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A Additional proofs and model details

A.1 Proof of Proposition 1

From (10) we see that z’(b) = G* — R*(b) — R*(b)b. Substituting (9) into z'(b) yields that
z/(b*) = 0 holds precisely when (11). If ¢(b) = R*(b)b is weakly increasing, z'(b) is strictly

decreasing and hence b* is the unique global maximum.

A.2 Proof of Corollary 1

If z(D) is single peaked, the unique global maximum b* is also the unique local maximum.
All points by < b* are then necessarily characterized by z'(by) > 0, or equivalently,
R*(bg) < G* — ¢(bp). For any such point, a permanent deficit increase by Az = z(by) —
z(bg) > 0, for some by € (bp, b*) is a free lunch policy. Any point by > b* does not allow
for a free lunch as z’(by) < 0 there.

A.3 Proof of Corollary 2

The result follows directly by substituting out the interest rate (9) in the equation for the
primary deficit (10),
z(b) = (v/(b) (1 —x—pu)—p)D. (A.1)

The locus z(b) shifts down with higher p. In fact, if p rises above v/(0) (1 — x — u), the

government has to run a primary surplus at any positive level of debt.

A.4 Proof of Corollary 3

See (A.1) above.

A.5 Proof of Corollary 4

The post-tax interest rate R*(b) in (15) is the correct one to use in the government budget
constraint. From (15), we see that for any b, R*(b) falls in 7¢, T. Substituting (15) into (10)
then proves the statements.
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A.6 Proof of Proposition 2
A steady state at the ZLB satisfies the following set of equations:
¢ the Euler equation of savers (17) at a steady state with R; = 0
_ G

0=—=-G—p+79(b)c
Ct

the goods market clearing condition (16)

y=c+c+x

spenders’ budget constraint (3) with T = 0

C=py

the Phillips curve (4), expressed in terms of nominal growth rates,

G=G"—x(1-y)

the government budget constraint (5)

z+(0—-G)b=0

Combining (A.3), (A.4), (A.5), we obtain

G:G*—K<1—C+x)
1—u

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A7)

Solving the Euler equation (A.2) for c and substituting it into (A.7), we ultimately find

(G*—G) (1 =)' (b) —x) = —kR*(b)

where the natural rate R*(b) is as in (9). We define b as the debt level which satisfies

K

1(hy —
v(b)—l_y.
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Case (A). Now consider the case k < & = 1E;K m (p + G*) (case (A) of Proposition 2). In

that case, for any b < b4LB we have

/ ypziBy . PHG R K
v'(b) > 0'(b )_1—x—pl_1—,u>1—pt'

This allows us to solve (A.8),

K
7 (0) (1)«

confirming (18). It only remains to be shown that there cannot be a steady state with a
binding ZLB and b > b#L8. b = b%!B cannot be a steady state, as there R*(b) = 0 and thus,
by (A.8), G = G* and y = y* = 1. The ZLB is not binding there. If b > b?LB, R*(b) > 0, so
the only way for G < G* as part of a steady state is that b > b and (1 — u) ¢/ (b) < «. In this
case, we can write G(b) as

G(b) =G - (=R*(b))

p+G* K

_ 1-x—u 1—u B K
1—x 1 (1=p)v'(b) 1-p

G(b) = G* (A.9)

which is clearly increasing in b for b > b. The highest it gets is for b — oo, where v/ (b) — 0

and
p+G"

<0

This implies that the primary deficit z implied by (A.6) would have to be negative, which
we ruled out in Proposition 2.

Case (B). If x = &, then we can write steady state G as (A.9) whenever x ! (1 — u) v/(b) #
1. In that case, (A.9) reads

Gb)=G* - — ¢ LTEC

1—u _1—x—y<0

and is ruled out for the same argument as above. If k! (1 — u) v/(b) = 1, then this implies
b = %P for k = &. In that case, (A.8) is precisely satisfied since both sides of the equation
are zero. The ZLB is binding precisely when z < zZ8 or else (A.6) would imply G > G*.

Case (C). If x > &, then for any b > b4LB

V'(b) (1—p) <o'(0"MP) (1—p) =R <x
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Thus, (18) is well defined there. It remains to be shown that no ZLB steady state exists with
positive deficits and b < b%LB. In that range, R*(b) < 0, so by virtue of (A.8) the only way
for a ZLB steady state to existis (1 — ) v’(b) > k,i.e. b < b. Rearranging (A.9) as

K p+G*
_ % —H 1-—x—p . K
G =6 @) -1 1—n

the largest growth rate is obtained if v'(b) — co, in which case

Gb) » G = < - PTC

1—u _1—x—y<0

Thus, in this region, steady states at the ZLB must have a positive primary surplus, which
we don’t focus on here. This shows that with ¥ > &, the only feasible positive-deficit steady
states are in set {(b,z) : b > b%*!B,z(b) = G(b)b}.

A.7 Proof of Proposition 3

The dynamic equations characterizing equilibrium are (20) and (21). We first derive the
associated phase diagram, showing that there are exactly two possible steady states for
any given value of ¢ € (0, G*). We then argue that an equilibrium exists where b; < 0in
between the steady states, and b; > 0 left and right of the steady states. This will allow us
to prove Proposition 3.

The dynamic equations can be written as

Ct
Ct

. o atXx
= —p G+K<1 -

by = (—G +K(1—Clt_:) +§) by

whenever ¢; < 1—u —x. When ¢; = 1 — u — x, they are instead given by

) + 0 (by)c

Cr = Rt—G* —,0+v'(bt)ct =0

and
i?t = (Rt — G*) bt + Cbt

Variable transformation. In a first step, we transform the system of ODEs into new
variables. The new variables are ¢; = ¢;/b; and b;. ¢; captures the ratio of consumption to
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Figure A.1: Phase diagram with an occasionally binding ZLB

(a) Case Ak > 1 (G =) (b) Case B: k < =L (G* — &)
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bonds and turns out to be a very useful object to study. It is straightforward to derive that

C
b :U/(bt)btct—C—P
Ct
and
by —G*+K<1—bf1‘:i—+yx>+é bt <1—p—x

bi p—v(b)(1—p—x)+& bg=1—pu—x

Loci. The ¢ = 0locus is given by

and the b = 0 locus is given by

L, o l-p G ¢
c—b(l U x)(l TpTp—— )

We plot the two loci in Figure A.1. Under the assumption that v’(b)b is increasing, the
¢ = 0 locus is downward-sloping, starting from a finite and positive value at b = 0. We
distinguish two cases.

Case A: x > 1i;ﬁ < (G* —¢). Inthis case, there are points in the locus of b = 0 in the first

quadrant (with ¢, b > 0). This is shown in Figure A.1a. There exist two steady states, one at
the ZLB and one outside. The ZLB steady state is given by

o (b*ZLB> _ C+p K

S l-p—x K_li;ﬁx(c*_g)'

(A.10)
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and

«ZLB _ C+p

¢ ~ 0/ (b*ZLB) p*ZLB"

The steady state outside the ZLB is given by

o <b*noZLB) - - E;rﬁ - (A.11)

and
*noZLB __ 1—]1—3(3

¢ p*ZLB

In this case, as the phase diagram in Figure A.1a shows, there is a unique stable arm along
which the economy converges to the ZLB steady state. On the right, the stable arm begins
at one point (¢**,b**) on the line of full employment, where bc = 1 — u — x. Further down
along the line is the no-ZLB steady state. As long as the economy has not reached (¢**, b**),
it must remain on the line of full employment. On that, the arrows point away from the
no-ZLB steady state.

These arguments show that, in this case A, where x > 1_1;—”_36 (G* — &), we have that
by < 0 precisely in between the two steady states, and by > 0 elsewhere. It is straightforward
to see that the area between the two steady states precisely corresponds to the one described

in Proposition 3.

Case B: k < 11;ﬁ = (G* = ¢). In this case, there does not exist a ZLB steady state with

b,c > 0. Instead, the economy converges to a boundary steady state, where

bboundary —0

and
Cboundary — ¢+ P
limbﬁo v/ (b) b’
There is still a unique stable arm that leads to this boundary steady state. The transversality
condition holds along the trajectory, as the discounted marginal-utility weighted value of

bonds converges to zero,

1
e Pb/cp =e PP=— — 0.
Ct

This follows directly from ¢; — c?°#"47Y, Here, by < 0 anywhere left of the no ZLB steady
state, and b; > 0 right of it. It is straightforward to see that the area left of the steady state

in this case precisely corresponds to the one described in Proposition 3.
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A.8 Proof of Corollary 5

We prove that, starting from the ZLB steady state associated with some fiscal rule z; = ¢b,
& = (0,G*), we can always find a fiscal rule z; = ¢b; for some ¢ > &, that leads to an
increase in primary deficits at all points in time.

We distinguish three cases, in line with the numbering introduced by Proposition 2.

Case (A): k < ®. In this case, we can choose 5 = G*. With that fiscal rule, there is exactly

a single steady state, as
K

K=t (G = 9)

=1

so that the expressions in (A.10) and in (A.11) coincide. This steady state is exactly
the steady state at the border of the ZLB region, whose deficit-debt ratio is given by
ZZLB JpZLB — G* = ¢,

What happens to the deficit as we move from ¢ to &? Certainly & < ¢ and debt b; is slow-
moving, so that primary deficits are bound to rise on impact. They also rise permanently
as any ZLB steady state in this case has a debt level below bZLB (see Figure 4).

Case (B): xk = k. The argument in this case is identical, except that any ZLB steady state
has a debt level equal to b?L? (see Figure 4).

(z*4LB p*ZLB) there is a non-ZLB

Case (C): k > k. In this case, for any ZLB steady state
steady state at the same debt level and with greater deficits z(b*4L8) > z*4LB_ Choosing
& = z(b*#1B) /b*?LB ensures that deficits rise permanently.

A.9 Proof of Corollary 6

This follows from the fact that z(b) = G(b)b at the ZLB. Differentiating (18) we find
0G(b)/9G* =/ (b) (1 —p) /(V'(b) (1 —p) —x) > 0.
A.10 Proof of Proposition 4

Differentiating (18) with respect to y, we see that

G _ _ xv' (D) o K ;
T TR TRy
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After some algebra, and using ¥ > 0, 0G/du > 0 is equivalent to v/(b)x > x — p — G*. For
any b < b?LB, this is implied if ¢’ (b*"B)x > x — p — G*. Using v/ (b?FB) = %, this is
equivalent to k¥ < &, which we assume here. Thus, dG/du > 0. From z(b) = G(b)b we see

that inequality reduces fiscal space.

A.11 Proof of Proposition 5

A small transfer of dT < 0 with an associated increase in the primary deficit of dz =
—dt > 0 leads to a reduction in debt if db = —dz + bdG > 0. Here, dG is the change
in nominal growth, dG = «xv'(b)/ (v'(b) (1 — ) — x) dz, which follows by substituting
R*(by) = p+G* —0'(by) (1 —x — u+ 1) (a special case of (15)) into (18). So, db > 0
iff b-dG/dz > 1, which is equivalent to ¥ > %
among all debt levels with a binding ZLB when b = b%LB, for which case we note that

(1 — ). This condition is loosest

o' (b?FB)(1 — ) = . This proves the results in the proposition.

A.12 Details on the model with aggregate risk
A.12.1 Derivation of (25)

From the geometric Brownian motion for y;, (22), we see that y; follows the process

dy; = delosyi — vi (7 + %02) dt + yiodZ;. (A.12)

The saver solves (23) subject to (24). Denote by A; the costate of B;. This implies a first
order condition of
A =C.Y

and a law of motion of A; of

E; [d)\t] = )\t (p + Tt — Rt) dt — (y;k)iv U/(bt)dt (A13)

Denoting by ¢, the instantaneous volatility of A, LdA;, we move from dA; to d log A;

dlog Ay = ari _ Lﬁtdt. (A.14)
Av 2

Now define normalized consumption as ¢; = C;/y; so that At = (cry;) ™", or in logs,

log A\t = —vlogc; —viogy;.
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With s being the instantaneous volatility of ¢, Ldc;, we have

de; 1
dlogc = c_tt — Eacztdt
so that
dCt 1 2
dlog Ay = —v_- + viactdt —vydt —vodZ; (A.15)
t

which implies that )y = —vo — vo. Substituting (A.13) and (A.15) into (A.14), we find

dCt 1 d)\t 1
—VIEtC—t + Viacztdt — V’)’dt = IE.t/\—t — E(T)zudt

or simplified,

vE {?} = (Rt — p — " —vy)dt + c{v' (by)dt + %1/2 (0ot + 0)* dt + v%acztdt (A.16)
t

Defining the growth-adjusted discount rate p by p = p+ (v — 1) v and using G* = v + 7*

as before, we arrive at (25).

A.12.2 Derivation of R(b;) in (26) with aggregate risk

In equilibrium, ¢; = 1 — x — p is a constant by goods market clearing. This also means that
ot = 0. Substituting into (A.16), we find

1 v
Ry =R(by) =G+ (v—1)7+p—5v70" = (1= x = )" 0'(by).
N e’

=p
A.12.3 Derivation of normalized government budget constraint (27)

To derive (27), observe that the usual budget constraint still holds,
dBt = (R(bt) — 7'[*) Btdt + (Xy;gk — Tt) dt (A17)

Therefore, using (A.12), the evolution of by = B;/yj is given by

dbt = tht + (R(bt) - G* + %0’2) btdt — th'dZt
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where the 302 = 02 — Jo? term is the Ito correction ¢ coming from the volatility of y;

minus %02 from (A.12). Observe that the law of motion for log b; does not have a correction,

dlogb; = %dt + (R(by) — G*) dt — 0dZ,
t

confirming that [E; [dlog b;] = 0if z; = (G* — R(by)) by.

A.12.4 Derivation of sufficiency of (28) for the transversality condition

The transversality condition for the saver maximizing (23) is demanding that, at the

optimum, the expected present shadow value of bonds at date t go to zero as t — oo,

lim e P'IEq [A+B;] = 0.

t—o0

To prove that this indeed holds under condition (28), we define h; = e P!A;B;. Building on
(A.13) and (A.17), hy evolves as

B d\; . dB
d]’lt = phtdt + ht/\_t + htB—t/

or, substituting out dA; and dB;,

dhy = —phsdt + ht%vzazdt —vohdZ; 4 (R(by) — 7w — vy) hydt + %htdt.
t

If condition (28) holds, we can bound h; above by process h;, which evolves as
d]jlt = —Gfltdt — VUfltdZt

at all times t > T where T is chosen such that (28) holds thereafter. ; is a standard
geometric Brownian motion whose expectation IEofzt converges to zero. Thus, Eoh; < IEofzt

must converge to zero as well.

A.12.5 Proof of Proposition 6
The evolution of debt b; without the increase in debt by A is given by

2
dbt = tht + (R(bt) - G* + %) btdi’ — th'dZt.
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The evolution of debt b2 after increasing debt by A > 0 at date 0 is
o2
db? = z,dt + (R(btA) - G*+ 7) brdt — bPodZ;.

Given the convenience yield is affine-linear, as in (29), the interest rate schedule R(b) has a

constant slope ¢ = R’(b). In the notation of (29), ¢ = ¢/by. Here, we use ¢(b) to denote

the local semi-elasticity of R to debt around an arbitrary debt level b, ¢(b) = gﬁ(g; = ¢b.

Of course, around by, ¢(by) is exactly equal to the ¢ in (29).
We denote the difference between the two by Ab; = btA — b;. It satisfies the SDE

2
d (Abt) = |:R(bt) —G* + (P(bt) + % + (PAbt} Abtdt — Abt . O'dZt. (A18)

Our goal is to show that limp_,g P(Ab; — 0) = 1. We do so by first analyzing a simpler
process, KE, defined by

N 27 g

d <Abt> - [R(bt) —G* + o(b) + ‘%1 Abydt — Ab; - 0dZ; (A.19)
with same initial condition Kbvo = Aby = A.
Characterizing the process Ab;. The SDE for log Ab is given by

dlog Ab; = [R(by) — G* + (b)) dt — 0dZ,; (A.20)
We can integrate (A.20),
__ T
log Abr — log A = / (R(b;) — G* + @(by)) dt — 077
0

We note here that E\/bT scales with A.

Since b; follows a stationary Markov process, the strong law of large numbers (Ergodic
Theorem) holds,

T
1 / bidt — / bF(db)  as.
T Jo

By linearity of R, ¢, it follows that

1 /T _
T/o (R(b) —G* + ¢(by))dt = R—G*+3F  as. (A21)

All



with R, g as defined in the text of Proposition 6. Moreover, another application of the

strong law of large numbers gives”!

1
TZT — 0 a.s. (A.22)

Together, (A.21) and (A.22) imply that
1 — — .
T <logAbT - logA> —+R-G"+79 a.s.

We now distinguish two cases, depending on the sign of R — G* + ¢. Suppose first that
R — G* 4+ ¢ < 0. Pick some 6 > 0 such that R — G* + @ + § < 0. For almost any sample
path of &vbT, we can find a time T, such that forany T > T,

1/ o
T(logAbT—logA) <R-G" +9¢+0d.
This implies
Abr <A-exp{(R—G*+G+0)T}.

Given R — G* + @ + 6 < 0, this establishes that AVbT — 0 along almost any sample path,
and hence Abr — 0 almost surely. In addition, it establishes that Abr is integrable along
almost any sample path, that is,

/ AvdeT < o0 a.s.
0

Now consider the case R — G* +¢ > 0 and chose 6 such that R — G* + ¢ — § > 0. Then,
for almost any sample path of EvbT, we can find a time T, such that forany T > T,

1, — L
T(logAh—logA) >R-G'+9—6
and therefore
Abr > A-exp {(R—G*+G+0)T}.

Given R — G* + @ — 0 > 0, this establishes that in this case, EvbT — co along almost any
sample path, and hence Abr — oo almost surely.
Having investigated the properties of Ab;, we now return to Ab;.

AlGee e.g. https://wuw.stat.berkeley.edu/~pitman/s205s03/lecturel5.pdf, Example 15.6 for a
proof.
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Characterizing the process Ab;. Ab; differs from Ab; as the former has an additional
nonlinear term, ¢ (Abt)z, in its SDE (A.18). We therefore clearly have that Ab; > EZZ This
already gives us our first result, namely that R — G* + @ > 0 implies almost sure divergence
of Ab;, or in other words, P(b® — b;) = 0.

Accordingly, we focus on the case R — G* + @ < 0 hereafter. We can formally study
the difference between Ab; and BE by characterizing the SDE of ZE/ Ab; (which must lie
between 0 and 1). After some algebra combining (A.18) and (A.19), we find

Ab\ o
d (A—bt> = —pAbdt.

gvbT B T
A_bT_l__/o PAbydt

This SDE has the solution

or, equivalently,
Abr
1 [ pAbdt

T

which is well defined for any sample path with fOT 4)Zb/tdt < 1. Since we showed above
that (a) for T — oo, fOT Abdt is finite almost surely and (b) Ab; scales in A, it follows that
for any A for which fooo ¢Z\b/tdt <1,

lim Aby = hmT;“’,AfT —0.
T—o0 1— [y ¢ADbdt

Thus,
P (Aby — 0) 213(/ PAbydt < 1)
0
but the latter probability approaches 1 as we take A — 0, since Ab; scales in A. Therefore,
lim P (Ab 0)=1
Ay P (Abr = 0)

which is what we set out to prove.
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A.13 Details on the model with capital

We begin with the household optimization problem (30). The Euler equation for bonds is

given by
2:Rt—Gt—,OvLﬂv,(bt_‘_kt>. (A.23)
Ct Yt Yt

The Euler equation for capital is given by
¢tk ct , (b +kt>
—=r—7—p+—0 . A24
o ety ( ” (A.24)

We characterize the steady state. Then, subtracting (A.23) from (A.24), we find

R*—G*:rk—'y:m_lzxk"‘_l—ék—’y:m_llx%—(Sk—’y.

Moreover, in a steady state, (A.23) looks as usual

R*:p—i—G*—(l—x—y)v’(%).

This completes our derivation of (31). Linearizing the two equations in (31), we obtain

dR = fp(berk> <d§+d§) and R = _(k/y)lR—G*dféw'y

Combining these two equations, yields (32), (33), and Proposition 7.

B Additional model details and extensions

B.1 Local present value budget constraint

If one had to work with (14), a natural choice for the discount rate 6; is the marginal cost
of borrowing, 0; = R(by) — G* + ¢(b:), which includes ¢(b;). Locally around a steady
state with debt b, interest rate Rss = R(bss) and ¢ = ¢(bss), we then find a present value
constraint

T RaGHolty gy v — Py A2
/0 e ztdt + Dgs RSS_G+¢SS ( 5)

(A.25) is well-defined whenever there is no free lunch, that is, Rss > G — ¢. Relative to
a standard present value condition, it includes an extra term (one may call this a “debt
revenue term” as in Reis 2021) on the right hand side of (A.25), capturing additional fiscal
space afforded by the convenience utility. The fact that discounting includes ¢ means
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that this condition is well defined even if Rss < Gss, so long as there is no free lunch,
Rss > Ggs — ¢. If there is a free lunch, (A.25) is not well-defined as, locally, there are no

constraints on deficits z; around a free lunch steady state.

B.2 Microfoundation of the convenience utility

In the main body of the paper, we have taken the convenience yield v(b) as given, deriving
implications for fiscal space. We next propose a microfoundation for the convenience yield
v(b) that is fully consistent with our previous analysis.

Convenience benefits are typically thought of as either liquidity or safety premia. Many
microfoundations exist for liquidity (e.g. Lagos and Wright 2005), and some have been
shown to reduce to a v(b) function (Angeletos, Collard and Dellas 2020). In this section,
instead, we propose a model of safety premia, interpreting bonds as being safe if they are
likely to pay out even after a big disaster.*?

Consider an economy like the one in Section 2, with two changes. First, there is no ad-
hoc convenience utility function v. Second, there is a flow probability A > 0 with which a
disaster occurs (a la Barro 2009). Conditional on the disaster occurring, it reduces potential
output y* from 1, our normalized pre-disaster value, to § € (0,1), with probability f(4),
where | 01 f(6)dé = 1. The only friction that we assume in this model is that the government
can only raise tax revenue T; from savers up to some fraction T + x of output.*> For
simplicity, it cannot tax spenders, T = 0. If debt service requires greater taxes, we assume
that the government defaults. We assume that default entails default costs (in the form
of transfers to households, not resource costs) that are sufficiently large so that all bond
wealth is lost.A*

We analyze this model in two steps. First, we focus on the economy after a disaster of
size 6 happened. Then, we study the economy before the disaster shock, and argue that it
is isomorphic to our model in Section 2.4

When a disaster of size § materializes, the interest rate rises to R = G* 4 p, as bonds lose
their “specialness”. This requires the economy to run a primary surplus of pb/é relative to
GDP. Given the upper bound on taxes of T + x, default occurs when output after the shock
S falls below § = pb/T. We denote by V;(b; §) the utility of an individual saver with bond

A2We describe in Appendix D a number of alternative models and show that they numerically have similar
implications to our reduced-form convenience-yield model of Section 2.

A3We include the share of government spending x here so that the government can always finance its
spending. This is equivalent to a cap on the primary surplus of T.

A4This is equivalent to the government defaulting on all its debt. The case with partial default is very
similar to the analysis below.

ASThis is again similar to the “risky steady state” in Coeurdacier, Rey and Winant (2011), and to the Poisson
shocks in Caballero and Farhi (2018) and Caballero, Farhi and Gourinchas (2016).
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position b after shock ¢ realizes.

Before the disaster occurs, savers now maximize utility
1 ~ . .
pVi(b) = max logc + )L/O f(8) (Vi (b;6) — V(b)) dé + Vi(b) + V/ (b)by (A.26)
where b; is given by the budget constraint (2). Combining the first order condition for ¢

and the Envelope theorem for V;(b), this formulation can be shown to imply a natural rate
before the disaster that depends on b and is given by

R*(b) = p+ G* — AF (@f) (A.27)
where we defined .
5) = /5 F(6)51ds — 1. (A.28)

F(J) determines the insurance value of a bond that pays off whenever the shock is better
than 4. If F(J) < 0, this implies that the bond, on net, is risky, which will be the case for §
close to 1. If F(8) > 0, which will be the case for J closer to zero, the bond is, on net, safe.
In that case, AF (p—?b> corresponds to the convenience yield, analogous to v'(b)(1 — x) in
(9). As before, the convenience yield falls in b.

The definition of F in (A.28) illustrates exactly the premium for “safety”: bonds that
pay out in very adverse states of the world, with low 4, carry a higher convenience yield.
In the special case where the density is equal to () = 26 and F(§) = 1 — 24, we find that

the convenience yield is given by
(' b) A —2f A b

microfounding our affine-linear specification (29).

Observe that this model here has the same deficit-debt locus as one in which savers

MOL

We begin by introducing long-term debt into the model. We denote by by short-term debt

have preferences (1) with convenience utility

B.3 Maturity structure and fiscal space

and by b!T long-term debt (relative to potential GDP). We assume that long-term debt also
carriers convenience benefits for savers, albeit less than short -term debt. Thus, we assume
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Figure A.2: Fiscal space with various shares ¢ of long-term debt

A. Interest rates (red) and growth rate (blue) B. Deficit-debt diagram

T T T
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Note. Plot uses & = 0.7. Left panel: ¢ = 0.5. Right panel: ¢ € {0.1,0.5,0.8}. This figure is only illustrative. It
uses a x of x = 0.075 and otherwise follows the parameterization in Section 5.3.

a convenience utility of
v (bf [t sz}T)

where a € (0,1). This specification implies that the natural interest rate on short-term debt,

which we continue to denote by R}, is given by
F=p+ G =Y (T k) (-2 — ).

The ZLB binds whenever R} < 0 so that R = max{R},0}. The interest rate on long-term
debt, which we denote by R, is then

RE=Ri+(1—a)v' (BT +abFl) (1 —x —p).

In particular, RH is strictly greater than Ry, and the spread between the two shrinks in
b;T + abt.

To see how this affects the deficit-debt diagram, we denote the share of LT debt issued
by the government by ¢. The government budget constraint is then

% (bfT + thT> = (R -Gy (bfT + b£T> +z
where R; = (1 —9) Ry + ﬂRtLT and G; is equal to G* outside the ZLB and (18) at the ZLB,
as before.

Figure A.2(A) plots Ry, RtLT, and G; as function of total debt b5T 4 pLT, illustrating the
positive spread between R; and RLT, which shrinks at higher debt levels. Figure A.2(B)
plots the deficit-debt locus z (bs T4 bLT), as function of total debt b°T + b, for various

shares of long-term debt . Two observations are noteworthy. First, with greater shares of
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long-term debt 9, there is less fiscal space at small debt levels; the ZLB region is greater; and
the boundary of the free lunch region b* generally shifts to the left. Second, with greater 9,
there is generally more fiscal space at higher debt levels. This is a direct consequence of the
fact that long-term debt has smaller convenience benefits, so both interest rates R; and RFT
increase less rapidly in long-term debt.

A stylized way to think of large scale purchases of long-term government debt (one
type of quantitative easing, QE) is that it changes the maturity composition of government
liabilities towards short-term debt, effectively lowering ¢. As Figure A.2(B) shows, this can
help an economy escape the ZLB (as in Gertler and Karadi 2018, Caballero and Farhi 2018,
and Cui and Sterk 2021), and gives it greater fiscal space at low debt levels. However, it
also highlights that QE may reduce fiscal space at higher debt levels.

B.4 Fiscal space with general asset market structure

We next show how the example of the previous subsection can be generalized to allow for a
general asset market structure.*® For simplicity, we focus here on an economy without ZLB.
We assume here that there are N distinct asset classes, labeled by n = 1,..., N. Households

have a general convenience utility
’U(blt, ey bNt)~ (A29)

If by > 0O, the government is indebted in asset class n to households; if b,; < 0 the
government is a saver in asset class n. Note that any constraints on assets (e.g. limits
on borrowing or saving in a particular asset 1) can be incorporated into v. The previous
subsection is a special case of this setup where N = 2, by; = thT, by = thT, and v(by, by) =
v(by + aby).

We denote the interest rate on asset n by R,;. With the general convenience utility

(A.29), the saver’s Euler equation with respect to additional saving in asset class n implies

. v
Rnt:Rn(bltz---/bNt) :p+G —(1—x—]/t)£(b1t,...,bm).
n

The government budget constraint then reads

N . N
Z bnt = Z (Rnt — G*) bnt + Zt.
n=1

n=1

A6 A precursor to studying fiscal sustainability with several imperfectly substitutable assets is Weil (1987).
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We define the asset specific sensitivity ¢, as

N 3R,
q)n (bl,...,bN) = Z bm_(bl,...,bN).
= dby

¢n captures the impact on total borrowing cost of the government from the increase in
interest rates caused by an additional unit of debt in asset class #.
We define the minimum weighted average interest rate by
N bn

R(b) = Zr?nigb;; R, (by,...,bN) 5 (A.30)

We assume that a minimum exists. R (b) is the interest rate the government pays if it
chooses the optimal portfolio across asset classes, holding total debt fixed at b. We define
total sensitivity as
oR
¢ (b) = b5, (b).

At the minimum in (A.30), we have to have that the marginal cost of borrowing in asset
class n, R, + ¢y, is the same across asset classes; in that case, it is precisely equal to
R(D) + ¢(b).

We define the deficit-debt locus in this economy as
z(b) = (G* — R(b)) b.

It is easy to see that an economy whose total debt is b, whose primary deficit is z(b), and
whose portfolio minimize the average interest rate as in (A.30) is in a steady state with

b+ = 0 across asset classes.

We have the following result on free lunch policies in this environment.

Proposition 8. Assume z(b) is single-peaked. A free lunch policy exists in the economy with
general asset classes with initial steady state debt by and primary deficit zq if and only if either
zo < z(bp) or

R(bo) < G — @(bp). (A.31)

Proof. 1f zg < z(bg) then, by definition of R in (A.30), we can find a portfolio with the same
initial total debt by that allows for a greater primary deficit z(by). Hence, there is a free
lunch. The rest of the proof is exactly analogous to that of Corollary 1. If zy = z(bp) and
(A.31), the argument exactly follows by raising deficits to some level between zy and the
peak of z(b). Vice versa, if zg = z(bg) and (A.31) does not hold, total debt cannot fall, and
hence primary deficits cannot persistently rise, without first cutting deficits below zg. [
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Proposition 8 shows that there are now two ways in which a free lunch can materialize
based on some initial steady state with total debt by and deficit zy. First, it can be that the
steady state has a suboptimal portfolio, one that does not minimize the interest rate as
in (A.30). In this case, the steady state will lie strictly below the deficit-debt locus. A free
lunch here is simply given by moving up to the locus by way of adjusting the portfolio.
Second, if the steady state lies on the deficit-debt locus already, a free lunch exists precisely

under the same condition as before, R < G — ¢.

Example: Government can save in asset without convenience yield. We illustrate
Proposition 8 with the following example with N = 2. Imagine asset class 1 is the usual
debt with convenience yield coming from utility v(b;); asset class 2 instead allows the
government to save at the interest rate p + G* up to some limit B > 0, that is, b, € [—B, 0].
This interest rate is the one paid on investments that do not carry any convenience benefits.

Figure A.3 shows the deficit-debt diagram in this economy. In contrast to the deficit-
debt diagram in Section A.3 without saving opportunity (dashed line), we now have a
strictly higher deficit-debt locus (solid line). This makes sense as there now exists a region
for total debt b to the left of some debt level b where it is optimal for the government to
take advantage of the higher-return saving opportunity while borrowing in a lower return
asset class.

This automatically implies that any initial steady state left of b in which the government
does not use the opportunity, b, = 0, despite it being optimal to do so, now admits a free
lunch policy. This can occur even if the initial steady state was to the right of the peak of
the (dashed) deficit-debt locus without saving opportunity.

However, if the economy already starts with a steady state in which the saving oppor-
tunity is optimally used, then it is less likely that the economy admits a free lunch, as the

peak of the deficit-debt locus shifts to the left with the saving opportunity.

C Comparison of our model with “money in utility” models

Next, we study a model that is inspired by recent models studying R < G in a flexible price
money demand model setting a la Sidrauski (1967). Models of this sort have recently been
studied by Brunnermeier, Merkel and Sannikov (2020a,b) as well as Kaplan, Nikolakoudis
and Violante (2023). As we explain in detail in this section, the key distinction between our
work and these papers is that we assume that the central bank uses its nominal interest

rate to target inflation whenever it can, whereas these papers allow the price level to jump.
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Figure A.3: Deficit-debt diagram with additional asset class
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Note. This figure compares our baseline deficit-debt diagram (Section 3) with one in which the government

has the opportunity to save up to an amount B at interest rate p + G*. This saving opportunity shifts up the
deficit-debt locus to the solid line.

C.1 A modified model

We take our model from Section 2 and make five modifications:

. We assume p = 0, i.e. the economy is only populated by savers.
. We assume away the zero lower bound.

. We assume a symmetric (rather than only downward) nominal wage rigidity,

T = —— = Tt —k (1 - 1’1,}) (A32)

with slope x > 0. We denote the price level by P;.

. We assume the central bank targets inflation according to a Taylor rule
Ry = R* + (P (7'(t — 7T*) (A33)

with coefficient ¢ > 0.

. We assume a general affine-linear fiscal rule,
z =2+ & (by — %) (A.34)

where ¢ € R captures the responsiveness of the primary deficit to public debt.

This setup captures the essence of three different models:
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1. Our model in Section 3 can be regarded as the limit ¢ — co with a constant primary
deficit, ¢ = 0.

2. A money-in-utility (MiU) model a la Sidrauski (1967) is a model in which the govern-
ment liability b; represents real money balances, rather than the real value of bonds.
This implies a constant nominal interest rate on money (typically assumed to be zero),
and thus ¢ = 0 in (A.33). Typical MiU models are analyzed with a constant money
growth rule. Here, such a rule corresponds to constant growth in nominal debt B;.
We can nest this rule in (A.34) by assuming z* = b* = 0. In that case, the nominal

government budget constraint is
Bt = Pizy + (R — ) Bt = ({+ R" — ) By.

Thus, by choice of {, any arbitrary growth rate of nominal bonds can be implemented.
If prices in this economy are assumed to be flexible, the limit x — oo is to be taken.

3. A fiscal theory of the price level (FTPL) model as in Kaplan, Nikolakoudis and
Violante (2023), with a constant primary deficit, { = 0, a passive monetary policy
rule, ¢ = 0, and flexible prices, x — co.

We focus on models 1 and 2 here, leaving a discussion of the FTPL model to Kaplan,
Nikolakoudis and Violante (2023).

C.2 Laws of motion

This modified model can easily be seen to follow a system of two ordinary differential
equations. The first equation, the Euler equation, is given by

bR =G r(p—1) (r o —1)—p+ (b (A.35)
t ~ 9

-~

Ri—Gy

Here, we substituted the Taylor rule (A.33) in for R;, and the Phillips curve (A.32) (with
x 4 ¢t = ny) infor Gy = y + ;. Equation (A.35) describes the law of motion of consumption
as a function of consumption c; and real debt b;.

The second equation is the law of motion of real debt b;, which is given by
by =z"+&(b —b*) + (R* —G* +x(p—1)(x+ct— 1)) by. (A.36)

We arrive at this expression by substituting the fiscal rule (A.34) and the expression for
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R — Gy in (A.35) into the government budget constraint (5). Together, (A.35) and (A.36)

are necessary equilibrium conditions.

C.3 Steady state result

Our first result concerns the steady states of this system of differential equations.

Proposition 9. Assume ¢ # 1. Then, in the limit of flexible prices, k — oo, the primary deficit z
and debt b in any steady state satisfy

z= (o' (b)(1—x)—p)b. (A.37)

In particular, this relationship is independent of trend inflation 7v*, the Taylor rule coefficient ¢
other than ¢ # 1, and the parameters of the fiscal rule ¢,z*,b*. The same relationship holds when x
remains finite but ¢ — oo.

Proof. The proposition is proved by imposing b; = ¢; = 0 in (A.35) and (A.36). Doing so,
we find the following two equations:

R =G+ (p—Dx(x+c—1)—p+9(b)c=0 (A.38)

and
z+(R*"=G"4+x(p—1)(x+c—1))b=0. (A.39)

Substituting one into the other, we arrive at

z= (v'(b)c—p)b.

Finally, solving for c in (A.38) and applying « (¢ —1) — oo or —co, we find c = 1 —x,
establishing (A.37). O

Proposition 9 is useful as it shows that irrespective of monetary and fiscal policy rules,
steady states always lie on the same steady state locus (A.37), equal to the one we solved for
in Section 3.1. In particular, the three economies mentioned above—our Section 3 economy,
the MiU economy and the FTPL economy—all share the same steady state locus.

In the following, we focus on the case where the steady state locus (A.37) is single-
peaked, e.g., as depicted in Figure 1b. Just as before, steady states in the increasing part of
the steady state locus are then characterized by R — G < ¢, where ¢ is still defined as the
derivative of steady state R — G—which by (A.38) is equal to p — ©'(b) (1 — x) in the limit
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Figure A.4: Section 3 economy: Phase diagram and deficit-debt locus

(a) c-b phase diagram (b) Deficit-debt locus
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N A deficit z

fiscal rule: z = const

>
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free lunch is available left of the peak

k (¢ — 1) — co—with respect to log b,
¢ =—(1—x)v"(b)b. (A.40)

Vice versa, steady states in the decreasing part of the steady state locus are characterized
by R — G > ¢.

We next show that, different from the steady states, the dynamics of the model are, in
fact, very much affected by monetary and fiscal policy rules, even in the limit of flexible

prices Kk — oo.

C.4 Dynamics in the Section 3 economy

Figure A.4 shows the phase diagram and deficit-debt locus in the Section 3 economy, for
z* > 0 and for large x (¢ — 1). The ¢ = 0 locus is given by

G*—R* +p+(p—1)x(1-x)

)+ (@ 1)r (a.41)

CcC =

For large (¢ — 1) x, this is an increasing function, which ultimately converges to 1 — x as
(¢ — 1)k — 0. The b = 0 locus is given by

1 . A

This is also increasing for large (¢ — 1) x, and also converges to 1 —x as (¢ — 1) k — oo.
The two loci intersect exactly twice for the two steady states with deficit z*. As the saddle
path shows in Figure A .4a, the left steady state is stable, while the right one is not.

When is there a free lunch in this economy? As shown with the dashed line, a modestly
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higher deficit z* leads to a stable transition to a new steady state that still lies to the left
of the peak in Figure A.4b, where R < G — ¢, analogous to our result in Corollary 1. We
formalize this in the following proposition.

Proposition 10. Assume the Section 3 economy, with ¢ = 0 and large (¢ — 1) x. Any steady state
with R < G — ¢ has exactly one stable and one unstable root; any steady state with R > G — ¢ as
two unstable roots. A free lunch policy is available when R < G — ¢.

Proof. Begin with a steady state for c, b. We denote with a “hat” linear deviations from the

steady state. The linearized laws of motion can be derived to be

% = ((¢p— 1)k + /(b)) & + 0" (b)chy
and X
E:K((l)—l)b@t—%gt,

or in matrix notation,

(ét ) B ( (¢ —1)x+7'(b) v”(bt)c) (tft )
Bt B K(qb—l)b —% Bt .

Any eigenvalue A of this system is a zero of the characteristic polynomial

z z*

P(A) = A% — ((gb—l)x—i—v’(b)— ;)A—?((q)—l)x—kv’(b))—v"(b)cx(gb—l)b:O.

We can rewrite the polynomial as

Z*

PO) =22 —x(9—1) (A + (0" @0+ 0 0)) (1) p)) - (v0) - 5 ) A =o' (0)3
We see that, as x (¢ — 1) — oo, one root converges to +oo, while the other converges to
A=p—("(b)b+7'(b))(1—x) =R—-G—¢.

Exactly when R < G — ¢, A is negative and we have a saddle path stable equilibrium.
When, instead, R > G — ¢, A is positive, and booth roots are explosive.

A free lunch in this economy exists precisely when a permanent increase in the deficit
z* is consistent with a stable evolution of the debt level. This is the case around the
saddle-path stable steady state, where R < G — ¢. This proves the result. O
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Figure A.5: MiU economy: Phase diagram and deficit-debt locus

(a) c-b phase diagram (b) Deficit-debt locus
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C.5 Dynamics in the MiU economy

Figure A.5 shows the phase diagram and the deficit-debt locus for the MiU economy. Here,

the b = 0 locus is a horizontal line,
1 * *
c——E(C—G +R*)+1—nx.

The ¢ = 0 locus is again given by (A.41). There is a single steady state with positive debt
for every choice of nominal debt growth, i.e. every choice of ¢. The steady state is stable.

When is there a free lunch in this economy? The dashed shifted line shows what
happens when nominal debt growth, that is ¢, is shifted up. The deficit jumps up, then
comes down. It settles below the original deficit precisely when R < G — ¢, and above the
original deficit when R > G — ¢. This is exactly the flip-side of the result in the Section 3
economy. We formalize this as follows.

Proposition 11. In the Mill economy, with ¢ = 0 and z* = b* = O, there is a unique steady state
with positive debt. The steady state is saddle-path stable.

Proof. Under the MiU assumptions, the steady state equations are then (A.37) together
with the fiscal rule z = {b. This implies that any positive-debt steady state needs to satisfy

o'(b)ce=C+p (A.42)
Furthermore, (A.39), when substituting in the MiU fiscal rule, leads to
C+R* -G +x(-1)(x+c—1)=0
and thusc =1—x + ({ — (G* — R*)) /x. The unique positive steady state level of debt b
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is therefore pinned down by

o' (b) (1—x+5_(GZ_R*)> =& +p. (A.43)

To show that the steady state is indeed saddle path stable, we linearize the system of
ODE:s again, noting that the linearized law of motion of debt (A.36) is now given by

l;t = —xC tb
In matrix notation, we then have

( :t > _ < —x + 0'(b) v”(b)c) (
bt —xb 0

The characteristic polynomial is

> O

S O

)

P(A) = A*— (—x+ ' (b)) A + 0" (b)ckb = 0

which, due to P(0) < 0 but P”(A) > 0 always has exactly two roots, one negative and one
positive and is thus saddle-path stable. O

Contrary to our discussion in the proof of Proposition 10, saddle-path stability here
does not imply the availability of a free lunch policy. A free lunch policy is available if
an increase in deficits can be sustained indefinitely. Fiscal policy is parameterized here
with ¢, which shifts the rate of nominal debt growth. A free lunch exists when (a) one can
increase ¢ permanently, leading to higher deficits in the short run, and (b) this leads to
higher debt levels in the long run. We next show that in the MiU economy, this is exactly
flipped relative to the result in Proposition 10.

Corollary 8. In the Mill economy, in the limit x — oo, a free lunch exists when R > G — ¢ and
does not if R < G — ¢.

Proof. Starting at some steady state (c,b), contemplate a small increase in &, by some ¢.
This modifies the ODEs to be

&\ [ —x+0(b) "(br)c Gt 0
(1) () (5)(a) o

A free lunch exists if this leads to a permanently elevated path of deficits,
2y = Eb + &by > 0. (A .45)
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A first necessary condition for a free lunch is that 2y > 0. As b; is slow-moving, this is
equivalent to & > 0.
From (A.43) we can derive the long run effect of an increase in ¢ on debt,

s 1, v'(b)
b = el (1 _ ) . (A.46)

K

A second necessary condition for a free lunch is that Z., > 0, which, combining (A.45) and

1 v'(b)
1+Cv”(b)bc (1— ” >>0.

As x — oo, this condition is equivalent to

(A.46), is equivalent to

v (b)bc + & > 0.
Based on (A.42), this can be rewritten as
" (b)b+ ' (b) —p >0

which by (A.40) and the discussion around it, is precisely equivalent to R > G — ¢.

This argument shows that R > G — ¢ is necessary for a free lunch. It is also sufficient,
as convergence of b; to b, must be monotone: The system of ODEs (A.44) is saddle-path
stable, implying that there exists a unique trajectory to the steady state for any initial level
of debt. O

This result may seem surprising: How come R > G — ¢, a condition seemingly charac-
terizing steady states with a high interest rate relative to the growth rate, and/or a high
interest rate sensitivity to debt, is the right one for a free lunch in the MiU economy?

It comes down to the monetary policy rule assumed: In our Section 3 economy, monetary
policy is active, ¢ > 1, so that higher deficits lead to greater real interest rates, increasing
the real debt of the economy. Vice versa, in the MiU economy, the nominal interest rate
is fixed. Higher deficits then reduce real interest rates by raising inflation, thus lowering,
not raising, debt levels. Precisely when interest rates are high and very sensitive to debt,
permanently higher deficits leading to lower debt levels become a possibility.

The flip-side of this result may seem equally surprising: When R < G — ¢ and (real)
debt is low, how come we cannot simply push debt up in this economy and enjoy a free
lunch like we did before? Can’t we run very high deficits for a short instant, effectively
amounting to an upwards jump in the debt level? This is infeasible, because, as mentioned,

higher deficits do not increase real debt in this economy! By raising inflation they instead,
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inflate debt away. To see this mathematically, observe that b; starts at zero at t = 0 and then
falls to b < 0 (see (A.46) for k — o0). by is negative in between. The only way to raise real
debt in this economy is, paradoxically, to lower deficits and inflation, and wait for debt to
build up.

Our analysis of the ZLB constraint in Section 4 points towards a direction to see how
“MiU-like” behavior can emerge in an economy at a binding ZLB. There, too, we saw that
for a sufficiently flexible Phillips curve, greater deficits can potentially have a stronger
negative effect on debt than positive effect. But within limits, as too high a deficit will pull

the economy out of the ZLB, precipitating rising real interest rates and real debt levels.

D The deficit-debt diagram in other models

In this section, we derive the interest rate and growth rate schedules R(b) and G(b) in a
variety of models, and compute the deficit-debt locus z(b) = (G(b) — R(b)) b.

D.1 Model inspired by Reis (2021)

Here, we sketch a version of the two-agent model in Reis (2021) and use it to derive the
corresponding functions for R(b) and G(b).

There are two types of agents, entrepreneurs E and financiers F. Each instant ¢, an
agent i is randomly allocated to be either E or F, with probabilities « and 1 — & for E and F.

Agents solve
max [Eg [/OOO e P'log cidt}
subject to the budget constraint
dal = (Rtb}; ol ik - g — c;') dt (A.47)
where al = bl + I} 4 k! is agent i’s total wealth, and subject to the constraint
b >0,k > 0.

Here, b! is agent i’s holdings of bonds, I} agent i’s lending (or if negative, borrowing), and
ki agent i’s holding of capital. 7; is a lump-sum tax. Thus, each agent can invest in three
different assets each instant: government bonds b! paying rate R;, loans I} paying rate i
and capital paying rate r'.

The return on capital ' crucially differs by type. If i is type E, then r! is constant, and
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equaltori = A — 6 =m > 0.1f i is type F, r! is subject to idiosyncratic investment risk and
given by
ri=n(A—0) —odz
where 7 € (0,1) captures reduced capital quality in the hands of type F agents. We simplify
the model here and set 7 — 0. This essentially assumes that type F agents do not invest in
capital.*’
To avoid too much investment on the side of type E agents, we also impose a borrowing

constraint
—rlll < yrikd

for some y > 0. For type F agents, the borrowing constraint is simply assumed to be /i > 0.
In equilibrium, aggregate bonds outstanding B; have to equal the sum of all individual

B — / bidi
0= / lidi.

Our goal is to use this description of the household side to solve for both the steady

positions,

and the market for loans has to clear,

state interest rate R and the steady state growth rate G as a function of the overall supply
of steady state bonds B.

Given the iid type switching, we can split total wealth a; into wealth held by E’s,
af = aa; and wealth held by F’s, af = (1 — &) a;. E’s always borrow to their maximum.
Further, we assume that 7y is sufficiently high so that E’s do not hold any government
bonds. Then, from (A.47) and the fact that agents always consume c; = pal, E’s wealth

evolves as l
g (I—=y)mry g E
Ay = —7 a4y —pay
ry —ym

with positions in capital and lending markets given by

Given capital kF, output is simply
yt = Aky. (A.48)

A7The case with 17 > 0 is similar, it just requires a case distinction.
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F’s hold all government bonds, and lend, so that ri = R;. Their wealth then evolves as

af = (Re—p)af

and is given by

af =5 g, (A.49)
In a steady state, total wealth evolves according to

ay “(1 — y)mR;

o YR ym +(1—a)Ri—p (A.50)

and is given by
a; = kF + B;. (A.51)

We denote by b; = B;/y; government debt relative to GDP.
This gives us all the equations we need. Assuming that b is constant, we combine (A .48),
(A.50) and (A.51) to find a steady state growth rate G of the economy of

(1—9)mR

G=u R—m

+(1—a)R—p. (A.52)

The interest rate R is itself determined by the amount of lending in equilibrium, using
(A.49), (A.51) and the fact that al = (1 — &) ay,

’ymTkEJrB:(l—lx) (kE+B).

Solving for R we find

_ m
R(b) = 57— 0. (A.53)

Together with (A.52), we can solve for G as function of b as well,

ym

66 = o T2 adb "

T ap T 9)

We sketch the two schedules in Figure A.6 and the implied deficit-debt diagram.”®

A8We calibrate the model exactly as above, matching Ry = 1.5%, Go = 3.5%, ¢ = 1.7%, by = 1. This yields
6 =0.04,0=0.03, vy =0.033, A = 0.12, « = 0.74.
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Figure A.6: R(b), G(b) and deficits in the Reis (2021) model

A. Interest rate (red) and growth rate (blue) B. Deficit debt diagram
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D.2 Model inspired by Diamond (1965)

We sketch the well-known Cobb-Douglas version of the Diamond (1965) model and show
that it implies a simple closed-form deficit schedule z(b), and derive the conditions under
which there is a free lunch.

The model operates in discrete time and consists of two-period-lived overlapping
generations. The generation born at date t has G! members, where G > 1. Each maximizes

preferences
(1—p)logcy + plogcors

over consumption when young ¢, and when old ¢, 1, subject to the budget constraints
eyt +ar <wp (1—1) Cot+1 = Ryprat.
We have B € (0,1), 7 is an income tax. The policy function is then
ar = Pw (1 — 7). (A.54)

The per capita saving a; of generation ¢ finances capital for  + 1 and bonds maturing in
t + 1. Normalizing the latter two in terms of the population size at t + 1, we have an asset
market clearing condition

G lay = ki1 + B (A.55)

Production in period ¢ is neoclassical with aggregate output per capita

ye =kl

where I is the labor endowment of each member of generation ¢, which we normalize
to 1. Thus, the wage is w; = (1 —«) k¥ and, with a depreciation rate of 1, the return is
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Ry = txk‘;‘;ll +1 — 4. With (A.54) and (A.55), the law of motion for capital is then
kst =GB (1—a) (1= 1) ki = Bi (A.56)
The government’s budget constraint is simply given by
GBiy1 = RB; — tywr + X;

where X; denotes government spending per capita.

Next, we focus on steady states, at which all prices and per capita quantities are constant.
Moreover, we normalize government debt and spending by output y = k*. We denote
b = B/y as before and x = X/y. Then, (A.56) becomes

K =G1p1l—a)(1—1)—b

and we can rearrange it to obtain an expression for the interest rate

aG

RO =ga—ga-o-cr

The normalize government budget constraint can be written as usual
z(b) = (G = R(b)) b

where we defined the primary deficit relative to GDP as z(b) = x — 7 (1 — «). Different
from our model in Section 2, it turns out that for this analysis, it is somewhat more tractable
to fix the tax rate T and instead vary government spending x if z(b) changes.

We can analyze the deficit schedule z(b) just like before. In particular, we can ask when
higher debt levels allow for a greater primary deficit z(b), which in this model is equivalent
to dynamic inefficiency. The condition for this is

R(b) < G—b-R'(b) (A57)

where ¢ = b - R'(b). Observe that the standard condition for dynamic inefficiency that is
usually taught in this model is R < G, or in terms of primitives, 2= < (1 — 7). Yet, as
(A.57) highlights this condition is only accurate for levels of government debt around zero,

where ¢ = 0. When b > 0, ¢ > 0, and the relevant condition becomes R < G — ¢. In terms
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of primitives, this corresponds to

FU=0(=m) 1 p(—w) (-1 =t

b <

where b* is, as before, the deficit-maximizing level of debt. The deficit associated with b* is

given by

7= (/Bl-a)(1-1)—Va g
( )

We thus find that OLG models based on Diamond (1965) admit a similar interest rate
schedule as the one we derived in Section 3, and the relevant condition for a free lunch is
given by R < G — @, which only in the case without debt reduces to R < G.*?

D.3 The Blanchard model

Here, we compute the deficit-debt locus of the (Cobb-Douglas) model in Blanchard (2019).
The model is a stochastic version of the model in the previous section, which we briefly re-
cap here. The model operates in discrete time and consists of two-period-lived overlapping
generations. Each period corresponds to N = 25 years. There is no population growth,

G = 0, so all returns have to be considered de-trended. Households solve

1 _
max logcy; + ‘31 — log [E; [cé/tzl]

over consumption when young ¢, and when old ¢, 1, subject to the budget constraints
eyt + ki + by < wp (1 —713) Cot+1 = Ryp1ks + R{Hbt-

Here, agents can choose between a risk-free bond, paying the risk free rate R{ 1

capital, paying R;;1. As before, production is Cobb-Douglas per head of generation ¢

and risky

yr = Akl

where [} is the labor endowment of each member of generation f, which we normalize to
1. Thus, the wage is wy = (1 — «) Ak} | and the return on capital is R; ;1 = oaAtka*l.
log At ~ N (u,0?) is iid stochastic technology.

A9Note that, in the Diamond (1965) model without markups, the dynamic inefficiency condition is still
givenby R < G.
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The government’s budget constraint is still given by
by = R{bt_l — Tt Wt + X¢.

We look for a “risky steady state”, characterizing the steady state of the path along
which log A; continues to realize at its mean u. For this exercise, we set government
spending to zero (as done by Blanchard 2019), x; = 0. For a given (end of period) debt
per capita b, the risky steady state is described by the following four equations: The two
budget constraints

ey = (1—a)elk® + (1—Rf>b co(A) = 0 AK* + R/b

and two Euler equations

1_ B 1 e
o = Tor B A eo(A) k]

E4 [CO(A)_’)/DCAk(X_l] = RE, (co(A)™7]

Together, the equations pin down k, R/, ¢y, Co(A) for any given b. By normalizing by output
y = et'k” (all normalized variables are denoted with a hat), we can simplify this:

ay:1—o¢+(1—Rf)z3 to(A) = aAe " + RFD

The risk free rate Rf = Rf(b) then solves the risk-free Euler equation

= PEL Ay e )]

QQ)l —_

and the capital output ratio can then be computed from

ko Ey[eo(A) 7 Ae ]
y Rf Ea[e0(A)~7]

The expected return on capital is then equal to

(14
- —H
ER k/y]EA[Ae ]

We compare three different calibrations of the model. The first is a calibration inspired
by the Cobb-Douglas calibration of Blanchard (2019). With zero initial debt, we choose
« = 1/3, a period length of 25 years, ¢ = 0.2, and calibrate oy and  to match jointly a
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Figure A.7: Interest rates and deficit-debt schedule in the risky steady state of the Blanchard (2019) model

A. Risk free rates B. Debt-deficit diagram
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riskless rate Rf equal to —1% annual (i.e. one percent below G*) and an expected return
on capital ER equal to +2% annual, (i.e. two percent above G*). This yields ¢y = 18.7 and
B = 0.31 (not annualized).

The second calibration, instead, targets a riskless rate R/ equal to —2% annual (i.e. two
percent below G*), and an expected return on capital ER = 1%, but keeps a zero initial
debt position. This yields v = 18.8 and B = 0.40.

The third calibration is like the second, except that we start the economy with an initial
debt position of 100% of annual GDP. This yields oy = 21.7 and B = 0.45.

Figure A.7(A) shows the implied nominal annual risk-free rates across the three cali-
brations, once we add G* = 3.5% of nominal trend growth to ease comparability with our
own analysis in this paper. All three calibrations imply that interest rates increase with
debt. Figure A.7(B) shows the annualized deficit-debt schedule implied by the calibrations,

constructed as 1/N
() = (1- ()" e

Interestingly, the Blanchard (2019) implies a very small maximum sustainable deficit that
can be run, while our calibration implies a much greater one. This difference is directly
caused by the assumption of a zero initial debt level and a higher initial nominal interest
rate in Blanchard (2019).

Simulating the model. To simulate the Blanchard (2019) model forward, we begin with
initial values k_1,b_1, R{ 1, a sequence of deficits z;, and draw a random sequence of
productivity shocks {A;}.

At each step t, we compute output as

yr = Arky 4
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We evolve debt forward with
by = R{_lbt—l + z;

We use this to write consumption of the currently young generation as
eyt = (1 — o) ye + z¢ Cors1 (A", RY) = a A’k + RV b,

We solve for the unknown k; and R{ by solving

1 1
— = E 4 [cotH(A’,R{ )—MA’kt“—l}
Cyt ]EA’ [Cot—l—l(A/r R{)li,y]

Ea |cor1(A, R) AR | = RIEp0 [corsn (A%, R]) 7]

To construct Figure A.8, we first simulate the economy for a steady state k_; = kg5, b_1 =
bss associated with a given initial debt-to-GDP level bss. We assume a deficit rule that avoids

explosive debt levels,
2 = zes —0.08 - N - (R{flbt,l — R{sbss>

Then, for every bss, we simulate the same economy again, for the same shocks {A;},
except that (a) the initial debt level b_; is now increased by 1% of initial GDP; and (b) the
deficit path z; is unchanged, taken directly from the economy without the initial 1% debt
shift.

Free lunch in the Blanchard (2019) model. We next compute the probability of a free
lunch succeeding in the Blanchard (2019) model. We use the recalibrated model with 100%
initial debt and Rf = —2% as explained above. Figure A.8 plots the success probabilities of
a free lunch policy that raises initial debt by 1% across different levels of initial debt. As
in Section 5.3, we keep the path of deficits unchanged. The threshold R = G — ¢ clearly
matters for the viability of a free lunch policy in the Blanchard (2019) model.A!1°

D.4 Calculations in the Chalk (2000) economy

Chalk (2000) considers a richer OLG model with 62 different ages (instead of two, as in the
OLG models mentioned above). In the calibrated version of the model, Chalk (2000) finds

a maximum deficit to GDP ratio of 5.2%. While we do not explicitly replicate the model in

Al0Here, R = G — ¢ corresponds to the peak of the “risky steady state” locus z(b) shown in Figure A.7(B).
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Figure A.8: Success probabilities of running a free lunch of 1% of GDP in the Blanchard (2019) model
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Note. The probabilities are computed by simulating 50 sample paths for each by. Convergence criterion:
|b® — by| < 0.01% at any point ¢ < 1,000.

Chalk (2000) here, we try to give some possible reasons as to why this finding contrasts
with our finding of a 2% maximum deficit to GDP ratio.

The original steady state Chalk (2000) calibrates the model to is one with a zero deficit,
and hence, a zero debt to GDP level. The real interest rate is 1.2% and the (exogenous) real
growth rate is 3%. In our notation, R — G = —1.8%, not too dissimilar from our baseline
calibration of R — G = —2%. When Chalk (2000) then calculates the steady state with the
largest possible deficit to GDP ratio, the paper finds that the real interest rate increases to
2.2% and the largest deficit to GDP ratio is given by 5.2%. Using the discrete time version
of our formula z = (G — R)b, (see the formula for ®(R; D) in Chalk (2000, p. 309)) we find

an associated debt level of
5.2%

1.022
1- 1.03

or in other words, a debt to GDP level of 670%. This leads us to conclude that, implicitly, the
calibration used in Chalk (2000) builds on an extremely low sensitivity ¢ of R — G to debt:

~ 6.7

an increase in the debt-to-GDP level of 670 percentage points results in a comparatively
small increase in R — G by 100 bp.

D.5 Model with indebted demand and convenience yield

The model in Section 2 can easily be extended to allow for “indebted demand” as in Mian,

Straub and Sufi (2021a).*! To do so, we include a term in savers’ preferences that captures

AllWe ignore the ZLB in this section.
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their average saving motive, not specific to bonds,

{m%/ =P {log c; + v (by) + 0(by +d + )} dt (A58)
cybry J0

Here, 9(b + d + h) is a utility over total wealth, bonds b as well as private debt d. For
tractability, we include human capital & in total wealth. We denote the return on assets

other than government bonds by R;. R; continuous to denote the return on government
debt.
Then, human wealth is equal to

(Rt — G*) ht = (1 — ]/l) winy — T + ht
and the budget constraint can be written as

Ct + i?t + dt < (Rt — G*) by + (ﬁt — G*) dy + (1 — I‘I/l) wWiny — Tt (A.59)

At the steady state, the first order conditions for bonds and other assets pin down R
and R,

D __ % 10
R=¢ +1+ﬁ'(b+d+h) (b+d+h)

R=R-9(b)(1—x—p+ (R-G")d)

The first equation is like the one in Mian, Straub and Sufi (2021a): Increased total wealth
of savers means a reduced return on wealth R. Despite this, interest rates on government
debt behave in a more nuanced way. R unambiguously falls when other wealth (e.g. d)
increases, since that increases savers incomes and their desired saving. But R can rise when
savers’ holdings of government debt increase, as it diminishes the convenience yield R — R
on government debt, in line with the analysis in this paper.

E General free lunch result

For the most part, our paper considers a two-agent model in which government debt enters
the the savers’ utility function directly. We chose this setup as it gave us a tractable way
to have an upward-sloping household demand curve for government debt. It allowed us,
among other things, to derive our free lunch result in Section 3, namely that the government
can run a free lunch precisely when R < G — ¢, where ¢ was the response of R — G to a
1% expansion in government debt. In this short section, we sketch out an argument that

suggests that our condition is much more general than the specific model we consider. To
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do this, we build on recent advances in macroeconomics in the sequence space, see Auclert,
Rognlie and Straub (2024); Auclert, Bardéczy, Rognlie and Straub (2021); Auclert, Rognlie
and Straub (2023). We leave a formalization of the arguments presented here for future
research.

Consider the following abstract model in discrete time. Households, in aggregate,
demand government debt as a function of the paths of de-trended interest rates r; =

1;15&1 — 1, aggregate income, and taxes. We can write their demand of bonds at date t as

At ({75, Ys, Ts}) -

As shown in Auclert, Rognlie and Straub (2024), many models of household consumption
and saving behavior, even those with rich household heterogeneity, can be aggregated in

such a form. Market clearing then becomes, period by period,
by = At ({5, ¥s, s }) - (A.60)
We write the government budget constraint in discrete time as in (44),
xt+(1+r)bg =bi+ 1 (A.61)

where we use r; for the de-trended interest rate again, to simplify notation. For this more
general model, a single interest rate sensitivity ¢ is no longer appropriate. Instead, we
define ¢; as the response of interest rates in period t + j to a 1% expansion of debt in period
t, for a far-out period t — co. We introduce ¢; mathematically below.

Now consider the following thought experiment. Imagine the government chooses to
raise deficits z; = x; — 7; by some small amount dz; > 0 in period t. For simplicity, we
assume in this section that the increased deficits are used to financed government con-
sumption, dx; = dz; (the case of lower taxes is similar). We ask: Under what assumptions
on household behavior, encapsulated by .4, does the implied evolution of debt db; not
explode and instead remain finite? Whenever db; remains finite, we have found a free
lunch; whenever db; does not remain finite, the deficit expansion violates equilibrium—a
free lunch was not found.

To analyze this question, we collect all derivatives of household asset demand in an
infinite matrix A—known as a sequence-space Jacobian (Auclert, Bard6czy, Rognlie and

Straub, 2021)—with elements

oA
A =50

As Auclert, Rognlie and Straub (2024) argue, A commonly has a very specific structure,
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namely that of a quasi-Toeplitz matrix. Quasi-Toeplitz matrices have entries that eventually

start repeating as one goes down along the diagonal, that is,
a; = lim Ay
J t—o00 Byt

is well-defined. As explained in Auclert, Rognlie and Straub (2023), quasi-Toeplitz matrices
are generically invertible whenever the graph of the complex function z — } ;c7 a]-zf has a
winding number of 0. A typically has a winding number of zero and is thus generically
invertible.
From (A.60), we see that the evolution of interest rates dr; in response to the deficit
expansion needs to satisfy
db = Adr.

Inverting A, this becomes
dr = A" 1db. (A.62)

The interest rate sensitivities ¢; mentioned above are then defined as the asymptotic
behavior of A~! along the diagonal,

¢; = b lim [A*l} "

t—ro0

Finally, linearizing (A.61), we find
db = dz + bdr + (1 +r) Ldb

where L denotes the lag matrix, L;s = 1 if t = s 4 1, and 0 else. Substituting in (A.62), we
find
(1 —bA T = (147) L) db = dz. (A.63)

Equation (A.63) precisely determines the path of debt db. If (A.63) can be solved for a finite
path db, there is a free lunch. If (A.63) cannot be solved for db, because I —bA~1 — (1 +r) L
is not invertible, there is no free lunch. Using the tools spelled out in Auclert, Rognlie and
Straub (2023), we can see that I — bA~! — (1 + r) L is generically invertible precisely when
the complex function
z—1-— Z(pjzj—(l—l—r)z
jez

has a winding number of zero. A sufficient condition for this is that

1+r+ ) lojl <1
JEZ
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which can be rewritten as
R<G-) ¢l (A.64)
j€Z
We thus find that a very similar condition to our R < G — ¢ condition from Section 3 still
determines the availability of a free lunch policy. The key difference is, however, that here
it is the entire time profile ¢; of interest rate sensitivities to a one-time debt expansion that

matters, not just the contemporaneous response of interest rates.

F Details on the calibration of ¢

There are different ways to estimate the elasticity ¢ that are equivalent within the context
of the model. Observe that the intercept v/(by) (1 — x — p) in the linear specification (29)
is determined by the initial steady state, for which the Euler equation pins down the
convenience yield v/(bg) (1 — x — p) as

o' (b)) (1—x—u) =p+G" —Ry. (A.65)

Thus, the convenience yield is nothing other than p + G — R. Since p is independent of b,

we can write

_ _Up+G-R) _ _, 3(p+G-R) _ _9(G-R) _

d(G—R)
dlogb db dlogb '

ob

(A.66)

As all expressions in (A.66) are valid ways to obtain ¢, we will compare estimates across
these specifications. Note, however, that the latter two specifications in (A.66) are slightly
more robust, as they do not hinge on a convenience-yield interpretation of R*(b) and apply
equally well to the alternative models in Appendix D.

The derivatives in equation (A.66) have been estimated in the literature, and we sum-
marize these estimates in Table A.1.212 For equation (A.66), Krishnamurthy and Vissing-
Jorgensen (2012) focus on estimates of W;T%_bm' This derivative measures how the dif-
ference between the rate of return on government debt R and the return on other assets
p + G varies with a change in the log government debt to GDP ratio. Krishnamurthy and
Vissing-Jorgensen (2012) use the yield spread difference between corporate bonds rated
Baa and 10-year Treasuries as the measure of p + G — R, and they show a semi-elasticity of

-1.3% to -1.7%, depending on the sample. This implies that a 10 percent increase in debt

AI2A detailed explanation of the exact specifications used from the existing literature to construct Table
A.1is below. We thank Sam Hanson, Andrea Presbitero, Quentin Vandeweyer, and Ursula Wiriadinata for
helpful discussions.
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to GDP leads to a 13 to 17 basis point decline in the convenience yield. Alternatively, one

can use the Krishnamurthy and Vissing-Jorgensen (2012) estimates to measure by Ap+G=R) +aGb_R)

7

which gives estimates between -1.1% and -1.8% when using the average debt to GDP

Al13

ratio over the relevant sample period for by.”*'” Finally, Jiang, Lustig, Van Nieuwerburgh

and Xiaolan (2020b) provide estimates of the effect of government debt to GDP ratios on

convenience yields for Eurozone countries from 2002 to 2020. The implied estimate of

bOW from their main specification is -0.8%.

There is also a literature estimating bo@- In particular, the recent study by Pres-
bitero and Wiriadinata (2020) estimate this derivative in a sample of 56 countries from

1950 to 2019. They provide estimates of a(Ga;R) for 17 advanced economies and for the full

sample. After multiplying these estimates by by, which is the average debt to GDP ratio in

each of the respective samples, the implied estimates of by a(Ga;R) are -1.4%. For this study,

we replicated the Presbitero and Wiriadinata (2020) results for the 17 advanced economies
and also for the Group of 7 (G7) countries, and the coefficient estimate ranges are also
reported in Table A.1. We show the full results from the regressions in Appendix F.2 below.
The estimates of interest are robust to the inclusion of both time and country fixed effects.
Overall, most of the estimates across the different samples and the two different objects fit
between -1.0% and -2.5%.

An alternative technique to estimate aéfo_glz) is an analysis of the 2021 Georgia Senate

run-off elections that took place on January 5th in the United States. Ex-ante, there was
about an even probability of the two Democrat candidates winning their elections as there
was that at least one of the two winning candidates was Republican. In the event of a
Democrat win, Democrats would obtain the Senate majority, and would likely pass the
$1.9 trillion deficit-financed stimulus package already proposed by President-elect Biden.
This was unlikely to happen otherwise. As shown in Figure A.9 in Appendix F.3 below,
the wins by both Democrats in Georgia led to a significant persistent increase in real 10
year Treasury yields of about 8 basis points. The effect is concentrated right after the
election. It is unlikely that the election was associated with a change in long-term growth
prospects; as a result, we interpret the evidence as suggesting that the prospect of the $1.9
trillion stimulus package, approximately corresponding to 7.4% of outstanding debt, led to
a persistent 8 basis point reduction in G — R. As this the Democrat win was anticipated

with 50% likelihood, this gives agi);;) = —2.2%. The natural experiment yields an effect

of government debt on G — R that is in the same range as the estimates from the existing

A3Two other studies in the literature use short-term T-bills and more high frequency data. Greenwood,
Hanson and Stein (2015) find estimates for bow in this range, around -1.4%, whereas Vandeweyer
(2019) finds an estimate of -0.4%. The estimates in these two studies should be regarded as a lower bound as

they are based on a local estimate of the demand for T-bills as opposed to demand for all government debt.
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literature. We provide details on this calculation in Appendix E.3.

Finally, Laubach (2009) and Engen and Hubbard (2004) estimate the effect of government
debt to GDP on real interest rates, finding effects in the range 3% to 4.4%; Ferreira and
Shousha (2021) follow a similar strategy for 11 advanced economies, finding 1.6%. The
average level of government debt (total federal debt) to GDP over the sample period in
Laubach (2009) and Engen and Hubbard (2004) was about 50%. Together, this gives an

estimate of ¢ of by a(Ga;R) ~ —1.5% to —2.2% under the assumption that the real growth

rate is unaffected by government debt.

Overall, while there is some variation, most of the implied elasticity estimates ¢ lie in
the range 1.1% — 2.5%. We pick the average estimate ¢ = 1.7% for both countries as our
baseline parameter but explore robustness to ¢ = 1.3% and ¢ = 2.1% in Appendix G.5.

FE1 Further discussion of estimates from the literature

The estimates of W;T(;m from Krishnamurthy and Vissing-Jorgensen (2012) reported in

Table A.1 above come from their Table 1, columns 4 and 5. The measure of the spread is the
Baa corporate yield minus the Treasury bond yield, which they prefer because “Aaa bonds
offer some convenience services of Treasuries and thus the Baa-Treasury spread is more
appropriate for capturing the full effect of Treasury supply on the Treasury convenience

yield.” For the estimates of boa(ﬁa#

, we collected the same data as in Krishnamurthy
and Vissing-Jorgensen (2012) and regressed the Baa minus Treasury spread on the level
of the debt to GDP ratio. We multiply this coefficient W (which is -0.027 and -0.048
for the long and short time periods, respectively) by the average level of the debt to GDP
ratio by (which is 0.42 and 0.36 for the long and short timer periods, respectively) to get the
estimate.

The Greenwood, Hanson and Stein (2015) estimate is from column 1 of Panel B of
their Table 1. The measure of the spread is the difference between the actual yield on an
2-week Treasury bill and the 2-week fitted yield, based on the fitted Treasury yield curve
in Giirkaynak, Sack and Swanson (2007). The derivative is with respect to the amount
of Treasury bills outstanding scaled by GDP. The implied estimate of a(pg# is -0.167,
which we then multiply by the average Treasury bill to GDP ratio by (which is 0.084) to get
the estimate. We use the estimate from Panel B which goes only through 2007 because of
the endogeneity issues discussed by Greenwood, Hanson and Stein (2015) surrounding
the Great Recession and financial crisis (see the last full paragraph on page 1689 of their
article). The Vandeweyer (2019) regression estimate comes from column 2 of Table 4 of his
study. The measure of the spread is the 3-month T-bill rate minus the 3-month General
Collateral Repo rate, and this is regressed on the ratio of outstanding T-bills to GDP. The
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implied estimate of W is -0.040, which we then multiply by the average Treasury

bill to GDP ratio by (which is 0.010) to get the estimate. We use column 2 of Table 4, as
this regression controls for the Federal Funds rate as suggested by Nagel (2016). The
Vandeweyer (2019) natural experiment involves the 2016 money market reform which led
to a large rise in demand for T-bills by money market funds. Money market funds increased
their holdings of T-bills by $400 billion, which was about 20% of the stock outstanding.
Vandeweyer (2019) uses a model-based counter-factual to show that this shock led to an 18
basis point reduction in yields on government debt, which gives B(TT%ZM = 0.009. The
estimate from Takaoka (2018) comes from Table 4, and the estimate from Jiang, Lustig,
Van Nieuwerburgh and Xiaolan (2020b) comes from Table 5, panel A, column 2. For the
Jiang, Lustig, Van Nieuwerburgh and Xiaolan (2020b) estimate of -0.01, we multiply by the
average government debt to GDP ratio in their sample to get the final estimate of -0.008.

The estimates of boa(%zR) come from Presbitero and Wiriadinata (2020), Table A3,

column 1. The coefficients @come from that table (-0.027 for advanced economies,
-0.024 for the full sample), and then these are multiplied by the average government debt to
GDP ratiobg for the respective samples, which are 0.53 and 0.56 for the advanced economies

and the full sample, respectively.

F2 Regressions based on Presbitero and Wiriadinata (2020)

The other estimates from Table A.1 come from our own data analysis using a data set
constructed exactly as the one used by Presbitero and Wiriadinata (2020). The associated
regression table is Table A.2.

Table A.2: Results from regressions on Presbitero and Wiriadinata (2020) data

Left hand side: G -R
1) ) 3 4 ®) (6)

Log(Gov Debt/GDP) -0.024*** -0.031*** -0.015** -0.025** -0.028** -0.020**
(0.006) (0.005) (0.004) (0.007) (0.006) (0.003)

Observations 1184 1184 1184 490 490 490

R? 0.103 0.179 0.553 0.162 0.209 0.698

FE Country Country and Year Country Country and Year

Sample AE17 AE17 AE17 G7 G7 G7

*p <01 *p <005 p <001
Standard errors are heteroskedasticity-robust, clustered by country.

Note. This table presents coefficient estimates of G — R on government debt to GDP ratios. The sample for the
first three columns are the 17 advanced economies covered by the JST Macrohistory data base. The sample
for columns 4 through 6 is G7 countries (Canada, France, Germany, Italy, Japan, United Kingdom, United
States). The time period covered is 1950 to 2019. Please see Presbitero and Wiriadinata (2020) for more details.
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Figure A.9: The change in real interest rates around the January 5th, 2021 Georgia run-off election.
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E3 Georgia Senate election

The Georgia Senate election of January 5, 2021 offers a unique opportunity to assess
how markets perceive a sudden rise in expected government debt. On the eve of the
election, trading at Electionbettingodds.com implied a 50.8% probability of the Republicans
controlling the Senate, and a 49.1% probability of the Democrats controlling the Senate.
It was widely reported in the press that President-Elect Biden’s administration would
propose a $1.9 trillion “American Rescue Plan” once the President-Elect took office. Our
assumption in the calculation below is that the win by the two Democrats in the Georgia
Senate election of January 5, 2021 increased the expected government debt by $2 trillion,
which at the time was about 7.4% of total debt outstanding.

Figure A.9 shows the effect on the 10 year nominal interest rate, the 10 year TIPS interest
rate, and expected inflation. As it shows the victory by the Democrats in the Georgia
Senate election led to a 15 basis point immediate reaction which then declined to an 8 basis
point reaction after a week. Taken together, these numbers imply that a 3.7% rise in total
government debt outstanding relative to prior expectations led to an 8 basis point decline

(G=R)
dlogb

in G — R, which gives an estimate of aTgof —0.022. The data for these calculations come

from Bloomberg.
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G Details on the quantitative model

In this section, we write down the quantitative model with trend, define equilibrium for it,
and then de-trend it. We do so for the bonds-in-utility household side; the other household
sides are treated in Appendix G.3 below. All trending variables are denoted with uppercase
letters. Any variable that was introduced in Section 7 will not be re-introduced here.

G.1 Model

Spenders. Spenders are hand-to-mouth, consuming their after-tax income, C; = w (1 — xe) Wedly,

with W; being the real pre-tax wage.

Savers: Bonds-in-utility (BU). Savers maximize

o0

- B; + K;
max E ept{lo C—l—v< )—hn } A.67
{Ct/nt/At} t=0 g g @t ( t> ( )

subject to the real consolidated budget constraint

1+ Ry

Ci+B+K <
t+ Db+ Kt < 1+,

By 1+ (1+#)K1+ (1 —p) (1 — xt) Wing + Dy.

Here, B; and K; are the savers’ end of period holdings of government bonds and capital. 7
denotes the real return on capital. ®; denotes productivity and ensures that the preferences

are compatible with balanced growth. D; are dividends earned by savers.

Production. Final goods are used for private and public consumption, investment (to-
gether denoted by Y;), as well as for fixed costs (denoted by Y; > 0). Together, they are a
CES aggregate over a continuum of intermediate good varieties Yj;, labeled by j € [0, 1],

_ 1 N
Yt+yt:(/0 Y, dj)

Each intermediate good is produced using a Cobb-Douglas production function,
Y = @}*“Kﬁqn};w (A.68)
where TFP ©; is common across varieties and grows like

O =01 (1+7).
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The fixed cost of Y; > 0 needs to be paid by each intermediate goods producer. Fixed costs
also grow at rate 7,

Y=Y (1+7).

Intermediate goods producers are monopolistically competitive. Capital Kj; 1 is rented in
a competitive spot market for capital, at rental rate r{.

The price of variety j is denoted by p;; with the price index given by

1
1 -
_ 10 45
P = ( 0 p]’t d])

such that demand for variety j is

2\ ¢
p
Yi =Y (P—f:> . (A.69)
We denote by
_ ¢
m= r—1 >1

the markup firms will charge in this environment. Since all firms are symmetric, they
behave identically in equilibrium. We henceforth drop the subscripts j. Firm behavior is
then characterized by the following optimality conditions:

Y, = @] “K¥ n] " Y, (A.70)
Yi+Y
(1 - ) t: L, (A71)
t
Y, +Y
m_lzxL =K (A.72)
Ki—1

Firms’ pure profits are given by
Y _ -1 AN
D; = (1 —m > (Yi+Y:) = Ye (A.73)

Investors. There is a representative investor that takes household funds K;_q at the end
of period t — 1 to purchase physical capital K;_; at price Q;_1, thatis, Q;_1K;_1 = Kiq. It
then earns return rfK;_1 in period t, invests I;, and pays an adjustment cost. At the end of
period ¢, the investor sells K; units of capital at price Q;. Altogether, the investor solves

1 5
D! = Ki— I —® (K /K1) Ky kKo 1) — O 1K;_1. A.74
¢ Krfiﬁt1+’,t (Qt r— I (K¢/Ki—1) K1 + 1§ t1> Q1K1 ( )
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Here, ® represents a standard quadratic adjustment cost function,

. 11 )
O (Kit1/Ke)Ke = (11 9)22e0 (Kir1/Ke —1—7)" Kt (A.75)

€1 parametrizes the strength of the adjustment cost. The adjustment cost (A.75) does not
matter along a balanced growth path. The <y terms in this expression are there to ensure
balanced growth. The adjustment cost function is necessary to obtain a reasonable response

of investment to fiscal policy surprises. We denote total profits by
D; = D} + DY (A.76)

although we note that D} will be equal to zero in equilibrium as the investor’s technology

has constant returns to scale. Aggregate investment is
=K —(1-9)Kiq (A.77)

The investor’s first order conditions for capital K;_; and K; are, respectively, for ¢t > 1

./ K ., ([ K K
K t / t t
A ) + & ( ) +(1-6)=0Q

! (Kt—l) Kt—l Kif—l ( ) =

and

Nominal rigidity. We follow Erceg, Henderson and Levin (2000) and Auclert, Rognlie
and Straub (2024, 2020) and assume that a mass of labor unions exists in our economy
which allocates a given amount of labor demand n; equally among households, such that
ny = fiy = Nyl = Nt Unions negotiate nominal wages, and index to trend inflation 7%*,

giving rise to a Phillips curve for nominal wage inflation 77}’

(mf — ) 1+ i — ) =& -ny <h’(nt) —m” (1 - x¢) ?) + e P (g — ) (1 + iy — )
t (A.78)

where m” is a wage markup. The first term on the right hand side scales with the gap

in the first-order condition for labor of the average worker in the economy:. If this gap is

positive, the average worker is less willing to work, and unions negotiate nominal wage

gains. The opposite happens if the gap is negative.
1 1441

The disutility of labor that we assume is h(n;) = fzmnt

and we write the slope
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parameter & to make it more interpretable as in (42), that is,

1—Ce?
R(1+¢71)

K=x-
We take the limit m™ — 1 to simplify expressions in the main body of the paper. This is
without loss for our results as it is equivalent to a simple rescaling / for the exercises in our

paper.

Goods inflation is given by

P4 "W /W

(A.79)
with goods trend inflation defined as

1_|_7.(w*
1+ 7" = .
1+

Government. The government chooses fiscal policy consisting of the paths {Xt,Bt, xt}
subject to the flow budget constraint
14+ Riq
Xy +———B; 1 =B Win;. A.80

t+ 1t t—1 t+ XeWiny ( )
We assume that government spending is exogenous and grows at rate 7y, X; 1 = (1 + 'y) X;.
The primary deficit is given by

Zy = Xp — xtWiny.

Monetary policy targets inflation wherever feasible,

=0 it 1 < T
Riq €[0,00) if Tl = 71®* (A.81)
= o0 if T’ > T

It is conceptually more natural to have monetary policy target wage inflation in this
economy as that will be a better measure of economic slack than price inflation. Our results
are similar if price inflation is targeted.

Equilibrium. We define equilibrium in this model as follows.

Definition 2. Given initial levels of debt B_; and capital K_1,K_q,a( competitive) equilibrium
consists of a tuple {C;, Ct, By, Ky, Yy, Dy, Q1 Ky, Ry, 74, T, 1t Xt Zt, We, rf}, such that: (a)
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{Cs, C;, Bs, Kt} maximizes the respective utility maximization problems of savers (A.67)
and spenders; (b) { B, x:} satisfy the government budget constraint (A.80) with bounded
debt-to-GDP B;/Y; given a path of government spending { X; }; (c) wage and price inflation
{r, T’} follow (A.78) and (A.79); (d) monetary policy follows (A.81) and implies a finite
nominal rate Ry; (e) output Y; is produced using (A.70), with dividends D; given by (A.73)
and (A.76); (f) N; is consistent with (A.71); (g) the return on capital ¥ is given by (A.72);
(h) K; is optimally chosen by investors according to (A.74) given rf, 7t, Qs (i) the goods
market clears at all times,
CG+CG+L+X =Y

and the capital market clears,
Kiq = qi1ki1.

A balanced growth path (BGP) equilibrium is an equilibrium in which C, K¢, Y, By all grow at

the same, constant rate.

G.2 De-trending

We next de-trend this economy. In the following, we go from uppercase to lowercase letters,

asin x; = %ﬁ and y; = %ft, and, normalize ® such that ©®y = 1. The only variable that is

de-trended slightly differently is capital, where we define k; = Iil and k; = ﬁl as capital

invested in period f is not used in production until period t + 1.

De-trending households. The de-trended utility function (A.67) is
IOgCt + v (bt —+ T(f) — I’l(l’lt)

identical to (36). The de-trended budget constraint (36) is

1+Rt71 1+ft~
_ - k. 1— 1_ .
(1+7)(1+ﬂt)bt1+1+7f1+( w) (1= xi) wing + d

¢t +b+k <

This is identical to (35) upon defining nominal growth as
1+4G =149 1+ m) (A.82)

and the de-trended real interest rate as

1+ 7

1+rt51+7
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De-trending production. We naturally have that de-trended production follows

l-a =

yr = ki_qn, y

as in (37) where ¥ is constant as Y; was assumed to grow at the same rate as productivity
;. The first order conditions (38) and (39) follow naturally as de-trended versions of (A.71)
and (A.72). Dividends d; in (40) are the de-trended combination of (A.73) and (A.76).

De-trending investors. The investor’s problem (A.74) can be written as,

1 -
D! = ki — ©yiy — ©;® ((1 ki/ki 1) ki o 1) — 1k
¢ Kff_l%tlJr?t <Qt@t+1 t — Oy — O D ((1+ ) ke /ki—1) ki—1 + Opriky 1) OrQi—1ki—1

which simplifies to

1+ .
(1+)dl = jmax. 5 +;t (tht — iy — D (ke/ke—1) ke—1 + Vlfkt—1> — g1kt

where ®(x) = ® ((1+9) x) = 2e1Wx2 and we defined q; = Q; (1 + y). This maximization
problem is identical to (41). De-trended investment (A.77) is

ir=(1+v) ki — (1 =98) k1
exactly as in (A.77).

De-trending goods inflation. De-trending goods inflation (A.79), we obtain

14y’
(1+7) we/wi—

1+ m =
exactly as in (43).

De-trending the government. The government budget constraint (A.80), de-trended,

becomes
1+ R

(1 + 7Tt) (1 + ’)’)
which is exactly equal to (44) given the definition of G; in (A.82). The de-trended primary

xe + bi—1 = by + xrweny

deficit is easily seen to be equal to (A.82).

Definition of equilibrium. We define equilibrium in the de-trended economy as follows.
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Definition 3. Given initial levels of debt {b; 1} and capital {k; 1,k_1}, a (competitive)
equilibrium consists of a tuple {c;;, ¢, by, ki, Ye,de, G, ke, Re, 1o, T, 704, X1, 22, Wy, rf }, such that:
(a) {cit, Ct, biy, Izit} maximizes the respective utility maximization problems of savers and
spenders; (b) {b:, x:} satisfy the government budget constraint (44) with bounded debt b;
given a path of government spending {x;}; (c) wage and price inflation {7, 7} follow
(42) and (43); (d) monetary policy follows (45); (e) output y; is produced using (37), with
dividends d; given by (40); (f) n; is consistent with (38); (g) the return on capital rf is given
by (39); (h) k; is optimally chosen by investors according to (41) given X, r¢, ;; (i) the goods
market clears,
Cr+cr +ip +xt =y

where ¢; = [ ¢;;di, and the capital market clears,

7<t—1 = /Tcit—ldi = g1k 1.
A steady state equilibrium is an equilibrium in which ¢, k¢, y¢, by are all constant.
For each equilibrium satisfying Definition 2 there is an equilibrium satisfying Defini-

tion 3.

Summing up. These steps show that the model with trend we set up here in Section G.1
exactly turns into the de-trended model introduced in Section 7. An equilibrium in one cor-
responds to an equilibrium in the other. A balanced growth path in Section G.1 corresponds

to a steady state in Section 7.

G.3 OLG and HA household sides
We introduce two additional household sides here, characterized by different preferences

of savers.

Savers: Overlapping generations (OLG). This version follows Blanchard (1985) and
Yaari (1965). A mass 1 — ¢ > 0 of savers is born each instant with zero assets and survives
each period with probability {. A saver i, born at date ty without bonds or capital, solves

max i (Ze=®) 7" {logciy — h (n1)} (A.83)

{Citﬂit} t=ty

subject to (35). The effective discount rate is given by p — log {. Since agents have access
to the standard annuities market (Blanchard, 1985), the returns on bonds and capital
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Parameter Symbol USA  Japan Moment

OLG
Effective discountrate o —log{ 0.049 0.027  asset market clearing
Survival probability 4 0.783 0.923 match ¢ = 0.017
HA
Discount rate 0 0.059 0.018 asset market clearing
Intertemporal elasticity — v~! 0.219 0.299 match ¢ = 0.017

Table A.3: Calibration of OLG and HA savers

o C114R.
in this economy are ¢! Létl

and {71 (1 + r) respectively. There are no idiosyncratic
productivities, e;; = 1.

Savers: Heterogeneous agents with idiosyncratic risk. In this version, savers are hit by
idiosyncratic productivity shocks as in Aiyagari (1994) and Aiyagari and McGrattan (1998),
with saver i € [0, 1] solving

o0 (cite_h(”f)> o

max Z e Pt

(A.84)
{citait} t=0 1-v

subject to (35).414 Here, ¢;; follows a Markov process that is iid across savers i. We allow

1

for a non-unitary elasticity of intertemporal substitution v~ as in King, Plosser and Rebelo

(1988). Since bonds and capital are perfect substitutes in the steady state of the model, we

assume that they are held in equal proportions across savers i.*1°

Calibration of the OLG and HA household sides. Table A.3 lists the parameters used for
the OLG and HA economies. For the OLG model, p and ¢ are calibrated to jointly clear the
asset market and match a sensitivity of ¢ = 0.017. For the HA model, p and v~! are used
to hit those same targets. Note that, as explained in Farhi and Werning (2019), among other
papers, the survival probability ¢ in the OLG model should not be interpreted literally;
instead, it should be thought of as also capturing other reasons why households might

have a limited planning horizon, such as occasionally binding borrowing constraints.

Aldgee Domeij and Ellingsen (2018) and Bayer, Born and Luetticke (2023) for more recent models of this sort.
Al50One way this can be implemented is via a mutual fund that holds all bonds and capital.
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G.4 Calibration of x in the Japanese calibration

We base our calibration on the evidence of the effects of government spending shock in
Japan in Miyamoto, Nguyen and Sergeyev (2018) (MNS). MNS use surprises in government
spending relative to forecasted government spending a period ago as instruments for
government spending shocks. Denote their shocks by &;. We run simple local projections
(as in equation (2) in MNS) of changes in the price level and changes in GDP on the shock
€t

OUT; = aj, + By, - € + Py (L)ys—1 + €], (A.85)
where OUT,,, is an outcome; 97 (L)y;—1 are MNS’s controls, and pf is the IRF of the
outcome of interest as a function of the horizon h = 0, ..., H. The three outcomes that are
most relevant for us are the change in government spending, %, which is the shock
itself; the change in GDP, % ; and the change in the price level, , Where P; is
the GDP deflator in the data (just like in MNS). Just like in MNS, we estimate the shock
over a total horizon H = 15, and the impulse responses over a horizon of H = 10.

Prn—Pi1
J

We feed the shock ﬁ}? into our model as an exogenous, 16-period-long government
spending shock. We then pick the slope of the Phillips curve x to minimize the distance
between the model generated IRFs for GDP and the price level and the corresponding
empirical IRFs. Figure A.10 plots the impulse responses for GDP and the price level. The
model reproduces the correct magnitudes, but is clearly too simple to get the precise timing
in the IRFs right. This procedure yields x = 0.272, slightly higher than the value we use for
the U.S. economy.
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Figure A.10: Output and inflation responses to government spending shock in Japan

(a) Estimated output response (b) Estimated inflation response
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Note. Impulse responses estimated as in Miyamoto, Nguyen and Sergeyev (2018) using equation (A.85). The
slope of the Phillips curve x was chosen in the model to minimize the sum of squared distances to both
impulse responses.

G.5 Deficit-debt diagrams for different choices of ¢

Figure A.11 plots the steady state deficit-debt diagram for different choices of ¢ around
our baseline of 1.7%, namely 1.3% and 2.1%, for simplicity only for the BU-quad model.
The remaining calibration strategy remains unchanged. Qualitatively, the diagrams have
similar shapes for these choices of ¢. Quantitatively, the choices do matter somewhat, but
mostly for the behavior at higher debt levels.

H Rising inequality and convenience yields

Section 3.4 showed that rising inequality raises fiscal space by raising total saving available
to finance government debt, and putting downward pressure on government borrowing
cost. It is very difficult to generate completely exogenous variation in inequality at the
macroeconomic level. Nonetheless time series evidence from the U.S. is consistent with
these predictions.

Krishnamurthy and Vissing-Jorgensen (2012) (KV]) show that convenience yield on
U.S. debt—proxied by the Aaa-Treasury spread—is strongly negatively correlated with
the amount of debt issued by the government as a share of GDP. This long-run negative
relationship represents the traditional tradeoff between cost of government debt and supply
of government debt, holding all else equal. Column (1) of Table A.4 replicates the key KV]

result by regressing the Aaa-Treasury spread (or convenience yield) on log of government
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Figure A.11: Deficit-debt diagrams for various choices of ¢
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debt to GDP over their full sample that goes from 1919-2008. The coefficient on log debt
to GDP is —0.74. Column (2) extends the sample to 2022, the most recent available year.
What is striking is that the magnitude of the coefficient drops to —0.45. Why does the
convenience yield - debt relationship appear to weaken in recent years? As we show next,
a possible reason is the sharp rise in wealth inequality since 1980. Once we control for that,
we recover the original KV] result even in the most recent sample.

We repeat the KV] regression in the more recent period of 1962-2022 in column (3).
This is the period with a consistent public tax return data, where Mian, Straub and Sufi
(2021b) show that rising inequality contributed to an expansion in the supply of savings,
and the top 1% use the additional savings to hold significantly more government debt. The
coefficient on log debt to GDP is only —0.24, about one-third of the column (1) estimate.
Columns (4) and (5) show that the decline in KV]J coefficient is entirely driven by post-
1980 sample, when wealth inequality starts to rise appreciably. Importantly, once wealth
inequality (measured as the share of wealth going to the top 1%) is included as a control
variable in the 1962-2022 sample, the original KV] coefficient is recovered once again.

This simple analysis suggests that the apparent breakdown of convenience yield - debt
relationship is driven by a third variable, namely wealth inequality, rising in the post-1980
period. This is inline with our model which suggests that the rise in inequality should
expand fiscal capacity, enabling the government to raise government debt without putting
as much downward pressure on convenience yield as before.

The outward shift in fiscal space (and hence convenience yield) post-1980 can also be
seen in Figure A.12 that plots the relationship between convenience yield and government
debt to GDP. There is a clear upward shift in convenience yield relative to the earlier
downward relationship between convenience yield and debt to GDP, post-1980 (red dots)

A58



Table A.4: Role of rising inequality in the Krishnamurthy and Vissing-Jorgensen (2012) regression

1919-2008 1919-2022 1962-2022 1962-2008 1980-2022 1962-2022

1) @ ®) ) ©) ©)
In(Debt/GDP) -0.746*** -0.459***  -0.241  -1.032***  -0.0469 -0.710**
(0.0704) (0.0795)  (0.123)  (0.221)  (0.147)  (0.248)
Share Top 1% Wealth 5.043*
(2.340)
N 90 104 61 47 42 60
R-sq 0.449 0.218 0.049 0.283 0.002 0.121

Standard errors in parentheses

* p < 0.05,* p <001, p < 0.001

Figure A.12: Replication of Krishnamurthy and Vissing-Jorgensen (2012) regression

ogo71
° L]
® 1974

® 1980

Aaa-Treasury
N
I

® 1968

°
L]
° ® 1977

® 2001

° ©2016

© 1998 ©2010 o®013
02019
° ° o o
o °
© 2007 @ 1986
©1989
S
0§0040g
° ]

® 1965 @ 1962
® .

@ 2022

T T
4 6 .8

Debt/GDP Ratio

® 1962-1980 ® 1981-2022

Note. This figure plots the Aaa-Treasury spread in % on the y axis against the debt-to-GDP ratio on the x axis.

as inequality starts to rise. Overall the post-1980 experience of the U.S. with rising inequality

is consistent with the predictions of our model that fiscal space increases with inequality.

A59



