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Lemma 1. The district outcome function π is continuous, strictly concave on [ 1
2 , 1], and

π(θ) = 1− π(1− θ) for all θ ∈ [0, 1].

PROOF:
We will show x(·) is strictly concave on [ 1

2 , 1]. Since L is strictly concave to [0, 1], this
shows that π is strictly concave on [ 1

2 , 1]. Let

θI1(x(θ)) + (1− θ)I2(x(θ)) = 1
2

Note that, for θ ≥ 1
2 , I2(x(θ)) = 1 and therefore

(A1) I1(x(θ)) = 1− 1
2θ

To prove that x(·) is concave, let θ1, θ3 ∈ [ 1
2 , 1], δ ∈ (0, 1), and set θ2 = δθ1 + (1− δ)θ3.

Then, it is enough to show that

(A2) I1(δx(θ1) + (1− δ)x(θ3)) < 1− 1
2θ2

The convexity of I1 and (A1) imply

I1(δx(θ1) + (1− δ)x(θ3)) ≤ δI1(x(θ1)) + (1− δ)I1(x(θ3)) = 1− δ 1
2θ1
− (1− δ) 1

2θ3

Then, the strict concavity of − 1
z yields (A2) as desired.

Lemma 4. For every F ∈ F , the maximization problem (A3) has a unique solution F ∗

such that F ∗ = F p for some p ∈ [0, 1].

PROOF:
First, we note that the set {F̂ ∈ F | F̂ � F} is closed in the topology of weak conver-

gence. Since F is compact, it follows that the constraint set of (A3) is compact. Since
D is continuous (Lemma 2), a solution exists. Next, we will show that this solution is
unique and is a segregation plan.

Note that if ω̄(F ) + s ≤ 1
2 , then, since π is strictly convex on [0, 1

2 ], the unique solution
to (A3) is F 1. So we are done. If ω(F ) + s ≥ 1

2 , then, since π is strictly concave on [ 1
2 , 1],
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the unique solution to (A3) is F 0, and again we are done. So, henceforth it is sufficient
to consider F such that ω̄(F ) + s > 1

2 > ω(F ) + s.

Step 1. Let h be an uhc correspondence from [x, x′] to nonempty, convex subsets of the
reals. If there are w ∈ h(x), w′ ∈ h(x′) such that w ≤ 0 ≤ w′, then there exists x∗ ∈ [x, x′]
such that 0 ∈ h(x∗).

PROOF:
Follows from elementary arguments.

Step 2. (i) ω∗(p) + s > 1
2 for all p such that 1

2 − s ∈ ω(p). (ii) Either 0 ∈ W (p∗) for
some p∗ ∈ [0, 1] or ω∗(0) + s > φ(ω(F ) + s) and not both. (iii) If p∗ in (ii) exists, it is
unique.

PROOF:
Part (i) is immediate since ω̄(F )+s > 1

2 . If ω∗(0)+s > φ(ω(F )+s), then minW (0) > 0
and sinceW is increasing, w > 0 for all w, p such that w ∈W (p). If ω(0)+s ≤ φ(ω(F )+s),
we have w ≤ 0 for some w ∈W (0). Choose p̂ such that 1

2 − s ∈ ω(p̂). Since φ( 1
2 ) = 1

2 , it
follows from (i) that ω∗(p̂) + s − φ( 1

2 ) > 0 and therefore maxW (p̂) > 0. Then, by Step
1, there exists p∗ such that 0 ∈W (p∗). This proves (ii). That p∗ is unique is immediate.

For any F , let pF = 0 if minW (0) > 0 and pF = p∗ (as defined in Step 2) otherwise.
Similarly, let ωF = ω(F ) if minW (0) > 0 and ωF = min{ω ∈ ω(p∗) |ω∗(p∗) + s =
φ(ω + s)} otherwise.

Step 3. F pF is the unique optimal redistricting plan.

PROOF:
Verifying that F pF � F is straightforward. Define,

π∗(θ) =
π(ω∗(pF ) + s)− π(ωF + s)

ω∗(pF )− ωF
(θ − ωF − s) + π(ωF + s)

Hence, π∗ is the line that runs through both (ωF+s, π(ωF+s)) and (ω∗(pF )+s, π(ω∗(pF )+
s)). Note that

(A4) π(θ)

{
> π∗(θ) whenever θ < ωF + s
= π∗(θ) if θ ∈ {ωF + s, ω∗(pF ) + s}
< π∗(θ) otherwise

Consider any optimal F ∗. First, we show that, for any ω < ωF , F ∗(ω) ≤ F pF (ω) =
F (ω). For any cumulative F̂ , define h(ω, F̂ ) :=

∫ ω
ω
F̂ (z)dz and g(ω, F̂ ) := h(ω, F ) −

h(ω, F̂ ) for all ω ∈ R. Note that a strategy, F̂ , is feasible if and only if it has the same
mean as F , and g(ω, F̂ ) ≥ 0 for all ω. That is, F̂ is feasible if and only if F is a mean
preserving spread of F̂ . Note also that g(·, F̂ ) is continuous for any F̂ .

Suppose F ∗(ω2) > F (ω2) for some ω2 < ωF . Since F and F ∗ are right continuous,
we can choose ω2 to be a continuity point of both F and F ∗. Then, since F and F ∗ are
continuous at ω2 and F ∗(ω2) > F (ω2), we conclude that 0 ≤ g(ω2 + ε′, F ∗) < g(ω2, F

∗)
for some ε′ > 0. Let ε = g(ω2, F

∗)/2 > 0.
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Since g(·, F ∗) is continuous and g(ω, F ∗) = 0 for ω ≤ min Ω, by the Intermediate Value
Theorem, there exists ω < ω2 such that g(ω, F ∗) = ε. Let

ω1 = sup{ω ≤ ω2 | g(ω, F ∗) ≤ ε}

Since g(·, F ∗) is continuous, g(ω1, F
∗) = ε and therefore ω1 < ω2. By definition,

g(ω, F ∗) > ε for all ω ∈ (ω1, ω2]. Let pi = F ∗(ωi) for i = 1, 2.
For ω ≤ min Ω, F (ω) = F ∗(ω) = 0 and hence g(·, F ∗) = 0; for ω ≥ max Ω, g(·, F ∗) = 0

because F, F ∗ have the same mean. We conclude that ωi ∈ Ω for i = 1, 2 and therefore
ω2 − ω1 < 1. Then,

ε = g(ω2, F
∗)− g(ω1, F

∗) < (ω2 − ω1)(F ∗(ω2)− F ∗(ω1)) < p2 − p1

Then, define

G(ω) =


0 if ω < ω1
F∗−F∗(ω1)
p2−p1 if ω ∈ [ω1, ω2]

1 otherwise

Hence, F ∗ = p1F
∗p1
− + (p2 − p1)G + (1 − p2)F ∗p2+ . Since F ∗ is continuous at ω2 and

p2 > p1, µ(G), the mean of G, satisfies ω1 < µ(G) < ω2. Choose α so that

αω1 + (1− α)ω2 = µ(G)

and let H be the distribution that has support {ω1, ω2} and satisfies H(ω1) = α. Also,
let

F ε = p1F
∗p1
− + (p2 − p1 − ε)G+ εH + (1− p2)F ∗p2+

For all ω, we have
g(ω, F ε) = g(ω, F ∗) + h(ω, F ∗)− h(ω, F ε)

For ω /∈ (ω1, ω2), h(ω, F ∗)−h(ω, F ε) = 0 and hence g(ω, F ε) = g(ω, F ∗); for ω ∈ (ω1, ω2),
h(ω, F ∗)− h(ω, F ε) ≥ −ε and g(ω, F ∗) > ε. Hence, in both cases, g(ω, F ε) ≥ 0, proving
that F is a mean preserving spread of F ε and therefore F ε is feasible. But since H is a
mean preserving spread of G and π is convex on [0, ωF + s], we have D(F ε, s) > D(F ∗, s)
contradicting the optimality of F ∗. This proves F ∗(ω) ≤ F (ω) for ω ≤ ωF .

Next, note that

D(F pF , s) =
∫
ω<ωF

π(ω + s)dF pF (ω) +
∫
ω≥ωF

π(ω + s)dF pF (ω)

=
∫
ω<ωF

π(ω + s)dF pF (ω) +
∫
ω≥ωF

π∗(ω + s)dF pF (ω)

=
∫
ω<ωF

π(ω + s)dF pF (ω) +
∫
ω≥ωF

π∗(ω + s)dF pF (ω)

+
∫

Ω

π∗(ω + s)d[F ∗ − F pF ](ω)

The last equality follows from the fact that π∗ is linear and µ(F ∗) = µ(F pF ). Hence, we
have

D(F pF , s) =
∫
ω<ωF

(π(ω + s)− π∗(ω + s))dF pF (ω) +
∫

Ω

π∗(ω + s)dF ∗(ω)
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Note that π− π∗ is strictly decreasing and positive for ω < ωF since π is strictly convex.
Since F ∗ ≤ F pF for ω < ωF it follows that∫

ω<ωF

(π(ω + s)− π∗(ω + s))dF pF (ω) ≥
∫
ω<ωF

(π(ω + s)− π∗(ω + s))dF ∗(ω)

and therefore

D(F pF , s) =
∫
ω<ωF

(π(ω + s)− π∗(ω + s))dF pF (ω) +
∫
ω<ωF

π∗(ω + s)dF ∗(ω)

+
∫
ω≥ωF

π∗(ω + s)dF ∗(ω)

≥
∫
ω<ωF

π(ω + s)dF ∗(ω) +
∫
ω≥ωF

π(ω + s)dF ∗(ω) = D(F ∗, s)

Moreover, unless F ∗ assigns probability 0 to (ωF , ω∗(pF ))∪(ω∗(pF ), ω̄(F )] and F ∗ = F pF

for ω < ωF the inequality above is strict, contradicting the optimality of F ∗. Hence,
F ∗ = F pF .

Lemma 5. The value ps is a decreasing function of s; it is strictly decreasing at s such
that ps > 0.

PROOF:
Assume ps > 0. In Lemma 4, we showed that ωs ∈ ω(ps) and

ω∗(ps) + s− φ(ωs + s) = 0

Since φ is strictly decreasing, ŝ > s implies that φ(ωs + ŝ) < φ(ωs + s) and therefore

ω∗(ps) + ŝ− φ(ωs + ŝ) > 0

Then, since W is increasing, ωŝ ∈ ω(pŝ), and

ω∗(pŝ) + ŝ− φ(ωŝ + ŝ) = 0

it follows that ps > pŝ. The case where ps = 0 follows from an analogous argument and
is therefore omitted.

Lemma 6. If p̂ < p ≤ ps, then D(F p̂, s) ≤ D(F p, s).

PROOF:
Let p̂ < p ≤ ps, ω ∈ ω(p), and ω̂ ∈ ω(p̂). Also, define

π∗∗(θ) =
π(ω∗(p) + s)− π(ω + s)

ω∗(p)− ω
(θ − ω − s) + π(ω + s)

Hence, π∗∗ is the line that runs through both (ω+s, π(ω+s)) and (ω∗(p)+s, π(ω∗(p)+s)).
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Note that p ≤ ps, and therefore ω ≤ ωs and ω∗(p) ≤ ω∗(ps). Hence,

(A5) π(θ)

{
> π∗∗(θ) whenever θ < ω + s
= π∗∗(θ) if θ ∈ {ω + s, ω∗(p) + s}
< π∗∗(θ) if θ ∈ (ω + s, ω∗(p) + s)

Since p̂ < p and ω ∈ ω(p), we have d[F p̂ − F p](ω′) ≤ 0 for all ω′ < ω. Moreover,
ω ≤ ω∗(p̂) ≤ ω∗(p).

Therefore,

D(F p, s) =
∫
ω′<ω

π(ω′ + s)dF p(ω′) +
∫
ω′≥ω

π∗∗(ω′ + s)dF p(ω′)

+
∫

Ω

π∗∗(ω′ + s)d[F p̂ − F p](ω′)

=
∫
ω′<ω

π(ω′ + s)dF p(ω′) +
∫
ω′<ω

π∗∗(ω′ + s)d[F p̂ − F p](ω′)

+
∫
ω′≥ω

π∗∗(ω′ + s)dF p̂(ω′)

≥
∫
ω′<ω

π(ω′ + s)dF p(ω′) +
∫
ω′<ω

π(ω′ + s)d[F p̂ − F p](ω′)

+
∫
ω′≥ω

π(ω′ + s)dF p̂(ω′)

=
∫
ω′<ω

π(ω′ + s)dF p̂(ω′) +
∫
ω′≥ω

π(ω′ + s)dF p̂(ω′) = D(F p̂, s)

as desired.


