectively as
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Define the own-inverse demand elasticity and cross-inverse demand elasticity as:
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Following Sachs, Tsyvinski and Werquin (2020), we denote by ¢? (6;, 0.) and &f (6, 6. ) the cross elasticities
of wage with respect to Ly (6,) and I,(6,) for any (6,,0.) € @2
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We denote 7 (6,) and £ (6, ) as the own elasticities of wages with respect to L, (0.) and I (6, ). These own



elasticities of wages are defined by the following relationships:
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where 6 denotes the Dirac delta function, (6,,6.) € @2. See Supplemental Appendix 1.1.2 for details about
the above elasticities.

Recall that in the nested-CES economy, we have:
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It’s easy to see that s‘fw (6.,6,) and e‘l’z (6;,0,) are independent of 6,. By definition,
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Note that both ¢? (6,) and & (9) are constants.

By solving the final good producer’s problem, we immediately derive the price equation (Al) and the
inverse demand function (A6). Utilizing the definitions of price elasticities, we obtain the following results
for this economy:
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Specially, when I = 1, we have nP](Q]dg% 0 )|Qij:Qij(90) -

(11) ELASTICITY OF PROFIT.

Consider a small increase (i.e., d7) in the marginal tax rate faced by a 6,-type entrepreneur. In this case, the
tax reform has no first-order effects on the aggregate values and the actions of other types. Thus, aggregate
variables, including the outputs of final goods and the price of labor factors, remain unchanged. As in
Scheuer and Werning (2017), the elasticity derived here is a micro elasticity.

The optimal choices of the 0,-type entrepreneur (i.e., [, and L) satisfy the following first-order conditions
in the equilibrium:
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where Pjj and Qj; refere to Pjj (Qyj, Q—ij (6.),0.) and Qjj (xe(6e)le, L), respectively. Note that Qj; (6,) in
b; (Qij, Qi (0e), 93) is treated as given by the agent. Equation (A13) is derived by (16) and (20), and equa-
tion (A14) is derived by (18) and (20).

The cases we considered has constant ZE(LQZ and exogenous y (6,). Set § = 31;%0’ Combination of (A13)
and (A14) gives:
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The 6.-type entrepreneur’s reaction to the tax reform can be described by differential equations of the
first-order conditions. Total differential of (A16) yields:
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Total differential of (A13) gives:
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Note that Q_;; () also changes with the tax reform, which is captured by sg’it_;’ss (6,).
A combination of the above two equations gives
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Define &/ . (0e) = — ﬁe(%i“)) / 1—T£l(i;-e @) S the non-linear profit elasticity. We have:
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(111) GENERAL ELASTICITY OF PROFIT.

(A20) e (6e) =

Consider again a small increase (i.e., d7) in the marginal tax rate faced by the 6,-type entrepreneur. While
this tax reform has no first-order effects on aggregate values or the actions of other types, it now affects
aggregate variables, including the outputs of final goods and the price of labor factors, through changes

in Q_jj (6.). Define & L (0e) = —i{”((ef)) / 1 T,‘(i; @ s the elasticity of profit in this context. We refer to

Al +. (0c) the general elasticity of profit and = .. (0c) the partial elasticity of profit to distinguish them from each
other.

The conditions in equations (A15) and (A16) still hold. However, when taking total differential, the change
in Q_;; (6,) must now be considered. Note that Q_;; (6.) equals Q;; (f.). Taking the total differential of
equation (A15) yields:
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On the other hand, we still have (A17). Substitute % in (A17) by the above equation:
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The general profit elasticity captures the extent to which a marginal profit tax reform affects firm-level profits
by altering both the firm’s own decisions and its competitors” outputs. In contrast, the partial elasticity
reflects only the firm’s direct response to the tax reform.

(1v) ELASTICITY OF PROFIT TO THE SKILL.

In this section, we provide the elasticity of profit to the skill. Remember that the entrepreneur’s FOCs

imply
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and
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Take the derivative of both sides of the above equations with respect to 6:
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1.3.  Preliminary Analysis of the Equilibrium
(1) ALLOCATIONS AND PRICES.

To simplify the expression, in the following analysis, we consider t; = 0. Besides, we use X.(6,) =
1‘\‘7T_1xe(9@)[77;1 x(0.) and fi,(04) = fe(6.) = 1 to shorten the expressions. Combination of (A4), (A5), and (A1)



gives:
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Substituting P(6.) and Q;; (6c) in (A4) with (A1) and Q;; (6.) = xe (6,) e (6¢) La (6.)°, respectively, we have:
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where we substitute I, (6,) with (A25) in the second equation.
Rearranging the above equation gives:
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The three equations above together with (A7) and (A8) solve the symmetric equilibrium prices { P(6.), W},
allocations {Ly(6,), e (6¢) lw (6) }, and total output Q. Lastly, one can derive other allocations with indi-
viduals’ budget constraints. See below for details.

For later use, we define
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Substituting Ly (6,) in (A4) with (A27), we have:
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Similarly, substituting Ly (6,) in (A7) with (A27), we have the aggregate labor demand
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On the other hand, according to (A7) and (A30), we have the aggregate labor supply
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Then we can derive I, (0w), Lw(6:), and I, (6,) by substituting Q and W into (A27), (A29), and (A30).
Moreover, by definition, we have
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According to the above results, we have:
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where we use (A40) and (A41) to substitute dlndlgfef) and dlnég; (%) in the fourth equation.



(1) SKILL GAP.

To derive the optimal profit tax formula in terms of parameters, we need dlngg;(a"), dln;gfe”) and dlndyé’e(g")

in terms of 6, and profit tax rate. The entrepreneur’s choice of labor inputs satisfies (A4), i.e., WL (6,) =
%P(Ge) Qij(0e). Substitute P(0,.) in (A4) by the inverse demand function (A6), and take the total differential
on both sides of the derived equation:
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Combination of (A43) and (A44) delivers:
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Combination of firm’s first-order condition (A4) and y, (6.) = P;; (6.) Qi (6e) (1 — ts) — WLy (6,) gives:
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where the second and third equations are derived by (A44) and (A45). Therefore,
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Under the nested-CES economy, equation (A47) is equivalent to (30). Moreover, equation (A47) suggests
that:

dInye(6e)
0

Ye _ do. e
(A4:9) 81—1’5 (63) = Wr‘ge

e

09 dlnye

H(0,) is the hazard ratio of profit (A Lelle) 7.0 (6e) ) when the profit tax rate is constant, i.e., 7, (6,) = 0.

Combination of (A48) and (A46) implies:
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The second and third equations are derived by (A44) and (A43). Substitute ;ég—gig in (A51) by (A45):
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A )
We have:
dIn Pz'j (Qifr Qij (6e) ’93) | _ X' (6e) glyeross (6e) dln Qij (6.)
40, Qij=Qij (Be) x(6.) oo\e de,
X/(Ge) P,cross |: (96) |: 1+ 86] lé (96) dln [1 —Te (96)]:|
= + €4 6 1+ -
X(ge) Q-ij ( ) (Qe) g Ee Lo (Qe) g dao,
Xe(0e)
— X,(Gé’) +€Pcross (9 ) xclz (96’) 1 lé (96) + (: dln (0o )
x(6.) Q-ij ‘ Xe (ee) 1- gezﬁ (6e) le(6,) 1-— {;’ESQl_j (6e) dao,
. d1n Q;; (6,
Substitute _dQe,,,(;) by (A52):
i ( )dlnpl](Qll’Ql]( ) 6 )| +xfe(9)
de Ql] Qr] 0c) Xe (9 )
_ Pcross<6)danij( C)] (Ie( )
Q—ij e do, Xe ( )
_ X ) Pcross e (96’)
= (0 Yl |r e @ +1] St +
X, (6, dIn[1—7, (6.
 (6) 0 (0) l+e, _ .S lte
T T EQ;;‘ (6e) (1 + Teg)
where
XI(GE) P,cross Xé (96)
(@) gy I 0041 )
X' (6e) s X (0e)
= 6 +u(6.)ep. (0
‘u( E) X(ee) ‘u( E) Q,]( e) Xe (98)
B d X, (6,) dlny (6.)
D,
_ U (Ge)sQi:;)ss (6e) + 1i [ln Xe(eg)] o (8) dlnu (6,)
?21-]- (6,) dao, 1 (6.) ‘ e, -
The first and third equations of the above equations are derived by ep 5 (0,) = — ; (}93) 21 and the



second equation is derived by X,.(6,) = AT x (6,) X, (Ge)

. In conclusion,
dIn P;j (Qij, Qij (e) ,6e) X, (6e)
I
o (@)eéiiﬁ”“’ (8:) +1 g []n Xewe)] (6,) e 62)
B e, (6e) do. | p(6e) " de,
¢ e dIn[1—7, (6,
o (1) 4 [1 X)) | gtz
1 (0) EQ—U (6) 1+e S 1+s
Tg — EQ <1 + —= )
1te, d]nl (6,
= (o) X oy, (0) 1] e +E)di n S +
= Ml 6, M (Ue e 1+ee _ ?2 (1+1+se )
When 7} (6,) =0,
dIn P;; (Qjij, Qij (6e) , 6.) x! (6,)
p (Be) de, |Qij:Qij(9c) + XZ (9:)
(145 o [in 20
e ! L e (00) (14 1)
By (A6), we have:
dIn P;j(Qij, Qij (Ge),9e)| _ X'(8e) N [0— 11 ] dIn Q;; (6.)
o, Qi=CQi®) = X (8,) o p(0)] 46,
where, by definition,
dInQ;; (0:)  dlnx.(6,) N dInl,(6,) gdln L (6e)
6, - T e, a6, a6,

dinX,(6,) _ dlnp(fe
o |dinp(8) dlnx(6.) 7 (g0 +1) [ gl — Al
c—1 b, o, eto—C(c—1)(e.+1)

dIn[1—7,(6,
(=P B dGZB e)

Jr(7—|-se—(;‘((7—1)(ezg+1)'

Therefore,

d1n P (Q;;, O; /6,
(A a0 ](Q]deQ 1{8).2 )lQU Qi ee>+xe§33
~ o(ee+1) [u(b,) —¢] —oe,dIn X(6,)
T eeto—C(0—1)(e.+1)  db,

B (c—1)[ee+ ¢ (e +1)] [V (6e) — %] dInp(6,)

teto—C(0—1) (e +1) dfe
ee[(c—=1)pu()—0] din[l—7 (6)]
0’+€g_§(0'_1)(€g+1) deg )
Substitute [;4 (6,) Blnp(gge(&),ﬂg) + ii’ggzﬂ in V! (6,) = L,(6,) [;4 (6,) L0 (Q” Q |Q,] Qij(0e) T

xg/(ee)

xe(ge)

J:



—Co(e.+1) dIn X(6,)

o(ee+1)u(6e)—0e
(

ge+0—C (7—1)8(‘6[,3+1) ] dao.
e (e=1)[ee+E(eet1)] [1(6e) — 5% ] dlnp(6e
v (0) = Le(8e) = o eeto—C(0—1)(e.+1) : dgf : /70 € ©,.

4+ _telle—Dp(O)—0c] dinl—7(6)]
oree—¢(o-Die+D) a0

(111) GROSS UTILITY.

+1)and ;% —

1+€
e), Qij (6e), Qij (6) P(6,) and V (6,) increases with
In particular, we have

Notethatﬂ—ﬂ(l-i-ﬂrj) ge+o—C(0c—1) (e
dition (22). Under such a condition, whether I, (6,), Ly, (6

6. is determined by the relative change of X,.(6.) to u (6,).
dIn X, (6,
dinV(6,) _ [ §+1+Ec ] ﬁ—de( :
a6
¢ §+ 1+se (1+€¢’ + ér)
o dlnXe
2 — 1.

where the second inequality is derived by  (8,) < -Z;. Thus, 2 d‘g( e) increases with %91(96) and introduc-
ing market power inequality rises din V(6e) d‘ge(ee) .

>—‘|

We also have:

(A55) V! (6,) = 1o (6) ¢/ (L, (60) [P‘ () alnp(%;je(@z)r@e) " iégzj] )
with
56) (6 dIn Pi]'(Qij(; 5:7 (6.) ,6.) ooy + iEZ;
B X(0) [o—1 1 1dInQy(0)\ | xi(6.)
— u(8) { OO [ 7 (98)] 20, } t e(60)

o(ee+1)[p(6:) — &) —oe.dIn X, (6,)

eeto—C(c—1)(e.+1) Ao,

(0 —1)[ee + & (ee + D] [3%5 — p (Be)] dInp (6,)
eeto—C(0—1)(e.+1) g,

Notice thate, +0 — & (0 — 1) (e, + 1) is positive under condition (22). The entrepreneurial skill gap increases

with M Moreover, since y (6,) < %, the second term on the right side of (A56) is positive under

condition (22), which suggests that the 0.-type entrepreneur’s skill gap increases in dlnd’—ée(ef).

(1v) TECHNOLOGY AND EQUILIBRIUM.

Xe (+) and x (-) have different economic meanings. They can refer to quantity-augmenting and quality-
augmenting (Rosen (1981)), ability and talent (Sattinger (1975b)), and effort-augmenting and total-productivity-
augmenting (non-effort-augmenting) elements (Ales, Bellofatto and Wang (2017)), all of which catch the
difference between an entrepreneur and a worker.

The expressions for allocations and prices in Supplemental Appendix I.1.1 show that Q;;(6,) and P(6,) are
generally dependent on the specific values of x,(6,) and x(6.) instead of only depending on the value of

X, (6,) = AT x,(0:) 7 x(6,).



Consider the economy without taxes. According to (A38) and (A39), we have:

Qij(ee) = X(6) (W)

o(ee+1)E40ee

e ()17

p(6e) \ Ne
and (ce+1)g
_ —gleetl) 1 sg+ag—_§((Tagfl (ee+T
U (eg) ( é’ ) eeto—C(0—1)(ee+1) (96) ( Q ) -
P(6,) = = —= , Vo, € O.
(6) xe(0:) \W 1 (6:) \ N, ¢

On the other hand, given X, (6

e)s e), le(6e), and V,(6,) are independent of
the specific values of x(6,) and x, (6

we see that P(0,)Q;j(6e), Lu(
e)- (A29), we have the following results for any

According to (A27) to

6. € O,:

) o(ee+1)

o 5 W—ti)(sﬁ—l) X( ) Q 17 oFee—E(c—T)(ec+1)

w0 = () h 0 (ﬁ) '

o(ge+1)

_ Slo—D)(eetl) 17 ero—ae D (et
ge+0—G(0—1)(ee+1) X 9 o

l (9) _ E % 96) g ge+o C(U l )(ee+1)

e\ W 96) N

In addition, by c.(6.) = P(6)Q;ij(fc) — WLy,i(6¢) and V(6,) =

\_/

(I.(6.)), we have:

€
(A57) V() = [P‘(Qe)_ 1 : ]‘Pl(le(ee))le(efE)
+ &
) o(ee+1)
_ [ (6) ¢ — ¢ ] (£> e e X, (6,) (g)i FeFT LT e )
L Tte | \W 1 (0.) \ N,
and
1) (ke o(ge+1
A58 (6) = [1 (8 ¢\ T e [ X,(6,) Q)7 I
( ) Ce 6’) - [“M( e) é] W ]/1(93) ﬁe .

Similarly, one can see that W, I, (6,), and Vy, (8,) are also only dependent on X, (6, ).

Lastly, we find that given dlnf@‘;w“), “/,((ge)) is independent of the specific values of x(6,) and x.(6.). Com-

bining (A55) and (A56) gives:

(=) [eetE (et [1(6) = 55| dinp(6,)
ee+0—C(0—1)(ee+1) o,

o(ee4+1)p(0.)—0e,—E0(e.+1) dIn X (6,)
! ee+0—E(0—1)(e.+1) do. ] V6, € ©
7 e-

Combining (A57) and (A55) gives

dIn P; (Qz Qz 98 93 A
(A59) Vi(0e) _ i (6e) a0 B |Q11 =Qyj(0:) T - 593
V(6e) H (96) -i— 1%
oleet1)[p(B) €] oee dinXo(B) | (1) [eetE(eetD)]) [75 —#(0e)] dinp(8,)
€et+0—C(0—1) (g +1) do. get+o—C(0—1)(g+1) ao.

w(0) — ¢ — 5 '




where the second equation is derived by (A56) and (A55), 6, € ©,. Specially, when markup is constant, we

have
V'(6.) o(e.+1) dn X,(6,)
V(0,) e+o—C(c—1)(e,+1) db,

V8, € ©,.

II. Solution
2.1.  Proof of Proposition 1

Part 1 of Proposition 1 can be derived by (16) and (20). We now prove part 2. By (A37), (A36), and (A35),
we have

WL_ A
QA
where L is the aggregate labor input. Substituting A; and A, by (A31), we have

(A60) v(I) 2

o(ee+1)
ol :| ge+0—5(0—1)(ee+1)

L 95
ffe 09 |: )(GB)X( )
o(ee+1)

L(0,) 77 x(8,) | oS Dt
Jo fe (Be) p (Be) [%] N

e

(A61) v(I) =

For the convenience of analysis, define

_ S VI
m (93) = fc (9(3) [xe(ee)TlX(ee)} eeto—g(o—1)(ee+1) )
o = [ ]”
g ers = V (96) ,
— g(Ge,I) (e)
fS( er ) fe 9@, )d@e \V/ E@
Then we have:
fS(Ge/I)
A62 (1 fs(Oe, 1) o
o 0= 0. 1(6)
In addition,
B = [ Sy A Wl
s,+¢£izf(1¢)7(fpl—)i_(2+1) N T —1 y(@) 1+e, Ilnl

1
- (Pt e) ey
c—1 1+e, 0. u () dnl

* <1+€e +§)/ fs(8e 1) [V(lge) —V(I)] %da

Sincee,+0—¢ (0 — 1) (¢, + 1) > Othesign ofdl( } is same with the right equations, and (ﬁ + 1#? - é’) >




0and ﬁ > 0, we have:

1 1 Vc]
(-1 1 )/fb@e’l ) dnp =0

1
Notice that % = [1— 2211 (6.)] &5 decrease in  (6.). We now try to prove that:

a1
/9 £o(8e,1) [ﬁ —y (1)] dldg—ﬁ(f")]dee > 0.

To do this, note that by (A62), we use

/ee £o(8e, 1) [ﬁ v (1)] d6, = 0,

where f;(6,,I) [ (}9) v (I)} is positive if and only if m — v (I) is positive. Set Q) = {93|y (6,) < ﬁ}
(66, 1) [y— v(I )] > 0if and only if 6, € Q.
Notice that:

/@eeo* fo(Be D) [ﬁ _V(I)] WBet |, 4o, s D) [;4(96) —V(I)] 6, = 0,

and
/egen* f5(0e/T) [m —v (1)] 6. >0

din| -1~
and % < 0. One can see that for any 6, € (),

1
dln[M} >dln[ (0 )] | — 1—0_1V(I) I
dinl ~  dinl 'HO)=v{) o -1
Therefore, we have:
(A63) [ £ {L —V(I)] Md@
Joea,” T L (8e) dinl ¢
c—1 I 1
> [1-— - .
> [1 - 1/(1)] T=1 Jyea *f(Ge,I) [y(ﬂe) V(I)] e,

On the other hand, for any 6, ¢ ()

dhld[T(If)] < [1 - ”T_lu (1)} %,fs(ee,z) {ﬁ —v (1)] <o.

Therefore, we have:

1
(A64) /eggn* fs(0e, ) [ﬁ -V (I)] —dh;][ﬁ(;g)] do.
- [1 - U; 1V (I)] I i 1 el,em*f (6, 1) [y (196) — (I)] 4.



Combination of (A63) and (A64) gives:

nli
/93 £o(8e,1) [V (193) —y (1)] %d@ >0,

which suggests ‘;11(1) > 0.

nl —

The proof for the first point of part three is below. Remember that markups are constant. Equation (A36)
and (A37) give:

1-Z(ee+1) (ge+1)
ce+1 wll—C(ee+1)]+1 1-C(ee+1)]+1
= |:(A1) (c-T1) ;F—E(Se+1) —A2:| ol et X < 1 ) ! et
E(ee+1) (ee+1) (ge+1) (ew+1)ee+ewd(ee+1)
1—

Az
+ e+1
Q < 1 ) T tw[I—&(eet D]+ 1—Z(se+1) ( 1 ) T=&(eetD) ( 1 ) ew[l—C(ce+1)]+1
[0 8 — ;1 — = —
4 2 [

Substituting W and Q in (A27) with the above equations, we have

w
¢ 12

and

(c=1)(ee+1) ew(ee+l)—0o+1 ee+1 (ee+Dew
1 | eeto—Elo—D(ee+1) | 1 | ew[1—C(ee+1)]+1 ce+o—E(0—1)(ce+1) 1 | ewl—C(ee+D)]+1
Lo(0e) o |~
M

H

K

, V0, € O,.

Similarly, we have for all 8, € ®y and 6, € ©,:

_ eelew+1)+ewl(ee+1)

oy [1]
le(0,) o ﬁ ,
0:(6) F17 T
ij\Ue &8 — ,
1
110
P(0.) o i ,
wio) = () '
catee) () ,

(ew=+1)(ee+1)

1\ ewll—Elee+D)]+T
Vulbu) o (ﬁ) -

It’s easy to see that under the conditions (23) and (22), Ly (6,), S(6e), Le(6.), Qij(6c), and P(6,) go down
with the decrease of I. Since the markup is uniform, firm-level labor shares must go down too.

We now prove the part three. By (A58) and (A57) we have:
1] =isate
ew(1—C(ee+1)]+1

it o [n=21| 1 ,

(ew+1)(ee+1)

€ 11 swl—Cee+1)]+1
Ve(0,) o [y —&— 1 -:83] [ﬁ] ,V0, € O,.




Notice that
dine@) o #=C _eotl—eal(e+1)

ding =7 5 = (ew t D) (e 1 1)

Inc
One can see that the condition for T# >0is

¢

1+£F eWJrl(:

dve(0.) € Ew €e
d1n “[“Hee] [1+swg+1+se e

U<

On the other hand,

Therefore, p < % is a condition for dVe( ) >0.1
Tt+ee ' T+ew

2.2.  Proof of Lemma 1

To simplify notation, in the following analysis, we set P (Q;;,6.) = Pij (Qjj, Q—ij (6.) ,6.) for any 6, € O,
and Q,’j e R;.

We first prove part (i) of Lemma 1 (i.e., given (A65), (A68) is satisfied if and only if (27) is satisfied).
According to the definition of V,(0), we have

(A65) Ve(0e) = ce (0e) — e (1(6)), V6. € O,

Notice that
Ve(0]0e) = ce (0) — e (L (6¢16c)),
where [, (6.6, ) is the effort needed to finish the 6, task:
(A66) l. (6;]6.) = argmml

L ZU

s.t. P (Q,] (xe (9,3) le, Lw) ’ Q—ij ( e) ’ e) Qij (xe ( e) le, Lw) (1 - tS) — WLy = Ye (92)

Obviously, P (Qi]- (xe (0e) le, L) , Q—ij (6e) , 0 e) - Qij (xe (6e) Lo, L) (1 — t5) — WLy increases in L. Denote by
Ly (6¢]l.) the solution to

Ly (0clle)
= afgﬁlljx {P (Ql/ (xe (08) le'/ Lw) ’ Q—ij (96) ’ 98) Ql] (xe (66) le/ Lw) (1 - ts) - WLw}

forl, > 0. In Supplemental Appendix I1.2.5, we show that for any I, > 0, the first-order condition for solving
Ly (6e|le) is not only necessary but also sufficient and there is a unique solution. Meanwhile, for L, > 0,

P (Qij (xe (96) le, Lw) ’ Q—ij (93) /06’) Qz’j (xe (93) le, Lw) (1 - ts) — WLy

strictly increases in I,. Therefore, there must exist a unique solution to problem (A66). Denote by L, (6.|6.)
the optimal labor input given that 6, entrepreneur reports 6,. When y, (6,) = 0, Ly, (6,|6.) = 1. (6.]6,) = 0.
Otherwise, Ly (05/6.) > 0 and I, (6,|6,) > 0 are determined by the first-order conditions. In particular,
Ly (61]6.) and I, (6.6, ) satisfy:

WL (8160) + e (6) = P (Q (xe (00) e (8118) , Qi (00), Lu (61105)) ,60)
< Qy (e () e (8118:) L (8180)) (1~ £



The above equation and problem (A66) implies:

3[Py(QyQ 5(6.).0:)Qy] 30y | dPy(QyQ i5(6)5e
(A67) ol (6;06.) Sl =53, ) ]]Wfr%gq
90 - 9[Py(QyjsQ-ij(8e).8: ) Qij] 3Q;;

ar,

9Qjj

ap;; (Qi1.Q_jj(6e).fe
20 473 (Qj.Q_ij(%e)fe ) Qi

pLE
90, + aInp; (QUQ (ee)@g)

P(Qijbe ) |1+ IhQ;

-aQij

dl,

dlnP;]'(Qij,Q_ij(ee)/ee)

B EACHN 0, le (6416:) <0
1 alnP,‘j(Qij,Q—ij(ee)fee)

+ dInQ;;

/
The first-order incentive condition (% |9£:98 = 0) can be expressed as

al, (616)

(A68) 0=|ce (6:) — ¢ (L (6:6c)) T lo=o, V0. € O,.
First, note that by
Ve(6e) = n}ﬁ\x Ve(6:16.),
we have
A69) Ve, — Vel (60 160) de; (B) | aVe(e; (B 10,)

90; (6.) a9, 20,

where we use 6; (6,) to denote the optimal choice of 6, entrepreneur.
Second, by the definition of V,(6.|6,), we have

AV, (67 (6,) 6 . al, (07 (6) 6.
(a70) WS O) — g1, 0z 6) o) PO,

where by (A67), we have

dl (67 (6e) |0e) X¢ (Be)

LB, e ) oy - 2P (0 (e (01 €5 (00 180, L (8 () 100)), ) e (6 (60 60

26, X (6,) 0, 1+ e (6e)
Combining (A69), (A70), and (A71) gives
— X1, (07 (8e) 16e) —
VL(07 (8,) 16,) dor (0 i %e(0c) "¢
V.(6,) = o "*( e) |0c) 46: (6) — o (1e (87 (6:) 10)) X | a1nP(Qy(xe(6)1c(6 (80)16e), Lo (65 (6:)18)).6) 1,(62 (6,)10,)
26: (6,) do, T

14¢ 1(720 W’l(ee)

which implies that for any 6, € ©,

. . x' (0 dln P;;
V;(0e) = e (L (67 (6e) 16c)) L (07 (6e) [6e) x | =5 (6.) 1 (80) 21 0= (ke (62)10 (65 (80)[60), Lo (65 (80 162)
x€ (93) dee ] 1

if and only if aVege*((e ))w“) degge) =0.

Notice that mass points are ruled out by Assumption 1: avege*(( ))IGe) a6 (9") = 0if and only if %(())wf) =0.




Therefore, (27) or the above equation implies the first-order necessary condition %(&|

6% (6.) = 0,; and the first-order necessary condition %% g—0, = 0, 1ie, %| 0:(6.)—0, = 0, implies

(27) when the agent reports the true types. In conclusion, (27) is a necessary condition for the truth-telling
strategy to be the optimum choice of agents and it implies % lor—6, = 0.1

g—g, = 0 when

2.3.  Optimal Taxation

Lagrangian and First-order Conditions. We now take Lagrange multipliers to solve the planner’s optimiza-
tion problem.>? The Lagrangian function for the planner’s problem is

£ (Lw/ lw/ le/ Vw/ Ve/ 5/ )\/ )\,/ lljw/ lpel K/ (P)

= L N[ G fo(8)db,

oc{w,e}

o /[V ) + o (lo (60))] fo (90)5190—1{]

oE{w e}

+A

A [Nw /9 0 (80) o (Ba) fu (Bu) do — N /9 L (6:) fo (ee)dee]
+/ dh“o dIn@ (Be) ;o +/ [ _ 4nQ;(6) (96)] o,

de,
4 ew[ (60) (o 00)) 2L — Vi 00) |
+ ] @) lcp;(le(ee))ze (6) ! e ((:f?j_zijgfrfjf‘zj)z @] “ V(0| de.,
where
C0 4 ey (050 = Q850 0,
and
@ (6,) = 9 [Py (Qij (Be) ,a%:é;f;) ,0e) Qij (0)]

Note that we have introduced § (6,) =
d]nco(ee)

dm%j ) as a control value and that In Qij (6,) can be treated as a
9 Px ij 9(’ AL—ij 9@ ,93 i 93 .

state variable. Constraint = 0 is used to guarantee that @ (9,) = [P Qi )a(iw (;(SB)) )Qij(6e)] (equiv-

E ; g(ii] 9: ) is constant, which is a result of uniform sales taxes on the goods produced by

alently @ (6.) =
firms.
Taking partial integrals yields the following

—/BFK(GQ)WL% = InQy (6,)x(8,) —InQy (6) x (6.)
+ / ) InQ;; (6,) do
and

[ o000 de, = @) 0 (B) - 9 @)@ @)~ [ ¢ @) (@) a6,

52See Luenberger (1997) for details about the Lagrangian techniques, and Mirrlees (1976), Golosov, Tsyvinski and Werquin (2016), Findeisen and
Sachs (2017) for its application in the field of public economics.



and

= | BBV = Vol8o) polB:) — Vo(Bo)golBo) + | 45(60)Vo(60)d

The derivatives with respect to the endpoint conditions yield boundary conditions:

(A71) x(0,) = «(6,) = % (63) = ¢ (8.) = 9(8,) = %@0) =0, o€ {we}.
Thus,
(A72) | ¢ (e)ds. =0,

Substituting the above conditions into the Lagrangian function yields the following first-order conditions
for any 6, € ©,:

ot
(A73) 5ot = C (Voo INofo (80) + 4 (60) = ANofy (8) =0,
a£ / P,cross
(A74) 30 (6.) = (6e) + e (0e) P (e (6e)) Le (0e) V(Ge)egr,if (6) =0,
ot | [-A¢y (L (6w)) + A'xw (00)] Nufow (00) |
(A75) alw (ew) - { +¢w (QZU) (Pw( (( ;)) 1:—:;10 } - Y
3 aQ (9) K’((Ge)) aani](Gc))_
B ij(0) Lo(@) I Lol _
(A76) ) [AP @) St A] Nefe (6 + | | 90,(9;)81:;5(53) w | =0
Ly (6e)
and
ot , 1+e, dIn P; " (6,
(a77) R ASrAI) f 16 5 o-ayen + ]
8 i
[P o) 2 - o] s o)
N f(ee)aanM ) Jo ' (60) Shieyds:
le (6:) 9Inle(6,) L (6.) o

Social Welfare Weight. Unless otherwise specified, the following equations in this subsection are derived
for any 6, € ©,. According to s~ aV and 1.(8,) = 1¥,(0,) = 0, we have:

(a78) A= [ G (Vo(6:)) Fo(0) 8.
Set
(A79) 2o(6,) = G'(Vo(6o)) fo (60)



as the monetary marginal social welfare weight for 6, agent of 0 occupation. Set:

S g(x)fo (x) dx
1—Fy(6,)

(A80) 30(60,) =

as the weighted monetary social welfare weight for agents whose abilities are higher than 6,.

Substituting g,(6,) into ava( 5, 8ives

~ 5(00)
(A81) N, (0] — 8o(6o)

Taking integration and using the boundary conditions gives

(A82) Al ] o = 1 (@] - R @)

In addition, based on 3 5(9 o we have:

(A83) K(0:) = —te(6e) e (Le (6e)) Le (6c) p(6e)e Pcrfsq (6e)
= —1e(6:) P(6.) Qij (0)[1—7(0c)] (1 —T5)e Iécr,]obs (6e),

where the second equation is derived by

P (0e) Qij (6.)

(A84) (Pelz (le (96)) le (93) = U (96)

1—7(0)] (1—1).

In addition, we have:

[ (80) 94 (e (8e)) e (8e) ()™ (6e)]
de,

(A85) K (0.) =

g1
SL e (Ue
= _4’2 (le (0e)) Lo (0e) u(0e)e ) Pcmss (6e) We () dln {V(g ) I’m“(ge)]
]

+ ,
= —P(6,) Qij (0e) [1— 7 (6:)] (1 - 1) Z)CV,]OSS (0e)

Lie, 1.(0)
Ee le(ee)
e8| amlueade)

!

e 91’)
AR 0,

Substituting ¥, (6.) and ¢, (6,) in the above equation and (A83) with (A81) and (A82), we have:

K/\(_ﬁi) = [1—ge(6e)] [1— Fe(e)] ¢ (Ie (6c)) Ie () p(6e )ggcrjss (6.)

= [1 - ge(GE)] [1 - Fe(ee)] p (96) Qij (96 [1 - Te e)] (1 - Ts) Egjfss (Ge) ’



and

x' (0
(A86) % = _—_P (96) Ql] (Ge) [1 — T (93)] (1 — Tb) EZC’:SS (96)
—8e(be —F. (6,
[1 - gt’(ee)] — %X
X 14e, 1(8) n dln{y( ) Pcrzss(ee)}
Ee le(ee) dee

2.4.  Proof of Theorem 1

Unless otherwise specified, the following equations in this subsection are derived for any 6, € ©, and
Ts = O.

(i) % = 0 implies:

gy 0Qi () _ N x’ (6,) oI Q;j (0.) [y, 9 (00) mrisldo
(6e) oL, (0.) X‘ALw(ee)Nefe(ee)alan(ee) ALy (6) Nefe (6.)
_ N x' (0.) . ¢’ (6c) €7 (Be)
A ALy 9@) Nefe( ) ( e) Nefe( )

where [, ¢’ ( )glﬁlﬁ(( ))dG’ = ¢’ (6e) €7, (0e) since €7 (6;,0.) is independent of 0, and [, ¢ (6;)d0" = 0.
(6.

Substituting P (6,) 57 99 0 )) by Wu (6,) gives:

_N « (6e) ¢ ¢’ (6e) €7 (6c)
(A87) Wi (6e) =3 = 31 B NoF (0 T ALs (8) I\L]efe @

Dividing both sides of the above equation by TB% and integrating across 6, gives:

where we use [, ¢ g, @ (02) d0" = 0 again. Reformation of the above equation gives:

9(’ NL’!F

_x(0)
L /\ 0. s‘g () 6, 0, A:‘D Cdee
wf i (8) Q—QN“‘%)dee W [y 1 (6c) %N”Gf b,
Nefe
I ¥ e A i /K(f’e) ety /1 de.,
0,

9 ggeg W 90 9&'
W [, 1 (6 —Lf%) d6, o A W, (o —Lde

where the second equation is derived by «(8,) = x(0,) = 0 and integration by parts. Note that under our
production function ¢7 (,) is independent of 6, (see, e.g., (A10)). Thus, d / df, = 0 and the above
equation implies:

)L,
(A88) 1= T




According to (A75), we have:

1 _ & 1— X (0w)  Po(0w) 1+ey
m(ué@)m A Xw (0w) ANwfo (0w) €0 |
Xw (w

Substitute % by [1 — Ty (6)] W:

1 WA Xy (0w)  Pu(0w) 14ey
(A89) Tt (6) U [1 %o (6) AWNufo (00) 20 ]

Use (A82), and (A88) to substitute M\l’;;”;z@(”gw) and % in (A89):

1

(A90) 17, (6, 0w)

1 e 1— Fy(0w) x}, (00) 1+ €4
= |1 - gulou) e

fw(ew) xw(w) Ew

(ii) In the following analysis, we first derive an optimal profit tax formula in part (a). Then we simplify
the expression in parts (b) and (c).

(a) Divide both sides of (A77) by AN f. (8c) P (6.) 221,

dL(6e) -
9 (le ( :))
1— tererre))
_ Y (96) ‘Pe(le(ee)) 1+e. (6,) dlnP ’ X x (6e)
T ANe(8) pg,) 2 e ‘ Qi=Qi®) T x, (6)

L (0.)
- «’ (6,) N <p’(9e)€l( )
Ao (6.) P (00) "IN £ (6) Al (6c) P (6) "IN £, (6:)

where we use aal?n%éf”)) =1land [y ¢ (6,) %d@e = ¢ (0c) €7 (0,) to simplify the expression. Moreover,

from the definitions of the elasticities,

p g OIn@(6) 0 o
o @) (0,) 1% = 7 (®)ei(6)
since €f’ (0;, 0, ) is independent of 6, and fe (6,)do’ = 0.

For the convenience of derivation, we define:

7, (6.) = [1-7 ()] (1-1) _ ¢, (1. (6.))

9 aQi'(ee) )
m(6e) P (6.) Sy
Then one has
_ P (6,) 1+e¢ dlnP x’(Q)
T (0.) = _)\N:fc EGe) - Sy (6e) ——2 ’Qq Qi(60.) xZ( %) [1—7 (6)]
' (6e) I ¢’ (6e) & (6e)

p (9(3) Qij (96) Nefe (96) AP (96) Qij (96) Nefe (9(3)'



where we use —; ?”(é )) = 1 to simplify the expression. In the same vein, we have

T (6e) o Pe(Be) 1+e dIn Py X, (0e)
(Agl) 1— %E (90) - /\che (96) €, ]/l (93) de ‘Ql} er (6e) + Xe (90)
K(0e)
1 1 L0
1—7(6.) P () Qz] (6e) N J([f(ge)sle (93)
Combining (A91) and (A82) gives:
:’::e (96’) _ 5 ]. _Pg(ee) 1 +€g dlan] Xé (93)
%y 080Ty e [0 g, lamaie T,
1 1 x’ (6e) 1 1 @' (6e) & (Be)

TT=% (6) P(0) Qi (8) ANfe (6)

Using (A87) to substitute A( )fE;LQ;)

1 -7 (6:) P(6:)Qij (fc) ANcfe(0c)

in the above equation,S3 we have:

T(0) a1 R(0) e [ #00) Stlo, o,
(A92) T [1— e (6e)] 0 e j_exe(g% =Qi0
1 1 K" (6,) Ge)
1_76( e) P (6 )sz( e) ANefe (6e) 98
1 Lo (6,) A A Wp(8)] £ (0e)
1% (6) P(6e) Qi (96)_[ AN 1—1 ] e (6.)

We now transform the three terms on the right side of the above equations one by one. First, substituting
«’ (6.) with (A86), we have the following equation:>*

[1 = go(6,)] — L&A1 _F.00)

A
R L KO 1T o g SR
_Te( ) ( )Ql]( ) C‘fe( E) _TB( C‘) ] X dln{u( )PC?;}]SS(OB):|

a0,

Second, notice that (L %31&) m (%e) and %,v = i (see, e.g., (A88)). The last term of (A92) equals:
(A93) 1 Lo(6:) A [ A W (6, )] e’ (6e)
1—7 (6:) P(6e) Qi (6:) A N 1-1 7 (0e)
_ 1-7 4 " l_V(GE)] Ef(ee)
1—7 (6e) p (6e) M eLLOH,(Ge)

- T m [wyee) - 1] o

Substituting the second and third terms of the right side of (A92) by (A93) and (A93) gives:

. ' (0 )e? (0 ! e 2 (0
53Equation (A87) suggests that (P/\(Ne;’(“;H) = HV;@‘(Z) - %] Ly (6:) + /\N(Z()ge)] ;ét((ﬁe))'

54Note that we consider the case with 7, = 0.



1

A94 —_—
( ) 1 - Te (63)
_ _E(0) 14¢. d1n Py (Qy,Q (6.0 (6
141 - (0] S L o) LA+ 200
a ] p (0e)
[1—ge(0e)] — - @)
14e, Le(be @ 96
+eg™% (0e) | [1-gu(6)]1-F.(6.)] e le(6) 1-¢k
Q 1 e g fe(ee) dln |:‘u(9e) PU?]»(GE):| S(Low (93)
I T 8,
r (0
n 1 1_ U ]ff 01;( e) )
1—7(0) [ p(6)]  e? (6e)
where we have substituted 1 — 7, (6.) by 1;?;5?”). Using RE (6,) = ; (’ge) —1land
[1—ge(0e)] —
o 1+e, le(ef’)
(A95) IRE (6.) = €™ (6) | [1-gu(6))1-F(0.)] e 1(0) )
’ TR | di|ueaele)
o,
we have
_ 1—-F, (6, . d]nP 0,
1 U g(8) e [ 8) T o, —oye + ¥
1-7 (Qe) M (98)
= e, (6.) 1 ), (Be)
+IRE (6,) |1 — < — RE (0 2 ,
( e) l é's(fw(ee) 1 _ Te (96)6 ( e) S(Ew(9€>
which is equivalent to
1+[1-ge (66)]1;69@8 Jerg L‘(ef’)d:;f |QU Qt](96)+ki'£9¢>;“
o HE) @ (6)
. +IRE (6,) [1- g—*—"]
(A96) 1—1(0.) 2 (6e)
T (6c) 1+ RE (6,) 5#5@)

(b) We now try to express the right side of the above equation in terms of parameters. Using (A53), we



have:

1—Bwakwe;()de(QWQA) )IQ Q9y+nwa
fe(0) e | ‘ db. Qi) T %, (6,)
() (6) +1
—ijf i Xe(ee) dlny(ef)
— 1- Fe(ee) 14-e. 5?21']‘(91’) 0. |:]Il () TH 96) 9.
= R@) e s (g (TEE ) [ i 2o
fe( e) e "H" (96) sgi;;]o S (93) T%{j(egefg?ﬁ)ef
1—F.(6,)dIn[u(6,) —¢]1+¢e
= 0.) —
FAC N b (IO
) X. (6, #(60)e gc’;’“(%)-‘rl
+1 — Fe(6e) 13 dieeln u((ee)) e, (6e) 1%
ij
folO) L5 (0,) (1+ 1) (14 gt)
dIn[1-7.(6.)]

1— Pe(ge) 1+e H (93) Pcrass (9€> ae,

0 T 0 (1 549

where the third equation is derived by j (6,) 2%k §9e) = [u(6.) — & %ﬁj)ﬂ and combine terms multiplied

by ddTe Xe((ef)) Notice that:

—

1+, d X((Be
1 —F.(6e) e, o, I p(6e) = H(6,) —

fg (9,3) l-el-_ceg_ og—1 <1+1+seg) =

1 — F(6) dIn [p (6.) —¢]
fe (6e) do, ’

where H(6,) is given by (A48). We have

dn Py (Qy;, Qi (6) , 6.) %, (96)1

1—F(6.)1+e¢,
M ( 6) do, |Q,'j—Q,'i (6e) + X, (96)

fe(0e) e
P,cross
wmmw>1uahm+& (8e) g H]

fe(ee) df. € 1+e egﬁ (93)

7 (96) Pcrass +1 . (:] 1_ FC(QE) 1+e, T (98) gléir;ssdhl[l‘;e‘:'e((%)]
)

%@> e felBe) e Lre—ef) (80 (14 125¢)

1+e,
Ee

+H(0)

where, according to sgf’;ss = —m + 8?2,»]- (6¢), one has W = u (6,). Therefore,

—Fe(0e) 1+ e dInP; (Qi;, Qii (6e) , 6. '
el IS 193 %mm+%d
1—F.(60,)dl 0,) —
— fe(Gf) ) n[Vd(ee) gl + H(6,) [ [ (6,) — &) — 1]
1 E(0)14e, H(0) ey il

fe(ee) Ee 1‘:‘3 _ ESQij (90) (1 + %g) '

(A97)

1+e¢,

Ee




L) in IRE

o) (6.) by (A45) and utilizing (A48), i.

Substituting

L dIn[X,(0,)/u(6
o) - LRl | din (i (6) — &
e) — 7
fe (6) 1;& [1 N CSSQi/ (93)] N SSQZ-/ (8) a6
we have:
[ 1- gEiGE)] —[1—g(6)] x
i ﬂ 1_555 (6.) dl“[l;efe(ee)] r T
¢ —F(6e) _
erres iy @y e 10
IRE (6.) = "™ ()

dln #(ea%“”_’?s(ee)]
s

[1—F(6)] dIn[p(6e)—¢]

do,
1 — —awpeog
10,

Je(Oe)

i (60 ey 0|

e

}_ S (96)[11(9e) gl

. P, _ dInfp(0e) &
Notice that y(@e)eQZ]‘_’ss (0e)+1= ;4(96)85@]_ (6). We have 70 / [Hd(eg) = V(Ge) Ry an
[1—8e(0e)] — [1 — Ze(0e)] x
) {1_585 ( 8)} Lt le) dinf(de)=1
(A98) IRE (0,) = e (0,){ | %) F g, @)

- xS Ttep 1— Fg(ﬁe)dln[l e (0e)]

{1 Seg,; (0 )] L) e
1+ff-’ —ef) (9,,,)(1+1+f€g)

aIn P(Q;i(6.).6. )
a0,

1fF(‘e(9)e) 1—:: ;’l (98)

spectively, we have, for any 6, € O,:

Last, substituting + f{fggf;] and IRE (6,) in (A96) by (A97) and (A98), re-

A
1+ RE(6.)¢ SLIE ]
(A99) Ty
e E
[”e" 1 (@) -1] +
1 + [1 — ge P d]n[y ) ] y(eg) Pcross(ee)dln[lde?(ee)]
+ 1+sg 60 (14 2¢)
B  (0)
Al 0 (0)
(é ] Pcross —40(6.)] — l — g ( )] Ic’gcr:ss (6,)
Ly
1 gng]( )} L=l dily(e)
_ HE) + #(Be)eg T (00)
[1 - gf(e )] ’71_685 (93)“ 1-;—% 1}5(99(5)0) %ﬁf(gl’”
[z a5, (00 (14 222¢)|
Notice that 1 —¢ ,:cg; ((992)) = 1= 5651 @ One can see the sum of terms multiplied by dIn|1 9:‘( 2l of the above

equation equals zero. Moreover, the sum of terms multiplied by dln "(g 2=¢l also equals zero. Last, using the



definition of IRE (6,) (see, e.g., (34)), we have (A100):

500 _ _
(A100) 1+1iE_(i:)(§3i’w<9f> _ 1 { 9[ 4 1]}

7 (Be
e Sy @ ((96))1 [1— ge(fe)] %Nf” (6e)

7 (e
—[ - ¢ ((93)] D (06) [1 - ge(00)] H(@,),

Equation (A100) is equivalent to (32) in the nested-CES economy.ll

Notice that 1 — § (9 1(:01
Lzu e

2.5. Validity of FOA

The solution to the relaxed planner’s problem might not be a solution to the original planner’s problem,
because the first-order conditions are only necessary conditions. In a perfectly competitive economy, the
validity of the FOA is guaranteed by the standard Spence-Mirrlees condition on preference and a mono-
tonicity condition on the allocation. However, under the Cournot competition, the conditions are more
involved. Lemma A1l provides an insight for when the first-order approach is valid. For the quantitative
analysis in Section IV, we verify incentive compatibility as well as any omitted non-negativity constraints
numerically.

LEMMA Al: Under Assumption 1, the first-order incentive condition M

02 l+£c alnle(9’|98) dInl,(6]60,)
" e, 00, 907

lo.—9, = 0 is not only a necessary but
&Il (6}]6.)
+ 5000,

also a sufficient condition for the agent’s problem if for any (6,,0,) € <0.
PROOQOF:

(i) We first show that there is a unique solution to problem (26). Remember that we have set Q;; (6;/6.) =
Qij (xe (6e) Lo (6716.) , L (61]6.)) and Pjj (6;16.) = Py; (Qij (6416.), Q—ij (), 0c). The first-order condition of
problem (26),

d [Pij (Gfl:’leﬁ’) Qz‘j (Qéwe) (1 - ts) — WLy (95/3‘06’)]

A101
( ) oLy (62]6.)

-0,

is equivalent to

E(1—t)—W=0.

[1 N 91In P; (6;]0e) ] P;j (6:10e) Qij (6:]0e)
dIn Qij (62]0e) Lu (076e)
The second-order condition of problem (26),

210 P;(61]6.)
0 [1 + —aanU(eqee)} P;j (6,16c) Qij (6¢10e)

N T AL L@y 0T

alnPi'(9/|9e)] AU

1 ] / ] 11—t

[ Q@] Lo@er 0T

[1 2In Py (6] '|92>] L3 [Py (@cl6) Qi (616 . )
91n Qi (1/0.) | Lo (0]6,) Ly (616.) s)/

holds because aInP,;(6.[6.)
0 [1 + W] Pi]' (9é|93) Qij (eélee)g(l _ ts) <0

9Ly (65]6.) L (6216,



and

1 [ ij (91|93) Qz (9,|9 )] . Pij (9(/3|96) Qij (Hélef)

Ly (0]6.) ( :l6e) Ly (64]6,)?
By (9’|9 Qjj (6516 aln bj (6.16,) Qjj ( '|96)] _1
B (6216, )2 dln Ly, (62]6,
. Db (9 |0 )sz (6¢16e) aln P; (6¢10e) Qij ( /|96)} 1 0
B w (ee|9 )2 aan’] (9é| C) g -

hold for any L, (6,|6,) and I, (6}|6.). Therefore, there must be a unique solution to the problem (26).
(ii) According to the definition of V,(6,|6,), we have

PVACAL al, (06
(A102) M = c, (6,) — ¢ (L (6:16e)) e (0c[6.) e,| e)
06! a0,

/ /
The first-order necessary condition % lo:=6, = 0 implies limg, ¢ a"egz/ 0) _ 0,ie.,
e e

al. (6116,
(a109 0= e (1) — ¢4 1 etor)) * 5™ oy,

Adding (A102) into (A103), we have

AV, (6.16.) al, (6116, al, (616,
o0 [4’2 (L (6:16.)) %] lo,=0r — @2 (Ie (6:16e)) N

Using the mean value theorem, the sign of the right-hand side is given by

sy Ole(0167)
e <96|199*>>—aee }(92_66)

| gult(6p16:)) 5L
for some 0 that lies between 6, and 6,. If one has [ T e 1 < 0 for any (67,0.) € @, the function
V. (6]6,) will increase with 6, until 6, = 6, and then decreases with 6,. In conclusion, there is a unique the
local maximum point that is also the global maximizer of V,(6.|6, ). Then under Assumption 1, the first-order

incentive condition is not only necessary but also sufficient for the agent’s problem.
Notice that

PInl (610;) 1 L(6]6;) 1 0L (6]6;) 9l (6:]6;)
90;00, L (000;) 00.06; 1, (gy0;)° 90r ool
and
% dl.(66;
aol@Io0) =] Al (0060 (0063 o 9% (8116))
e = ¢ (le (96‘60)) ae; 892 + ¢, (le (90|90))W
o (101021 (6216) @11, (62162) @In (81167
* * (1o (62167 96, a6,
= ¢ (L (6:16;)) L (6:]6;) PR e
F it o8,
We have

[ 1) Ol (62162 T 11010 )L (8 10% /g 19+
d | ¢ (Le (6;]67)) ™) 9L (1 (6116) 1 (61167 +1] dlnl (0116;) Al (0110:) ]

. . TERCALR 9% %
o L g0 (1 (62162) 1 (81162) [ [t | Pt 9
30790



d| gL (1. (01]0z)) 2Lelele)

It can be seen that T I just means that the second-order necessary condition is satisfied.

= 0. The

/ 2
To see this, notice that the first-order necessary condition implies [a Ve (0 |9“) de. + 9 ?(ge‘ be) dee]

a(ef)
PVe(6)16c) PVe(61]6.)
a(0,)?

||egzee
second-order necessary condition < 0is equivalent to =5~ > 0 under the first-order necessary
e e

condition, i.e.,

_ é/ (le (9é|9e)) le (Géwe) 1 al, (Géwe) al, (eélee) azle (Géwe) ( (9/|9 )) >0
¢L (1 (6216,)) lo (6216.) 96, a0, 20,00, e\"e \Tel¥e/ ) =

Notice that azé”é%g?”) 2z lgézgz)i'e") lo (6,]60c) + alc(ae’Jec) o (369/‘6") (9,‘ 57 The above inequality is equivalent to
1\ 9lnl, (6.]6.) dInl, (62]6,) = 0*Inl, (6%]6e) , ) ,
— — >
[(1 + SC) 30, ot o000 L (0,16.) ¢, (L (6;16.)) >0
Now that

d ¢l (I (9/|9*))w 14 1) 2Inl(@:l6:) dln(6;16;)
[ a0, } — sign ( 83) o6; a0

0" B I DACALS) ’
90700,

sign

/| g* /| p* 2 /| p*
one can see that (1 + 37) oln lg(ge*ew") IIn lg((ﬁ"w") +2 lgéi%%,le") < 0 for any (6%,0.) € ©? is a sufficient condition
e e e e

for the validity of FOA. m
dInl,(0}]6.)

Notice that 1+st > 0, a stronger condition for the validity of the first-order approach is ——47<= < 0,

a]llle(eé'ee) 0? ]-nl(’(e |90) aln16(92|96)
Anlelf) 0 and 258l < o,

< 0 means the higher the ability of the entrepreneur, the lower

the effort needed to fm1sh the task. %9?'99) > 0 means the higher the reported type, the more effort needed

2 / /
to finish the task. Last, %{%we) < 0 means %j"‘@ non-increase in 6,. All of the above conditions hold

in the monopoly competitive case with X (-) > 0. Incentive compatibility in more general case needs to be
discussed with specific examples.

Here we establish implementability of the constrained optimal allocation.®->

LEMMA A2: Suppose that the FOCs of the agents and the final good producers are both necessary and sufficient.
Symmetric Cournot competitive tax equilibrium { A, T, P} satisfies the following conditions jointly:

(i) Incentive conditions (24) and (27) are satisfied;
(ii) Prices and wage satisfy (15) and (16);
(iii) Market clearing conditions (12) to (14) are satisfied.

Conversely, suppose the allocation A and price P satisfy the above parts (i) to (iii). Then there exists a tax system
T with ts = 0 such that the allocation A can be implemented at the prices P by the tax system T .

PROOF:

We first show that a symmetric Cournot competitive tax equilibrium must satisfy parts 1 to 3. First, by
the definition of SCCTE, (15) to (16) and (12) to (14) must be satisfied. Second, by the definition of SCCTE,
agents maximize their utilities, which, by envelop theory, means (24) and (27) must be satisfied (see, e.g.,
Lemma 1).

%5To see why the sales tax is redundant, suppose that {Ty, (y), T. (77) , 5} is the optimal tax that implements the second-best allocation and that
there exists another optimal tax system {T# (y), T# (), !} that can implement the second-best allocation with t{ = 0. Then the tax system can be
constructed such that 1 — T# (x) = [1 — T} (x)] (1 — t5) , x € Ry.

%Tn our model, we allow profit and labor income tax to be different, which governs the wage rate, so that there is no need to use the sales tax
to manipulate W to achieve indirect redistribution between the entrepreneur and worker. The sales tax is not redundant if income taxes on labor
income and profit are restricted to be uniform (see, e.g., Scheuer (2014)).



Next, suppose that we are given an allocation A and price P to satisfy the properties in parts 1 to 3. We
now construct the tax system 7 (with t; = 0), which together with the given allocation .4 and price P
constructs a SCCTE. We first construct a policy system with the given allocation A and price P. We then
show that this constructed policy system together with .A and P constructs a SCCTE.

First, we construct the policy system. By the definition of tax wedges and t; = 0, the marginal tax rates
are constructed as follows: (L (6))
/ _ ¢!
Tw (yw (Gw)) =1- P(6,) SJQIJ(QE)
#(0e) L (6,)

and

T (ye (6)) = 1 - Lelle(®))

We use agents’ budget constraints to fix the labor income taxes. We first construct Ty, (). To do this, we

substitute
}/ w (ew )

T (Yo (0w)) = Tw (yo(8y)) + 1o (62) Ty (o) dy

yw(Qw) - Tw (yw(Qu;)) - Cw(Qw) =0.

We now show that the constructed labor income tax is consistent with the agent’s problems. By construc-
tion, we have shown that the constructed Ty, (-) is consistent with the 0, -type agent’s action. We should
show the constructed labor income tax is also consistent with other agents’ choices. In particular, since by
construction the first-order conditions are already satisfied, we should show that the budget constraints are
also satisfied. This is equivalent to say that for any 6, € @,

Yo (0w) [1 - T, (]/w(f)w))] —chy(0,) = 0.

Substituting 1 — T}, (¥ (6)) with the FOC (17), the above equation is equivalent to

into

0040 0) o

The above equations holds because for any 6, € ©,, the allocation satisfies:

(A104) V! (00) = Pa (lzu(ﬂwzil&)(e)w)xgv (0)
- C@(ew)‘vg;"%lwzu( (6 ))+¢éu<zw<9wiizéie)w>x;)<ew>‘

The first equation of (A104) is the incentive condition, and the second equation is derived through the
definition of V(6 ). In conclusion, given the allocation, we can construct a unique labor income tax that is
consistent with the allocation in the equilibrium.

The construction of T, (-) is similar to the construction of T, (-). Note that Ty, (y»(6,,)) can be different
from T, (y.(8,)). We substitute

e(6e)
T 00) = T @)+ [ T ) an

(8.)
into
Ye(0e) — Te (ye(Be)) —ce(6:) =0

and show that there exists T (-) such that given allocation A, price P and the constructed marginal profit
income tax rates, the above equation is satisfied for any 6, € ®,. To be consistent with the 6,-type agent’s



budget constraint, T, (y.(6,)) must satisfy

Ye(8e) = Te (¥e(€,)) — ce(6e) = 0.

We should show this constructed profit tax on v.(6,), i.e., T, (v.(6,)), is also consistent with other agents’
budget constraints. This is equivalent to say that

Ye(6e) [1 - T (ye(ee))] —c,(6.) = 0.

Substituting 1 — T, (y.(6,)) with the FOC (18), the above equation is equivalent to

C/ (93) (PE( (6 ) (93) — 0,

e 030,01 e
P‘(ee) 9le(Be)
which is further equivalent to
)
A105 c’ (6, 0 Pe (le (6c)) I ( f.) = 0.
( ) e( ) “Ll( 6’) (98) Q1] (9 ) ]/e( 6’)
The above equations are true since we have
dIn Py (Qij, Qij (6e) , B e (0c
(A106)  V[(6) = ¢;(le(8))le (B) l# (00 T Fo )'Qﬁf:@f'(@” i 2:2 Ee%
1 (6
= )~ ¢4 1 6 1e60) g,
and
dIn P;;(Qij,Qi(6.).0, )
de Q=i (60T
(A107) Ye(0e) = Qij(0e) P (6e) o1n Py (Q;(6.),Q (6,)
I+ —ng,@) ‘Q_,]—Q,, ) [x@(eg +lc }

Substituting ﬁég—gg in (A106) by (A107) and using 1 + dInPy g%’éif()ég_”’e") lo_ =00 = m delivers (A105)

immediately. The first equation of (A106) is the incentive condition, and the second equation is derived
through the definition of V,(6.). (A107) is derived from the definition of y.(6.) (i.e., y.(6.) = P(6.)Q;;(0e) —
WLy (6.)) and the fact that the derivative of y.(6,) with respect to Ly (6, ) is zero.

In conclusion, given the allocation, we can construct a unique combination of labor income tax and profit
tax that is consistent with the allocation in the equilibrium.

We now show that the allocation A and price P satisfying parts 1 to 3 and the constructed tax system 7
construct an SCCTE. First, the constructed allocation and taxation satisfy the first-order conditions. Since we
have assumed that the first-order conditions are both necessary and sufficient, the allocation solves agents’
problems. Second, the price P satisfies (15) and (16). Third, the market clear conditions (12) to (14) are
satisfied. Lastly, agents’ budget constraints (8) and (11) are embedded in the definitions of gross utilities
and the construction of income taxes. In conclusion, the constructed tax system 7 together with the given
allocation A and price P constructs an SCCTE. m

III. Main Results
3.1.  An Explicit Formula for the Tax Rate
Theorem 1 fully describes the optimal tax wedges, but the tax rate for the entrepreneurs 7,(6,) cannot be

written explicitly because the weights w(6,) in equation (35) and hence the average markup y is a function
of the tax rate 7,(6,). In what follows, we can write the tax rate explicitly under a particular parameter



configuration. Than we can solve explicitly for the weights w(6,) and therefore we can write the average
markup p explicitly in the following Corollary:

COROLLARY Al: When 12’—(5“ (5% — &) = 2, we have

(57 +8) Jo 7(O)p (0e)dbe /A

2(: 28
where
_ (6)
T0) = o,
B (P‘ ) - fe (0c)

T = Lo 1= ge(Be) | H(Be) [ L3 (8) = B8+ 54 |+ [ (8) — 5%5] [1 - e(8e)]

s = (75- )Z[/ije)y(ee)de] RV /eey dee—(,/ije)u(ee)dee)z]-
PROOQOF:

Substituting elasticities, RE (6.) and IRE (6,) in (32) by (33) and (34), we have:
"(%1 -7 r g (y)
1— 0.) = o1 ﬁ_ H (0
% B) = e[ e T e L] [0 5@
cy)

>1,0<¢ < 1. We have

¢ _ 1 v P‘(GE)_
1- > RE(6,) = —6[0—1 . §]>0.

Then, we have

41— g0 @) [Tr ) - o ] [uee) - 2] n-wte 2o

I 1

since 1 — 7, (6,) > 0. According to the above inequality, we have y(6.) > 0 and 7¥(6,) > 0. When

1?—;3 (-4 —¢) =2, we have

l+ee o
Jo (6 [1 =% (@)] (G ) 7 fe ) e
P[ = ltee o

I
Jo, 1 (8e) v(8e) [755 1
fee'V(Ge [757m (6e) —

where the second equation is derived by the relationship between 7(6,) and [1 — 7, (6¢)]. Accordingly, we



have

%V /c v(0e)p (6c) A6, — g?"z /93 v(0e)do,
= 55 [ w60 v(ede —p | w (e r(.)an,
or equivalently
(A108) 0=cn - [(% + 5) | 7o @) dee] e D A RGO

which is a quadratic equation of y.

We define

s= (755 -0) [ Aeom@ae] —1. %5 [ 12 @ 0ads. ([ 76w @) dee)zl

as the discriminant of (A108). Set

Ve

2
Br (1) = [ (@) (6 0., Varr (1) = [ 1207000~ ( [ Fen ) av. ]

and
w(6e) = (0 —1) [u(6) —1].

Then, we have

g 2 1 * 2 o g
A = (m —é’) [1+mE7(}l )] —4mmvaW(}l)‘

One necessary condition for the exist of solution to (A108) is A > 0. Notice that Ey (1*?) < Ey (u*). We

have
2 2 ’ =Rg
(A109) A = (%—5) +m(0i1—5> EW(V*H%[ENV )
2 )
o1 (75) FEe)

v

Ap (Ey (17)),



where we set

) B )]s

(-1 [ 21 2-(1-2)]
)

[

as a quadratic function of E5 (u*).

The minimium value of Ay is derived at yu* = < 1. However, E5 (1*) € (0,1], and thus

u* may not belong to the domain of Ex (1*).
If p* <0, to prove that A > 0, we only need to prove that Ay > 0 when E5 (¢*) = 1 and E5 (4*) = 0. This
is true. According to (A109), when E5 (3*) = 1, we have

_ o 2 2 o \*|2¢ c—1.\2 (%4—6)2
A = (m‘ ) ‘ﬁ(ﬁ) l?‘(“?@%m
B c \*/ o 2 o \* 2 22 o \* 2 2¢
= <o—_1> (0—_1‘5) ‘(ﬁ) m?+(m> P
(% 2 (% 2
- <0—1> <0_1—§> > 0.
When E5 (y*) = 0, we have
2
o
AH:<m—§> > 0.

If u* > 0 (note that u* must be lower than one), to prove A > 0, we only need to prove that Ay (#*) > 0.
To see this, first note that when y* € (0,1), we have

20-1_ (1, 2
o2 é

and

We set

S|

() [ ) e

as the discriminant of Ay (B~ (#*)) > 0. A < 0is a sufficient condition for A > 0. To prove A < 0, we only

need to show that
L (o V|2 c-1.\*] _ (&9 (5 +9)
m(m) [F_(1_75)1< =1

which is equivalent to

2(%)2(1—5) > 0.

Notice that the above inequality must hold. Thus, we must have A > 0. In conclusion, there are two
solutions to the quadratic equation (A108). However, A > 0 does not necessarily mean that the solutions
are all in the domain of y, i.e., (1, ;%).



In the following analysis, we prove that there exists a unique solution in the domain of y. The two poten-
tial solutions are 1 and p»:

(751 +¢) Jo, 761 (6:)d6. /A B
Moo= 2 5 2 eey(eg)y(ee)deg,

T 4 () u (6;) do,
T g)fee;:( )i (B +§—?s%é9ﬁ(@)u(@)d@.

In the following analysis, we prove that y, > -% and p; € (1, ;%]. To prove this, we only need to show

that
VB> it (g ve) [ Aean e ae.

In particular, yo > 2% is equivalent to

(75 +¢) [, 7O0)u (6e)doe VA ¢
H2 = 26 + 2_§ > m,

ie.,

VB> 25— (555 +¢) [ T6an e do.

Substituting y (6.) in the above inequality by y (6.) = 1+ L5 pu* (6.), we have

VB > - (g re) [ s gE)]

c—1
c+1 o o 1 .
- (Fea5) - ((5e) s,
When ¢ < %5, the above inequality must holds. When ¢ > %5, to prove the above inequality, we only
c+1 o o 1 N 2
s (o) - (For e e) egmee] >0

need to show
To see this, notice that

Ay < A—[(%C—%)—( i1+§>011E7(V*)]2
= (%— )24‘%(% g)zEv(V*)
+(§_+1)€2)2 7 (1))~ 031 (%)22;(:'57(#*2)

where

. oc+1 o o 1 . 2
Ap = Bp (Ey (7)) — Km —m> - (0—1 +§> U_lEv(V )] ~
Rearranging the right side the above equation, we have

2 2
M= == =22E(1-8) 1= By ()] Z 0.



Since

we have

We now prove that

First, j1y > fee Y (6e)p (6) b, where u (6) € (1, %7] and 7(6,) is a densify with support ®,. Thus, y; > 1.
Second, notice that

1 1 2
o [(He-5) - (2 +0) sgmon] 20

(see, e.g., (A109)) we have

= (o) ot (£p00)- 25

The above inequality implies

V= (555 +¢) [ Ao - 2

ocg—1

which gives

(G50 o, 70 (B)d6e A o
Hi1 = —_—,— <

2F 28 “o—-1

In conclusion, we have
(D) f, T )n (8 A6 VA
= 2z 2z

[
Corollary A1l provides a special case where we can provide explicit optimal tax formulas with given social
welfare weights. Note that 1':—5‘3 (;%4; — &) = 2 s consistent with condition (22). Corollary Al thus suggests

that under some reasonable parameter values, there is a unique and well-defined solution to the equation
system (32) and (35).

3.2.  Statistic-based Optimal Tax Formulas

In the following Theorem A1, we provide optimal tax rules in terms of social welfare weights and a small
number of empirical observable statistics (see Supplemental Appendix 1.1.2 for the definitions of elasticities).
Recall that under Assumption 1, we can define Fy, (yo(60)) = Fo(6,) and fy, (v0(00)) = F;, (40(65)) as the
CDF and PDF of entrepreneurial and labor income.

THEOREM Al:  Suppose the cross wage elasticities £f (6;,0.) and e (6;,0.) are independent 0, for any (0;,0.) €
@?2; the markup p (0,) is exogenous in the equilibrium; and the firm-level production technology is in the form of (1).
The optimal tax wedges satisfy the following statistic-based tax formula for any 0y, € O and 6, € ©O,:

— 1-F w(yw(ew)) 1
1 B 1+[1— guw(6w)] yw(ewgfyw (o (60)) € (6,)

1— 71 (0w) n

(A110)




and

1 _ s 1—Fy, (ve(6e)) 1 1+€B[V(93) —¢-1
1 e ll+ 1= 8e(6e)] ymsi et <) x| 1 (021
(A111) — = 1 ae<]e<ee)>
T B (96) EP,crasS (9 ) |:1 — 8?2(99) i| 1-— 8 (9 ) - [ 7&(96)} ye(ee)jfy:/(yg(ee)) Ej{iflew")
i L @@ T melug e
1
X
W] A0
1+ [l — 1] s m
PROOF:
Notice that (A50) and 22— :f(e")]dlndyé’e(e”) = T”( (9( )L)( ())) we have:
S dIn[1—7,(6,)
H(8.) = 1—F(6) |dIny. (6.) £o; (%) " a;
) =
fe (6e) 6, 1%’ [1 - 58?2,7 (96)] - 5?2,7 (6e)

1te, [ 1 _g] _ [1 _ T((6) g(eg)}
1 - F(0,) dinye (6) |5, T TI(3e(0.)

fe (Be) dfe e | 1 gl 4
€ 'S?Qij(e")

fe (96) db. 5?_% (96) Ite (1 d 1
Ee 6?2 (6e)

Therefore, (32) is equivalent to:

> LFy,(ve(8) 1 e [n(6r) 211
1+[1-g.(0 ! . :
1 _ " [ =8 @)y e A, L | 1/eg, (0 =8| 1|
— N &p (6)
1—7(6) 1+ RE (6,) (‘:W
g0
&P (6e) P,cross Ve eye yc;‘, 1
1= e <G 00 | (1 gy (o) Z
e 1/, e)—c} 1
* ) ] —
1+ RE (6,) Cm
Qx] Q1] —
where we use ¢, (0,) = 1and e7/ (6.) = ¢.
(0 —g)-1 Hee [u(0e)—¢]-1

Notice that

=1whenlI =1, and < 1when I > 1. When tax is linear

e 1/65,6)~¢ |1 e [mg (6)-¢| -1
1

FT.60)  ru [l/e I g] o

Last, (A110) is equivalent to (31) bcause by the definition of sﬁ”ﬂm (6.), one has 1( Fﬁ’? W ‘("y(w‘(”)i)) - 1(9 ;=
1=Fy(0) X () 1+ey yw o

fulOw) xw(fw) ew

Equations (A110) and (A111) are statistic-based formulas in the the sense that the statistics on the right
side can be observed at each income or profit level. Theorem Al shows in addition to the social welfare
weights, income distributions, and elasticities of income, the statistic-based optimal tax formulas are related




to the markups. When the market is competitive, such that p (6,) = u = 1 and sp 1955 (6,) = 0, (A111) is
reduced to the traditional optimal statistic-based tax formula:

1 _ s 1—Fy,(ye (6)) 1
1 1, (9@) = 1 + [1 gE(GE)] ye (96) f]/e (yL (96)) 81 . (96)

However, in general cases, the statistic-based optimal profit tax in an economy with market power is differ-
ent from the traditional one (see, e.g., Piketty (1997); Diamond (1998); Saez (2001)). Moreover, the statistic-
based optimal profit tax formula is quite different from the statistic-based optimal income tax formula,
unless the economy is competitive or monopoly-competitive.

3.3. Proof of Theorem 2
(1) NON-LINEAR SALES TAXES.

Before we prove Theorem 2, we present the second-best problem formally. In our benchmark model, we
consider an environment with uniform linear sales tax, which restricts 7; (6,) to be constant. In this section,
we remove this policy constraint and allow for non-linear sales tax as considered by Ales, Bellofatto and
Wang (2017). To do this, we allow the planner to contract with entrepreneurs on sales income S(6,) =
P (6.) Qjj (6,) in addition to y.(6.). An entrepreneur reporting 6; should obtain y.(6;) in profit, S(6,) in sales
income, and receive c,(6) in after-tax profit. Thus, a ,-type entrepreneur reporting 6, should choose Ly
and [, to satisfy the following two promise-keeping constraints:

P;j (Qij, Q—ij (6e) ,0.) Qij =S (0,) and P;j (Qjj, Q—ij (6e) ,0e) Qij — WLy =y, (6,) .

The two promise-keeping constraints determine the combination of L;, and [, that are needed to complete
the tasks of sales income and profit. Denote L, (6,|6.) and I, (6,]6,) as the labor input and effort needed to
complete the tasks, respectively. Denote Q;; (x (6¢) le, L) as the firm-level production function. Combining
these two constraints we immediately have

S(6)) —ye. (6,
w (92'93) - ( 8) Wy'?( E)I
and [, (0.]0,) satisfies

P(Qi (x @ @e), X EEE) o5 0),0) 0 (x @1 0, S s ).

Two things worth noting here. First, by enforcing tasks of sales income and profit, the planner can di-
rectly control the amount of labor inputs. That is to say, Ly (6}]6,) is independent of 6,. Second, notice

that a[P(Q"f'Qgg’(f")'e")Q”] = P (Qij, Q—ij (6.),6.) [1 + £P own (93)] and sp 7" (6,) > —1. As long as Qj; strictly

increases in [, (6,]6,) with P (Q;; (0,-), Q—i; (6e) ,6.) Q,] (0,") =0, there exists a unique solution [, (6,|6,) for
any S (6,) > 0.
Therefore, under our setup, we can reformulate the entrepreneur’s problem as

(A112) Ve (6e) = Ineax Ce ( ) Pe ( (Géwe)) .
Solving the above problem, as in the benchmark model, we have

Qz Be 20,
(A113) Il (6 6c) ( a )QlerP (Qij, Q-ij (6e) , 0e) [1+£P'3wn (93)] a—xf%e]'e)'xé (6,)
- wn 9Q;;
20, p (Qi]',inj (6.) ,96) [1 + 8Pou (96)} ﬁ@




and

dlnpij(Qi]Q ij ee 91:)

¢e (Ie (6e)) Qij (6e) 0 lgi=qi(6)  9InQy; (6e) ., (6,)
All4 AC, < L= 4 £
(A114) (0) = 00 L+ (@) inx. (6,) x (6,)

which is equivalent to the benchmark incentive-compatible constraint (27), because in the benchmark model

o Qi'(eu) o dIn Q;j (9,3) >(68)
u(o) = 1+e%,-°jf”’"(ee>’ if]"’&f?) = le (8c) and =5 xe (6) = 3@

The worker’s problem remains the same as before. Therefore, all incentive-compatible allocations satis-

fying (24), (27) and the resource constraints are feasible. The planner’s problem is similar to the one in the

din@(6,) _
—da,

benchmark model, except that the policy constraint 0 is now relaxed.

(11) LAGRANGIAN PROBLEM.

We prove Theorem 2 by following the Lagrangian problem presented in Supplemental Appendix I1.2.3.
= P(e")af;zeg\;][l w6 . By the definition
of @ (6,) (see, e.g., (28)), we have @ (6,) = P (6,) [1 + eg’gw" (93)] an,((g:)) Notice that 1 — 7, (6,) = %, asin

Note that the expression of markup (19) is now generalized to be y(6,.) =

the benchmark model, we have y (6,) =

(i) When the uniform restriction on @ (6., 6.l (8¢), Ly (6), Q) is loosened and ¢ (6,) = 0. In this case,
according to the expression of #ﬂ%) (e.g., (A76)), we have

0Qij (6) A «" (6,) aIn Q;; (6.)
(AI15) PO)SIom) = & ALa(8) Nf (B) 9 Lu (@)
Yo e

A ALy (6.) Nofe (6.)

Dividing both sides by % and integrating across 6, gives

[P0y 0) e Mas, - 2 [ Lol ROy [ L) g,

€L P (6e) A S‘EW(OE) 6, Ae? ( D)
Using x(8,) = K(Ee) = 0 and integration by parts, we have
(A116) N8 PO Q,] (6.) N.f. (6.) db,
AW W [, Lo (8) Nefe (6.) 6

¢, %g(j“mw (0c) Nef (6c) d6.
fe WLw 93) Nefg (93) dGe

gfec é[l TE ]WL ( E) Nfe(ee)dee
Jo, WL (6¢) Nefe (6.) d6,

P(6.) geilee) 173 60)]
v )-

where the third equation is derived from the generalized definition of markup (i.e., y(6,) =



By the definition of tax wedges, we can substitute P (0,) 57 BQ” in (A115) with Winl6e) .

1- TE( )’
1 _ A K (0e) &
1—tF(0)  AWu(6:) ALw(8) Nefe (6:) Wi (6e)
W K (6e) &

1 (6e) ALy (6e) Nefe (6e) W (6e)

e (0) L EEH + 9L (60)

P,
p (93) Qij (96) [1 - TsE (Ge)] g [1 - TE (9 )] chrjss (93) dln {y( ) gi:ﬁ(eﬂ)]
N L e (0) 8,
1 (0e) Ley (0e) Wit (0e) AN fe (0e)
[1—ge(6e)] —
— V_* PCI’DSb _ , dln ‘u(ee) Pcr?sswg)
(@) + [ (Ge)] g (Be) | [ Gw}e)gg)—a(@)} %kggg n [ = W ,

The third equation is derived by the modified (A85):

, @ [ (9) 94 (le () Le (60) (O)el ™ (6.)
) = - o,
e (0e) e (L (0e)) Le (0e) ﬁ(9e)€g’f‘7” (6e) +
e (6e) Pe (Le (6e)) Hg_fg Io (6e) fi(0e)e Cr,oss (6e) +

dIn [;1(9 Je P“D;S(ee)}

e (0e) ¢e (Le (6e)) e (6c) 7.

(6,
e (00) LGS +

i (60 e 0|

= —Pe(le(Be)) L (9e)ﬁ(9e)Pafss(9€)
¥, (6) + e (6e) e,

and the tax wedge, 1 — 77 (6.) = o aQ(lf ]"<(;f(9")) . These two equations implies

80 o) LT ()]

Pe (6) B 55+

K (8) = —P (8) Qi (8) [1 = £ (8)] [1—7F (8)] el (80) dln% e H
¢£’ (9‘—’) + lpe 93 71]

The last equation, i.e.,

IRE(6,)

— [1 - ge(8e)] — PR

E *
TS (93) _ ]’l E DP,cross P,cross
A7) ey = [V ORE [1—Te (6 )] G0 | [Hse vy | pEIGT 60

0
e L) T a0,

is derived by (A81), (A82) and 1 — 7F (6,) = — i) _ WLy(8)u(6.)
y (A81), (A82) s (6e) p(@)i‘fjg(ﬁj) EP(6.)Q;;(6:) °

(ii) According to the expression of % (e.g., (A75)), we have

1A 1_x§v(9w) Po(0w) 1+ew
BLED ~ N [ %y (00) Wafu 6) & |
Xw (Ow



Substitute Lelfe(®)) by [1— 15 (6,)] W:

xw(ew)
1 1 _ 1 — Fp(6w) X, (60) 1 +ew]
A118 — = — |1+ [1— 0 .
( ) 1-— T (Gw) u* [ gw( W)] fw(gw) Xw (0 ) Ew
(iii) According to the expression of 2%~ al o (e.g., (A77)), we have:
]. - :Ee (96) fe(eg) ge ¢ 893 x€ (96)
1 WLy, (6:) 1 K (6.) &
—Te (96) (96) Qi]’ (96) C ANefe (GE) WLy (Oe).
_ / 1-7£(0)|[1—7E (6. . e * (e
Remember that 1 — 7, (0,) = ‘(7’;()1%%29)8) I i y)g@[e) il )]. Using 1—H-§52()98) = u— AWLWK(G(SI)\EL(OH) to
) "ol (6e)
substitute WL (éf)‘})\i 700 and g[l;?;i ()98)] to substitute % we have:
1 i} 1—F(6:)1+e, [ dInP (Q(6e),0.)  x (Ge)}
—— = 1+[1-23.(6 6 +
1-% (6,) A e A A 20, %e (6,)
1 1—1E (93)]
++ ]. - *+ .
%0 | " ue)

and rearrange:

* e\Ue oln ), 0. 2 ,
o) o[- g0 S [ (0) 2GR + H

(111) PART ONE: AN EXPLICIT EXPRESSION.

According to the definitions of tax wedges, we have

(: [1 - TsE (93)]

(A120) " (96) p (96) Q (93) = WLy (Oe)
and

P(8)Qij(6e) [1 — 7 (6)] 1
(A121) J o [1 — 7l (eg)] =1, (6.) % .

Substitute P (6.) and Q (6,) in (A120) by (A1) and Q;; (6e) = x. () L (6e) L (6.)°:

([1 . TsE (96)] X (Ge) Xe (96) J) é‘A Q" (96)1—5 Ly, (96) — L, (96)
N W

Rearrange the above equation to derive an expression for Ly, (6,):

(A122) L (60) = (Xe“’e)f(;e; (98”) e (CA Qr )




On the other hand, a combination of the two first-order conditions delivers

WLy (6c) [1 _7E (ee)] =1, (0,) %

¢
The above two equations imply:
1 1— e 1
Xe (0e) [1—TE (6 -5 TWL e Te (EAS O | %
Ly (93) = e( e) [ T ( e)] |:W w (93) |:1—T8E (96)i|:|1 ¢oF 6 Q
H (96) g WNEa
ie,
1
l+(7(71 1~é+Lee 1 UTil 1<€Fe€e ! :31;] .
Ly (96) — [1 _ TsE (9€)i| l_aﬂl(lffge*’g) (Xe (9e)> 1—%*1(11%-%—@) [w] 1_0;1( 7 ) é’A Q W%ﬁ% ‘
V (9‘3) C WNCU

Combining the above two equations, we can solve for Ly, (6,) and I, (6,) and derive

d [1 xewe)[l—rf(ee)]}

(A123) dinLy (6:) _ ™ ICH) =1 (g,
a0 1-¢ot 1- ¢, (6,
and
d | X 9,,,  (6) e din[1-7£(8)]
(A124) dinle (6;) _ ™ [I ] +1 B
dee l+€e . % ( + ﬂ€>

Comparing the above two equations to (A43) and (A45), one can see that they are the same except that
now X, (6.) is replaced by X, (6,) [1 — £ (6.)]. In addition, we have:
dIn Py (Qij, Qij (6e) , be) | n x; (0e)
Qi=Qij(6e) X (6,)

(e x; (6e cross dani'(ef)
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X (0e) | L(0e) | oLi(Be)
e e e
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where the third equation is derived by (A123) and

+ (141 (0 7 (00)]
oc—1x,(6,)

o Xe(6e)

Therefore,
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where the second equation is derived by (A124). In addition, we have

fe(6) €e ‘ a0, xXe (0e)
) olie 1 E(6) din[u(8) -
= -0 -1 mey + 1 TS
dIn|1—7;(6,) dIn[1-7F(6,)
+l(6) PCrosS(G)l_Fe(9€)1+8C (1+§1ﬁ) [dGe ]+ [dee ]
e T TRR) Re -y -
Substituting f?(e") ngff [pt (6e) alnp(é%gef)’e”) + EEZZ” and %@’593) in (A119) and (A117) by the above equa-

tion and (A124), respectively, and rearrange the formulas, we have
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1-F(6,) dIn[u(6,) ] +

1

+ T
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i _ 8 e e e 7
[1—ge(6e)] — eﬂ 91 Eel@e)]
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ie.,

[1 - ge( )] _{[ - ge(ee)]}H(Qe)_
* dln|u(0e)e Pm.ss(ge)

1 H E P,cross Y dIn[p(6,)—¢]
. + 11 —1,(0:)| €377 (6 1—50(0.)][1—E (6. 0, - d6,
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Ty () 1= ()]
" )
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Solving the above differential equation, we have
Be Hyls )d B s Hy(u) 5 1
_ — _ 0 Hy( O Hy(u -
1—1)(6,) = [1 T, (Ge)] 207 4 A A (S)ds.
Last, according to (A119), when 6, is finite, such that 1 — F, (6.) =0, 1{?&3) = 1—;*&*




(1v) PART TwO: A RESULT FOR COMPARISON.

Notice that
IRE(6,)
R‘E 93 i _-e (4 —rel\Ve
(9 ) — (‘—) [1—ge(6e)] — -4 (ijg([ai) FelBe)]
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dlIn|u(6, sgi’l'_)]_“(eg)
i + a0, |

(96) _ |~ ,Cross _
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We have the following results when dln[ld;" (60)] = din1 d;: (6)] =0:

| T[] {HO) [(n (00) — &) 1t — 1) 4 R il
1-—- TeE (93) - V* .

If in addition ¢’ (6,) = O:

1 L+ [1— 2 (00)] H(8) [[1 (6) — &) = — 1
1-1F (96) T )

3.4.  Proof of Proposition 3

(i) Rewriting the general tax formula for the entrepreneurs in equation (32) for the case with uniform
markups, we have part one of Proposition 3. By the definitions of €]°__ (6,) and ep 79 (6,) (see Supplemental
Appendix 1.1.2 for details), we have:

1 1 1= 2(600)] H00) |22 [n— 8] —1]
1-%(6) i +
L [T - 2] - slenl - - o] o).



(ii) Supposing g, (+) (such that g, (-)) is exogenous, we have:

dmm] 1 [ el g@) HE) S — 1 g (@) H6) (- 8) B 1]
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dp - L dp

11 (6w) [1—&e(0e)] H(ee)l%"‘
S T | e (- 00— [1- 200 )

According to the above equations, 7, (6,) increases in y if and only if:

(%

_ 1+ e, 1 =
[1— Ze(6e)] H(6e)E . _%—C +[1—ge(93)]%_§ 1>0,
ie.,
1_1__393He 1—:€—L17
A1 Sl 0 ( )g (1 - 1]
¢
N g [ (% 0) ]
1{_2‘;%2:’)) increases in p iff
1= 8@ O™+ g (1= gelb)) = [1 = 2@ HB) >0,
ie.,
(A126) ge(8) <1+ [1— g(6,)] H(B,) [1 = (Ui = g) - 1] ,

or equivalently

9e(8) — 1+ [1— gu(6)] H(B) < [1— ge(6)] H(8,) Zsf (% _ ¢> ,

which must be true when [1 — g.(6,)] — [1 — .(6.)] H(6:) > 0 and H(6,) > 0.



(iii)) When g.(6,) = §.(6) and H(6,) > 0, inequality (A125) is equivalent to

91}

[

LoD {14 H(o.) | B (

Ee

[uy

o—

ge(ee) < _ s
1+ S () [R5 (55 - ) 1]
where — ¢ o[ é{i_ )] increases in H(6,) [f& (54 - ] because 7 ) > 1. Besides, under
qooy HH) [ (75 -8) 1] ‘
ag

condition (22), we have 1% (-2 — &) —1 > 0 and that H(6) [He“ (5 —-0) - 1] increases in H(6,). Thus,

o—1 €

when H(6.) > 0, the above inequality holds if
te-1)

o

ge(ge) <
Analogously, when g.(6,) = g.(6.) < 1and H(6,) > 0, inequality (A126) must holds.H

IV. Discussion and Robustness
Below, we explore the relationship between our results and several distinct issues that have been exten-
sively studied in the literature. We frame these discussions through the lens of our model, leveraging its

unique features and notation where necessary to derive new insights.

4.1. Top Profit Tax
(1) MARKET POWER AND TOP PROFIT TAX.

The taxes paid by top earners constitute the majority of income tax revenue, making the design of optimal
tax rates for high-income individuals critical. Proposition A1l offers an analytic formula for determining

the optimal top profit tax rate, with specific application to high-profit entrepreneurs (denoted as those with

0, > 0,). We assume that the profit and sales tax rates in the real economy for the top entrepreneurs are
linear and lower than one. Then, we have the following result:

PROPOSITION Al: Suppose that there exist 0, € ©, such that for 6, > 0,, H(0,) = H, u(0,) = # and
Qe (8.) = g, are constants. Then we have the following results in the nested-CES economy:

(i) The optimal profit tax rate for 6, > 8, is constant and satisfy:

+(1-g) He[Hfe (—g)—1] | 1- %1
(A127) v _ # =
1-7, o 1— C B

o— 1

(1-g)(1-A)

7

‘:) me

(ii) Given o, T, decreases in I (increases in ji) if:

1
(A128) Fo<l-s=

)

PROOQOF:
(i) Notice that (A50). Denote by v, F; (y.), and f; (y.) the initial profit, CDF, and PDF of initial profit,

respectively. m% is the initial hazard ratio of profit. When the profit and sales taxes are linear in
(6e))

the initial, the initial hazard ratio of proﬁt 5) D) = H (6,). Thus H (6,) is constant for 6, > 8,, if the

Fe (v
9" f Ye (
initial hazard ratio of profit is constant for Be > B,



(ii) Notice that if for any 6, > §e, 2e(0:) = g is constant, §e(0€) is also constant and equal to g, for any
6, > (33. With the above two findings, part two of Proposition A1 follow directly from Theorem 1.

(iii) To prove part three of Proposition Al, first note that 1715 and thus T, increases with y. Notice that
for any 6, € O, 1 (6.) non-decreases with the decrease of I, 4 as a weighted average of y (6.) must non-
decreases with the decrease of I. Thus a condition guarantees that, given y, ;== increases with ji is a
sufficient condition for T, to be increasing with the decrease of I. We now show that (A129) is such a
condition.

To see this, we first treat g, and y as given and take the derivative of _A with respect to ji:
; HI-gA[HEE- 1] | 0-g)AtE | Figr o o :
() _ - v e (-8 (1-6)
dp B __ & pR
H 1 .
1 5 1+e. (57
L [Hie0-pafsEG-p -1
1 CH 1-757 ~ 75
- + = (1-8) (1-A)
2

Rearranging the right side of the above equation, we find that - 7 ( - ) > 0if and only if

S

l Te
_ -1
<) 7

Note that the term in the bracket is positive, because for any 6, € @,, y (6.) < % . Thus, we have

(-gi | #7179 [((ﬁ_@lu% i | R

1-3.>

Dividing both the numerator and denominator of the right side of the above inequality by -% — ¢ and
substituting — by e (71 — §) — 1, we have

1TL

1

(A129) Ge<1- .
|:§(1_V0;1) 1+€e+1+£71 E‘” :|H

=1
(A129). Notice that p < %, the term in the bracket of the right side of (A127) is not less than 2. Thus,

condition (A127) satisfies if g, < 1 — ﬁ

Last, since for any I > 1, (A128) is a sufficient condition for T, to be increasing with the marginal decrease
of I (just suppose that I is continuous), and 7 is twice continuously differentiable with respect to I, accord-
ing to the mean value theorem, (A128) is also a sufficient condition for 7, to be increasing with the decrease
of [ fromn+1ton, wheren € N,.m

Formula (A127) extends the traditional top income tax formula, generalizing the top tax rate result of
Saez (2001) (where ¢ = 0, u = 1,1 = 1, ¢ — o0) by incorporating more complex technology and market
structures. Compared to Corollary 5 of Sachs, Tsyvinski and Werquin (2020) (where§ =0, u =1,and I = 1),
it highlights the influence of market structure and superstar effects on the optimal top tax rate. Similarly,
relative to Scheuer and Werning (2017) (where y = 1, I = 1, and ¢ — o), it emphasizes the interplay
between superstar effects and market structure.



Proposition Al is particularly valuable as it suggests that, under reasonable assumptions, observable

statistics like H, can be used to derive the optimal top profit tax rate and assess whether it should be ad-
justed in response to changes in technology and market structure. A crucial question here is: should the
government increase the top profit tax rate as market power rises? Condition (A127) indicates that whether

the optimal top profit tax rate increases depends heavily on the value of H,. Specifically, if g, — 0, condition
(A128) becomes equivalent to H, > % This condition is sufficient, though not necessary, for Te to increase
with 71.%7, we provide a more relaxed sufficient condition: g, < 1 — 1 , Where the

1y o=1)1+ee 1 q Uzl _g}la;l H
S(1-poFt) e T
bracketed term is at least 2, as y < -%5.

Empirical evidence supports this conclusion. The hazard ratio of top income in the United States was ap-
proximately 0.5 in 1992 and 1993 (Saez (2001)) and about % in 2005 (Diamond and Saez (2011)). By 2007, the
hazard ratios for top labor, capital, and total incomes were approximately 0.62, 0.76, and 0.71, respectively
(Saez and Stantcheva (2018)). These findings suggest that condition (A128) is met in the U.S., indicating that
the top profit tax rate should rise as market power increases.

(1r) SPAN OF CONTROL AND TOP PROFIT TAX.

Similar to our model, Scheuer and Werning (2017) also explore optimal income taxation within a Lucas
(1978) span of control framework. They examine the superstar effect, which arises from positive assortative
matching between the abilities of entrepreneurs and the scale of their firms. In their model, the span of
control reflects the magnitude of the superstar effect, representing the extent to which entrepreneurs can
amplify the productivity of their workers.

In our framework, Proposition Al provides valuable insights into how the span of control influences
optimal taxation. Drawing from Scheuer and Werning (2017), an increase in ¢ impacts both the elasticity of
profits with respect to the tax rate and the hazard ratio of profit. Interestingly, when I = 1, these two effects
offset each other, rendering the top profit tax rate independent of . To understand this, note that under
I = 1, the markup is uniform (¢ = ji = z%), simplifying formula (A127) to:

1 1+(1—§3)H[41jj (ﬁ—é)—l] 1 1-FE(6.)dInX.(6,) 0 —11+¢,
(A130) ——= = - == |1+(1-g) — =~ /
-z, ji ji f (96) de, &

1-E@,) & din Xe (@)
7 (”@ )”) e (‘ . —?S— . The equation above estab-

€e o—1

lishes that 7, is independent of ¢ in a monopoly competitive economy. In other words, the “neutrality” of
the span of control found by Scheuer and Werning (2017) still holds.

The “neutrality” of the span of control does not necessarily hold in a more general setting. As an il-
lustration, we consider a special case where the top markup is ji = -%5. We consider this case because

where the second equality follows from the fact that H =

=% is the theoretical maximum value of markup in our model. Substitute H, in formula (A127) by H =
1 7(0)1-R (@)
ﬁfgfljrieeg ’Ye(ee) fe(ec)

. As the markup for 6, > 8, is assumed to be constant and ji = ;%5, one has:

1 oy 1=E() dIn X, () o—1 14¢,
i [14‘(1 ge) f(’(é\(’) 40, & ]
1

-t 1+ [-FL

It can be seen that in this case 7. decreases in ¢, because the rising span of control enlarges the influence of

reallocation effect, which can be seen from the multiplier on RE (6,) in formula (31), i.e., LL—&
o—1

57In Supplemental Appendix IT1.3.1



4.2.  Alternative Market Structures
(1) MARKET STRUCTURE, INDIRECT REDISTRIBUTION, AND OPTIMAL TAXATION.

An important finding of this paper is the pivotal role of market structure in determining the optimal tax,
particularly in shaping the indirect redistribution effect of taxation. In many prior studies on endogenous
prices and optimal taxation, taxes have a first-order effect on relative prices, which can help ease incentive
constraints and improve income distribution (see, e.g., Naito (1999); Stiglitz (2018); Sachs, Tsyvinski and
Werquin (2020); Cui, Gong and Li (2021)). Specifically, when the marginal productivity of labor (wage)
decreases with labor inputs, the planner can compress the wage distribution by reducing the marginal tax
rate on high-skilled agents, thereby encouraging their labor supply. Saez (2004) contends that the indirect
redistribution effect of taxes diminishes when agents make endogenous human capital investments, as they
effectively set their own wages, reducing the tax’s influence on prices to a second-order effect. In response,
Naito (2004) shows that when human capital is imperfectly substitutable, the indirect redistribution effect
remains relevant.

Our findings advance this discussion by showing that the extent of indirect redistribution depends crit-
ically on market structure. Even in the presence of market power, indirect redistribution persists, but its
magnitude decreases as market power intensifies. In fact, the IRE vanishes entirely under monopoly, where
firms independently set their prices. Conversely, under competition or oligopoly, where prices are deter-
mined fully or partially outside the firm, IRE still plays a role. This insight reconciles the seemingly con-
flicting conclusions of Saez (2004) and Naito (2004): Saez (2004) examines a scenario where agents act as
monopolistic suppliers of their own factors, while Naito (2004) assumes a competitive labor market.

(11) MONOPOLISTIC COMPETITION WITH KIMBALL AGGREGATION AND ENDOGENOUS MARKUPS.

In some of our results, we employ a constant elasticity of substitution (CES) technology. Although markups
are endogenous, tax policies do not influence the equilibrium markup under CES. Here, we consider an al-
ternative setup using Kimball aggregation, which introduces non-constant elasticity of substitution. This
modification allows taxes to affect markups. For tractability, we focus on monopolistic competition and the
second-best allocation.

The technology is described below:

(A131) 1= /ecX(GE) Y (Q (93)) dF, (6,),

Q/N.

where Q (6,) = x.(6.)Le () Loy (6.)%, Y (-) is a twice differentiable function, and Q is the quantity of final
goods. Under the above technology

X (6e)Y (85981

N—

N,
(A132) P (6,) =
Jrx(0) Y (85%) §dar, @)
vy Q) Q)
(A133) and 1 (0) = —2%) ithe () = — (%6") %
e(6,) —1

The markup y (6,) is a function of % According to Lemma 1, the incentive compatible condition of the

entrepreneur is:

i X (0 | % (8)
(A134) V(6 = ¢4 1 B 1 () o) S0+ X (98)] V6, € O,

The planner chooses {l. (6¢) , Lw (6¢) , Ve (6e) , lw (8) , Vi (0w) , Q} g co, 4, co, t0 maximize (5) subject to the
resource constraints (13), the labor market clear condition (14), and the incentive conditions (A134) and (24).



As a comparison to the optimal profit tax under monopolistic competition in the benchmark model, we now
have the following proposition:

PROPOSITION A2:  Under monopolistic competition with Kimball aggregation, the effective tax rate on entrepreneurial
effort satisfies:

_ L) Ite X0 | x(6)
(a135) LTy g o Lo B0 | [ + ]
1—7. (6. al 0 e i’
eri)) fe (6e) + (6 %QS(@) (( %)

forany 6, € O,.

PROOF:
Set up the Lagrangian function as
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+ [ 90 ot 00) 1 00 o) S0 4 200 0| as,
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where 3(6,) is a function of %.
Taking partial integrals yields the following

= [ (B VE(0)a8 = Va(8,)h0(6) — V@) (Bo) + | (6, Vo(60)

The derivatives with respect to the endpoint conditions yield boundary conditions:

¥o(8,) = ¥o(8,) = 0,0 € {w,e}.
Thus,
| wi 60y de, o,

Substituting the above conditions into the Lagrangian function yields the following first-order conditions:

of _ " (Q(6:) Q(6) _
(A136) 50 = AN /eex(ee)y (Q/NH) Q2 4 (8) = 0,0 € (e},
a£ 12 ~ ! —
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o / / P (I (0)) 1+ €0 _
(A138) alw (Gw) = _ANw(Pw (lw (ew)) fw (gw) + A" NypXy (ew)fw (ew) + le (ew) X (Gw) e =0,



B | AN (8) Y (S5) Do £ (6) — ANS (0) |
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Substitute A” in (A139) by (A136) and use (A132):

0Q(0e) _ A [1—ge(6)][1— Fe(6e)]

P (0 = —+ " (1, (6.)) 1, (6 ,
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where we substitute A;’}i}f&’ge) by (A82). Substituting P (6,) g(LgZ((Z:)) by 1“_(2 %2’) gives:
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. Q(8,)P(6, P0.)Q0:) = u(6e . ! (1.(6.)) 1-7,(6,) .
Substitute Q0IP() by POIOE) s _ i and substitute ¢B< %iégz) by L.
1 _ AW, + [1—Ze(6e)] [1 = Fe(6e)] 1 — 7 (6:) dlnp(Be) x' (6e)
1-1%(0) p(b)W fe (6e) 1—1(0:) 0InQ (6) x (6)

Rearrange the above equation to derive

1— [1_3_6(90)][1_1:6(90)] [1 -7, (96)] lnpu(6.) x'(6e)

(A142) 1—1 (6) = f6) . QO A
RYICAL
Therefore,
ererore 1 [1-2.(6,)][1=F(6;)] 1 o' dlnpu(6;) x'(6,)
1-%0) ey %) gmomy ve
— T [1=8(6.)][1-F (6. B 9lnp(fe) x'(6e)
Pm () 1 - R 1 - 7 (00) b i)

Substitute A” N, in (A140) by (A136) and use (A132):

$e(le(0e))

9U0(0:) . (0) | x(6)
PO 1-F(0,) | £ [y(eg)’;(ee) + x8<98>]
(A143) ey~ 8 e dinpu(8) '(60)

; +1(6e) 51
P(6e) 524 €/9InQ(0:) x(0)




where we substitute Ml\p] 1([9() %) by (A82). Using _M?;,S") = ‘(Pe()lea(ge)) to substitute P"Z;(l;gg()) n (A143), delivers
¢) 3le (8e) €/ dle(6e)

_ 1-7(6)
(A144) — M 1 g.(60)]

1—7.(6.)
1(0e)

6,) ! (6,
1-FE(0) | =& [ (6:) 555 + Eeg]
2 )

F0) | ate g e

g><

Compared to the monopoly competitive case in the benchmark model (see, e.g., equation (38)), the optimal

tax here accounts for the endogeneity of markups. When aa ]];1 6((% )) > 0, the additional term in the tax formula

is positive, suggesting that higher markups generally necessitate higher tax rates. Therefore, our main
finding — that the top profit tax rate should increase with rising markups — remains robust under varying
elasticities of substitution.

(111) FREE ENTRY.

In this paper, we assume that the number of incumbents in a market is exogenous, meaning our analy-
sis does not capture the impact of taxes on markups and efficiency through the extensive margin of firm
entry. This omission is important because entry plays a significant role in shaping real-world policy out-
comes. However, fixing the number of incumbents provides a reasonable starting point, as introducing
an extensive margin complicates the analysis with an entry game that is challenging both analytically and
computationally.

For example, De Loecker, Eeckhout and Mongey (2019) analyze a model with endogenous markups ‘a la
Atkeson and Burstein (2008) and firm entry. Their entry game builds on Berry (1992) and involves complex
iterations to compare all possible entry configurations. Combining such a framework with incomplete in-
formation and optimal taxation would likely render the solution intractable. Future research could extend
our model to include firm entry, thereby analyzing the effects of taxation on both the intensive and exten-
sive margins for more nuanced policy insights. There are several ways to introduce the extensive margin.
Various approaches could be adopted to incorporate the extensive margin. For instance, Scheuer (2014) and
Rothschild and Scheuer (2013) introduce occupational choice, while Edmond, Midrigan and Xu (2023) con-
sider an economy with free entry under Kimball demand. Another approach might involve adding a fringe
of small businesses to each market.

(1v) PERFORMANCE PAY AND OPTIMAL PROFIT TAX.

In the real economy, entrepreneurs may only receive a portion of the profits through performance pay. We
now examine how profit sharing affects optimal taxation. Suppose that a fraction s of the company’s profits
is paid to entrepreneurs as performance pay. The entrepreneur’s problem becomes:

Veij (6e) = max co— e (le)

e,ijrbw,if
st Coii = [Yeij — Te (Ye,ii)] - SVe,if
= (1) Py (Qi {Qii 0}y ) Qi — WLai

where s is the entrepreneur’s share of the profits, and the remaining profits are distributed evenly among
taxpayers (or households).

In this setup, the planner’s problem and the constrained optimal allocation remain unchanged. How-
ever, the optimal taxation formula is adjusted to incorporate performance pay Specifically, the tax wedges
satisfy: T (-) = ts, Tw (6w) = T), (Yw (6w)) and T (6,) = 1 — (1 —¢t5) [1 — T, (ye (6¢))] - s. Therefore, intro-
ducing s won’t change the effective tax rate on the effort of the entrepreneur but proportionally increase
1 — T/ (ye (6)). Consequently, our main results remain valid.



4.3.  Alternative Technology, Preference, and Policy Specifications
(1) CAPITAL INVESTMENT.

Our benchmark model does not explicitly incorporate capital, but it can be adapted to do so. The frame-
work remains valid if entrepreneurial effort is replaced with capital investment, particularly when some
factor costs are non-deductible before taxation. Consider an economy where entrepreneurs choose labor
inputs L, and capital K, instead of effort:

max P (Qij (K, Lw), Q-ij (6e) ,6e) Qij (K, Lyy) = WLy — 1K — ¢ (K, 6,) — Te (ve)

where Q;; (K, Ly) is the firm-level production function of capital and labor inputs, r is the market price of
capital,®® and ¢k (K, 6,) is the unobservable cost of investment.

In practice, while the market price of capital (r) is observable, the total opportunity costs — such as
fundraising or management — are often unobservable, captured by ¢k (K,6,).” An alternative explana-
tion for ¢k (K, 0,) is the preference for asset (wealth). In that case, ¢k (K, 6,) can be negative, which means
investment directly generates positive utility. The common ground in these situations is that the elas-
ticity of investment may be finite, which is the key point of Saez and Stantcheva (2018), in which case,
Ye = Py (Qij (K, L), Q—ij (6e) , 6c) Qij (K, Lyy) — WLy — 7K.

In reality, incomplete deductibility of investment costs is common. For instance, while debt interest is
deductible, equity investments often are not. Equity investments affect the cash flow of shareholders and
generate costs, in which case, y. = P; (Qij (K, Lw) , Q—ij (6e) , 6.) Qij (K, L) — WLy, Then, even if ¢pg = 0
there are non-deductible capital costs before tax. This distinction suggests that profits tax can effectively
function as a tax on capital (see Myles (2008), Chapter 8).

Our core results remain robust under these scenarios. The fundamental issue in the incentive problem is
the unobservability of certain inputs, and our model can accommodate both deductible and non-deductible
factors. Consequently, the optimal profit tax formula derived here applies broadly, regardless of specific
input configurations.

(11) UNIFORM INCOME TAX.

Thus far, we have considered differentiated tax policies for labor income and profits. However, in practice,
governments may not perfectly distinguish between these two income sources. This raises the question of
optimal policy under a uniform tax on both profit and labor income.

Introducing this policy constraint complicates the problem significantly. As an illustration, let 6, (6,)
denote the ability of a worker whose income matches that of an entrepreneur with ability y. (6.) (i.e.,
Ve (6e) = Yuw (0w (6¢))). The first-order conditions for both types imply:

(6.
¢w (WVw vzee))

Wi (B (00)) 204 17 Te(ve(8)) =

(A145) 1—Tg, (ye (0)) =

Thus, under a uniform tax, the following policy constraint applies:

(60)
Vo (wibtrm) o (1.(6)
Wy, (64 (6e)) % 0,

where y,.(0,) = P (QZ]( e), 0c) Qij(6e) — WLy(6,). The planner must treat 6, (f.) as an additional decision
variable (see Fu, Gong and Li (2021) for solutions to this type of problem).

58In a dynamic or open economy model, r could be exogenous or determined by capital production technology, making the inclusion of K more
intuitive (e.g., see Cui, Gong and Li (2021)).

5 Under this illustration, ¢k (K, 8) can still be treated as the utility cost of entrepreneurial effort, where the entrepreneurs use their knowledge
to manage the factor inputs (more generally, one can take ¢x (K, Ly, 6;)).



Beyond the complexity, there is also a conceptual reason for differentiating labor and profit taxes in our
benchmark model. Entrepreneurial income often includes corporate profits, which are distinct from labor
income. Even after profits are declared as personal income, they remain conceptually different from wages.
Therefore, differentiated taxation is a realistic and practical starting point, especially when analyzing the
impact of rising market power.

Both differentiated and uniform taxation approaches are well-explored in the literature (see Scheuer (2014)
and Rothschild and Scheuer (2013)).%Y Given the real-world tax distinctions, we prioritize differentiated
taxation in our analysis to better understand its role in addressing rising market power.

(111) ENDOGENOUS SOCIAL WELFARE WEIGHTS.

In much of the analysis above, we assume exogenous social welfare weights, thereby isolating the influ-
ence of market power on optimal taxation through the four key components. This abstraction allows us to
focus on the direct effects of market power.

Our analysis of the laissez-faire economy suggests that entrepreneurs’ gross utility generally increases
with rising market power. An increase in market power, accompanied by higher markups, redistributes
income from workers to firms (primarily through lower wages) and reduces overall welfare. If similar
outcomes hold under optimal taxation, the marginal social welfare weights for entrepreneurs will decline,
leading to higher optimal profit tax rates. This result aligns with findings in prior studies (e.g., Kushnir and
Zubrickas (2019)). Additionally, a non-linear tax system can facilitate transfers between entrepreneurs and
workers, contingent on the social welfare function. Under a utilitarian framework, the burden distribution
is indeterminate, but it becomes determinate under a concave welfare function, where market power plays
a critical role.

Segregating the impact of endogenous social welfare weights is essential because generalized welfare
weights may depend on factors beyond gross utility, such as market structure and revenue contributions
(see Saez and Stantcheva (2016); Scheuer (2014)). For example, welfare weights might reflect the social
versus private value of entrepreneurship. By isolating this endogeneity, Proposition 3 remains applicable.
Empirically, we show that the optimal top profit tax rate increases with rising markups, supporting prior
studies’ conclusions.

V. Quantitative Analysis

Figure Al shows profit tax rates in terms of 6:
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Figure A1l. : Profit Tax Wedges

Figure A2 gathers results regarding the changes with k.
Figure A3 gathers changes in profit tax rates with the changes in ¢ and ¢.
Figure A4 gathers changes in labor income tax rates with the changes in ¢ and ¢.

0Scheuer (2014) consider both cases, referring to the uniform policy constraint as a no-discrimination constraint.
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