Online Appendix for Strategic Redistricting

By FARUK GUL AND WOLFGANG PESENDORFER*

Lemma 1. The district outcome function m is continuous, strictly concave on [%, 1], and
m(0) =1—m(1—0) for all 0 € [0,1].

PROOF:
We will show z(-) is strictly concave on [3,
shows that 7 is strictly concave on [1,1]. Let

1]. Since L is strictly concave to [0, 1], this

011 (x(0)) + (1 — 0)Ix(x(0)) =

N[

Note that, for § > %, I5(x(#)) = 1 and therefore

(A1) Ia(6) = 1- 5

To prove that z() is concave, let 6,65 € [%, 1], 6 € (0,1), and set 02 = §6, + (1 — §)03.
Then, it is enough to show that

(A2) L (6(01) + (1 = 6)x(03)) <1— 5

The convexity of I; and (A1) imply

L(6x(01) + (1 — 0)x(03)) < 011 (2(01)) + (1 — 8)[1(x(fs)) =1 — 52171 —(1- 5)2%3

Then, the strict concavity of —% yields (A2) as desired.

Lemma 4. For every F € F, the mazimization problem (A3) has a unique solution F™*
such that F* = FP for some p € [0,1].

PROOF:

First, we note that the set {F' € F|F = F} is closed in the topology of weak conver-
gence. Since F is compact, it follows that the constraint set of (A3) is compact. Since
D is continuous (Lemma 2), a solution exists. Next, we will show that this solution is
unique and is a segregation plan.

Note that if w(F)+s < %7 then, since 7 is strictly convex on [0, %], the unique solution
to (A3) is F'. So we are done. If w(F) +s > 3, then, since 7 is strictly concave on [3, 1],
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the unique solution to (A3) is F?, and again we are done. So, henceforth it is sufficient
to consider F' such that @(F) +s > 1 > w(F) + s.

Step 1. Let h be an uhc correspondence from [x,x'] to nonempty, convex subsets of the
reals. If there are w € h(x),w’ € h(x') such that w < 0 < w’, then there exists x* € [z, 2']
such that 0 € h(z*).

PROOF:

Follows from elementary arguments.

Step 2. (i) w*(p) + s > % for all p such that £ — s € w(p). (ii) Either 0 € W (p*) for
some p* € [0,1] or w*(0) + s> ¢(w(F)+s) and not both. (isi) If p* in (i) exists, it is
unique.

PROOF:

Part (i) is immediate since ©(F)+s > 1. If w*(0)+s > ¢(w(F)+s), then min W (0) >
and since W is increasing, w > 0 for all w, p such that w € W( ). fw(0)+s < (;5( (F) )
we have w < 0 for some w € W(0). Choose p such that 1 — s € w(p). Since ¢(3) = 3, it

follows from (i) that w*(p) + s — #(3) > 0 and therefore max W (p) > 0. Then, by Step
1, there exists p* such that 0 € W(p*) This proves (ii). That p* is unique is immediate.

For any F, let pp = 0 if min W (0) > 0 and pr = p* (as defined in Step 2) otherwise.
Similarly, let wp = w(F) if minW(0) > 0 and wrp = min{w € w(p*) |w*(p*) +s =
o(w + s)} otherwise.

Step 3. FPF is the unique optimal redistricting plan.

PROOF:
Verifying that FPF > F is straightforward. Define,

m(w*(pr) +5) = m(wr + 5)

™0 = w*(pr) —wr

(0 —wp —s)+7m(wr +5)

Hence, 7* is the line that runs through both (wp+s, 7(wp+s)) and (W* (pr)+s, T(W* (pr)+
s)). Note that

(A4) =7*(0) if 6 e {wp+s,w*(pr)+ s}

> 7*(0) whenever § < wp + s

m(0)
< 7*(f) otherwise

Consider any optimal F*. First, we show that for any w < wp, F*( ) < FPF(w) =

F(w). For any cumulative F', define h(w f F(2)dz and g(w,F) := h(w, F) —

h(w, F) for all w € R. Note that a strategy, F is feasible if and only if it has the same
mean as F, and g(w, F') > 0 for all w. That is, F is feasible if and only if F'is a mean
preserving spread of F.. Note also that g(-, F ) is continuous for any F.

Suppose F*(ws) > F(ws) for some ws < wp. Since F and F* are right continuous,
we can choose ws to be a continuity point of both F' and F*. Then, since F' and F* are
continuous at we and F*(wg) > F(w3z), we conclude that 0 < g(ws + €/, F*) < g(wa, F*)
for some € > 0. Let € = g(wa, F*)/2 > 0.
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Since g(+, F*) is continuous and g(w, F*) = 0 for w < min {2, by the Intermediate Value
Theorem, there exists w < wy such that g(w, F*) = e. Let

w1 = sup{w < wq | g(w, F*) < €}

Since g(-, F'*) is continuous, g(wi,F*) = € and therefore w; < wy. By definition,
g(w, F*) > e for all w € (w1, ws]. Let p; = F*(w;) for i =1,2.

For w < min ), F(w) = F*(w) = 0 and hence g(-, F'*) = 0; for w > max €, g(-, F*) =0
because F, F* have the same mean. We conclude that w; €  for ¢ = 1,2 and therefore
wg — w1 < 1. Then,

€=g(w2, F") — g(w1, F") < (w2 —w1)(F*(w2) = F*(w1)) <p2 —m1

Then, define

0 if w<w;
G(w) = Fp%p(f”) if w € [wy,wa)
otherwise

Hence, F* = p1 F™P' + (po — p1)G + (1 — p2)FP*. Since F* is continuous at wy and
p2 > p1, u(G), the mean of G, satisfies wy < pu(G) < wa. Choose « so that

awy + (1 — a)ws = u(G)

and let H be the distribution that has support {wi,ws} and satisfies H(w;) = a. Also,
let
Fe :plepl + (pg —P1— 6)G + eH + (1 —pz)Fipz
For all w, we have
g(waFe) = g(waF*) + h(waF*) - h’(vae)

For w ¢ (w1,w2), h(w, F*)—h(w, F°) = 0 and hence ¢g(w, F¢) = g(w, F*); for w € (w1, wa),
h(w, F*) — h(w, F¢) > —e and g(w, F*) > €. Hence, in both cases, g(w, F’¢) > 0, proving
that F' is a mean preserving spread of F° and therefore F¢ is feasible. But since H is a
mean preserving spread of G and 7 is convex on [0,wp + s], we have D(F€,s) > D(F*,s)
contradicting the optimality of F*. This proves F*(w) < F(w) for w < wp.

Next, note that

b = [ (@) + [ s sirr
_ /w ot ) () + /w T sdE ()
_ /w e () + /w ;w 7 (w + 5)dFPT (w)
n / ot A — )

The last equality follows from the fact that 7* is linear and p(F*) = u(FPF). Hence, we
have

D(FPr s) = /

w<wp

(mw+s) — 7" (w+ s))dFPF (w) + /Q 7 (w + 8)dF* (w)
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Note that m — 7" is strictly decreasing and positive for w < wp since 7 is strictly convex.
Since F* < FPF for w < wr it follows that

/ < (T(w+s) — 7" (w + 5))dFP" (w) > / < (m(w+s) = 7" (w + 5))dF" (w)

and therefore

D(FPr s) = /< (w(w+s)fw*(w+s))dF”F(w)+/ 7 (w + 8)dF" (w)

w<wp

/w 7 (w0 + )dF" (@)
> /UKW m(w + 8)dF™ (w /w m(w + s)dF*(w) = D(F*,s)

Moreover, unless F* assigns probability 0 to (wr,w*(pr))U(w*(pr),w(F)] and F* = FPF
for w < wp the inequality above is strict, contradicting the optimality of F*. Hence,
F* = Frr,

Lemma 5. The value ps is a decreasing function of s; it is strictly decreasing at s such
that ps > 0.

PROOF:
Assume p; > 0. In Lemma 4, we showed that w, € w(ps) and

w*(ps) +5 = Pplws +5) =0

Since ¢ is strictly decreasing, § > s implies that ¢(ws + §) < ¢(ws + s) and therefore
w(ps) + 85— Pplws+8) >0

Then, since W is increasing, w; € w(p;s), and
w*(ps) + 8 — p(ws +35) =0

it follows that ps > ps. The case where p, = 0 follows from an analogous argument and
is therefore omitted.

Lemma 6. If p < p < p, then D(FP,s) < D(FP,s).

PROOF:
Let p < p < ps, w € w(p), and © € w(p). Also, define
m(w*(p) +5) —m(w+5)

T (0) = ) o 0 —w—38)+7m(w+s)

Hence, 7** is the line that runs through both (w+s, m(w+s)) and (w*(p)+s, T(w*(p)+3)).
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Note that p < ps, and therefore w < w; and w*(p) < w*(ps). Hence,

(A5) =7*(0) if 0 € {w+ s,w*(p)+ s}

> 1**(f#) whenever 0 < w + s
7r(9){
<7m**(0) iffe(w+s,w(p) +s)
Since p < p and w € w(p), we have d[F? — FP](w') < 0 for all o’ < w. Moreover,
w < w*(p) < w*(p).
Therefore,

D(F?)s) = / (W' + 8)dFP (W) + /,> 7 (W' + 8)dFP (W)
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as desired.



