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1 Measurability Restrictions

To capture these portfolio restrictions implied by the different trading technologies, we use mea-

surability constraints (see Chien, Cole, and Lustig (2011) for a detailed discussion) on net wealth.

These restrictions allow us to solve for equilibrium allocations and prices without having to search

for the equilibrium prices that clear each security market.

Mertonian Trader Since idiosyncratic shocks are not spanned for the z-complete trader, his

net wealth needs to satisfy:

ât
(
zt,
[
ηt, η

t−1
])

= ât
(
zt,
[
η̃t, η

t−1
])
, (1)

for all t and ηt, η̃t ∈ N.

Continuous-Rebalancing Non-Mertonian (crb) Trader Non-Mertonian traders who re-

balance their portfolio in each period to a fixed fraction $? in levered equity and 1 − $? in
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non-contingent bonds earn a return:

Rcrb
t ($?, zt) = $?Rt,t−1[{D}](zt) + (1−$?)Rt,t−1[1](zt−1)

Hence, their net financial wealth satisfies this measurability restriction:

ât ([zt, z
t−1], [ηt, η

t−1])

Rcrb
t ($?, [zt, zt−1])

=
ât ([z̃t, z

t−1], [η̃t, η
t−1])

Rcrb
t ($?, [z̃t, zt−1])

, (2)

for all t, zt, z̃t ∈ Z, and ηt, η̃t ∈ N . If $? = 1/(1 + ψ), then this trader holds the market in each

period and earns the return on a claim to all tradeable income: Rt,t−1[{(1 − γ)Y }](zt). Without

loss of generality, we can think of non-participants as crb traders with $? = 0.

Intermittent-Rebalancing Non-Mertonian (irb) Trader An irb trader’s technology is de-

fined by his portfolio target (denoted $?) and the periods in which he rebalances (denoted T ). We

assume that rebalancing takes place at fixed intervals. For example, if he rebalances every other

period, then T = {1, 3, 5, ...} or T = {2, 4, 6, ...}.

We define the trader’s equity holdings as et(z
t, ηt) = sDt (zt, ηt)Vt[{D}](zt). In re-balancing

periods, this trader’s equity holdings satisfy:

et(z
t, ηt)

et(zt, ηt) + bt(zt, ηt)
= $?.

However, in non-rebalancing periods, the implied equity share is given by $t = et/(et + bt) where

et evolves according to the following law of motion:

et(z
t, ηt) = et−1(zt−1, ηt−1)Rt,t−1[{D}](zt)

for each t /∈ T . This assumes that the irb trader automatically re-invests the dividends in equity

in non-rebalancing periods.
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After non-rebalancing periods, the irb trader with an equity share $t−1 earns a rate of return:

Rirb
t ($t−1, z

t) = $t−1(zt−1)Rt,t−1[{D}](zt) + (1−$t−1(zt−1))Rt,t−1[1](zt−1)

In all periods, rebalancing and non-rebalancing alike, he faces the following measurability restriction

on net wealth:

ât ([zt, z
t−1], [ηt, η

t−1])

Rirb
t ($t−1, [zt, zt−1])

=
ât ([z̃t, z

t−1], [η̃t, η
t−1])

Rirb
t ($t−1, [z̃t, zt−1])

, (3)

for all t, zt, z̃t ∈ Z, and ηt,η̃t ∈ N , with $t = $? in rebalancing periods.

Since setting T = {1, 2, 3, ...} generates the continuous-rebalancer’s measurability constraint,

the continuous-rebalancer can simply be thought of as a degenerate case of the intermittent-

rebalancer. Hence, we can state without loss of generality that a non-Mertonian trading technology

is completely characterized by ($?, T ).

2 Solving the Trader’s Optimization Problem

Active Traders For our Mertonian traders, we distinguish between two types. The z-complete

trader’s problem is to choose {ct(zt, ηt), at(zt+1, ηt+1), et(z
t, ηt), bt(z

t, ηt)}, so as to maximize his

total expected utility

U ({c}) =
∞∑

t≥1,(zt,ηt)

βtπ(zt, ηt)
ct(z

t, ηt)1−α

1− α
, (4)

subject the flow budget constraint

∑
zt+1

Qt(zt+1)at(zt+1) + sDt Vt[{D}] + bt + ct ≤ ât + γYtηt for all zt, ηt, (5)

the solvency constraint

ât(z
t, ηt) ≥ 0, (6)

and the appropriate measurability constraint (1). The complete trader solves the same optimization

problem without the measurability constraint (1).
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Passive Traders For our non-Mertonian traders, we distinguish between two types. The crb

trader’s problem is to choose {ct(zt, ηt), at(zt+1, ηt+1), et(z
t, ηt), bt(z

t, ηt)} in each period, so as to

maximize his total expected utility (4) subject to the flow budget constraint (5) in each period,

the solvency constraint (6), and the appropriate crb measurability constraint (2). The irb solves

the same optimization problem with the irb measurability constraint (3).

2.1 Time Zero Trading

We find it useful to write agent’s problems in terms of their equivalent time-zero trading problem in

which they select the optimal policy sequence given a complete set of Arrow-Debreu securities, sub-

ject to a sequence of measurability and debt constraints (see Chien, Cole, and Lustig (2011)). This

section reformulates the household’s problem in terms of a present-value budget constraint, and

sequences of measurability constraints and solvency constraints. These measurability constraints

capture the restrictions imposed by the different trading technologies of households.

From the aggregate contingent claim prices, we can back out the present-value state prices

recursively as follows:

P (zt) = Q(zt, z
t−1)Q(zt−1, z

t−2) · · ·Q(z1, z
0)Q(z0).

We use P̃t(z
t, ηt) to denote the state prices Pt(z

t)π(zt, ηt). Let Mt+1,t(z
t+1|zt) = P (zt+1)/P (zt)

denote the stochastic discount factor that prices any random payoffs. Using these state prices, we

can compute the no-arbitrage price of a claim to random payoffs {X} as:

Vt[{X}](ηt, zt) =
∑

τ≥t,(ητ ,zτ )�(ηt,zt)

P̃τ (z
τ , ητ )

P̃t(zt, ηt)
Xτ (z

τ , ητ ).

We choose the solvency constraint as:

M t(z
t, ηt) = 0.
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Active Traders The complete trader chooses a consumption plan {ct(zt, ηt)} to maximize her

expected utility U ({c}) (in 4) subject to a single time zero budget constraint:

Vt [{γηY − c}] (z0) + (1− γ)V0[{Y }](z0) ≥ 0. (7)

and the solvency constraint in each node (zt, ηt):

Vt [{γηY − c}] (zt, ηt) ≤ −M t(z
t, ηt) = 0. (8)

This is a standard Arrow-Debreu household optimization problem.

The z-complete trader’s problem is the same as the complete-trader’s problem except that we

need to enforce his measurability constraint (1) in each node (zt, ηt):

Vt [{γηY − c}] (zt, ηt) is measurable w.r.t. (zt, ηt−1).

Hence, we can think of the the z-complete trader choosing a consumption plan {ct(zt, ηt)} and

a net wealth plan {ât(zt, ηt−1)} to maximize her expected utility U ({c}) subject to the time zero

budget constraint (7), the solvency constraints (8) in each node (zt, ηt), and the measurability

constraint in each node (zt, ηt):

Vt [{γηY − c}] (zt, ηt) = ât(z
t, ηt−1). (9)

The appendix contains a detailed description of the corresponding saddle point problem in section

2.2. Since the complete-trader’s problem is merely a simplification of the z-complete’s, we focus

on the z-complete trader in our discussion.

Let χ denote the multiplier on the time zero budget constraint in (7), let ϕt(z
t, ηt) denote the

multiplier on the debt constraint in node (zt, ηt) (8), and, finally, let νt(z
t, ηt) denote the multiplier

on the measurability constraint (9) in node (zt, ηt), . We will show how to use the multipliers on

these constraints to fully characterize equilibrium allocations and prices.
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Following Chien, Cole, and Lustig (2011), we can construct new weights for this Lagrangian

as follows. First, we define the initial cumulative multiplier to be equal to the multiplier on the

budget constraint: ζ0 = χ. Second, the multiplier evolves over time as follows for all t ≥ 1:

ζt(z
t, ηt) = ζt(z

t−1, ηt−1) + νt
(
zt, ηt

)
− ϕt(zt, ηt). (10)

The first order condition for consumption leads to a consumption sharing rule that does not

depend on the trading technology. Using the law of motion for cumulative multipliers in (10) to

restate the first order condition for consumption from the saddle point problem, in terms of our

cumulative multiplier, we obtain the following condition:

βtu′(c(zt, ηt))

P (zt)
= ζt(z

t, ηt). (11)

This condition is common to all of our traders irrespective of their trading technology because

differences in their trading technology does not effect the way in which ct(z
t, ηt) enters the objective

function or the constraint. This implies that the marginal utility of households is proportional to

their cumulative multiplier, regardless of their trading technology. As a result, we can derive a

consumption sharing rule. The household consumption share, for all traders is given by

c(zt, ηt)

C(zt)
=
ζ(zt, ηt)

−1
α

h(zt)
, where h(zt) =

∑
j∈TT

µj
∑
ηt

ζj(zt, ηt)
−1
α π(ηt|zt). (12)

where TT = {m, crb, irb, np} Moreover, the SDF is given by the Breeden-Lucas SDF and a multi-

plicative adjustment:

Mt,t+1(zt+1|zt) ≡ β

(
C(zt+1)

C(zt)

)−α(
h(zt+1)

h(zt)

)α
. (13)

The first order condition for net financial wealth leads to a martingale condition for the cu-

mulative multipliers which does depend on the trading technology. The first order condition with
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respect to net wealth ât(z
t+1, ηt) is given by:

∑
ηt+1�ηt

ν
(
zt+1, ηt+1

)
π(zt+1, ηt+1)P (zt+1) = 0. (14)

This condition, which determines the dynamics of the multipliers, is specific to the trading tech-

nology. For the z-complete trader, it implies that the average measurability multiplier across

idiosyncratic states ηt+1 is zero since P (zt+1) is independent of ηt+1. In each aggregate node zt+1,

the household’s marginal utility innovations not driven by the solvency constraints νt+1 have to be

white noise. The trader has high marginal utility growth in low η states and low marginal utility

growth in high η states, but these innovations to marginal utility growth average out to zero in

each node (zt, zt+1).

Combining (14) with (10), we obtain the following supermartingale result:

E
[
ζt+1|zt+1

]
≤ ζt,

which holds with equality if the solvency constraint do not bind in zt+1. For the unconstrained z-

complete market trader, the martingale condition Et+1 [ζt+1|zt+1] = ζt and the consumption sharing

rule imply that his IMRS equals the SDF on average in each aggregate node zt+1, averaged over

idiosyncratic all states:

Mt,t+1 ≥ Et+1

[
β

(
ct+1

ct

)−α
|zt+1

]
,

with equality if the solvency constraints do not bind in zt+1.

For the complete trader, the first-order condition for to net wealth ât(z
t+1, ηt+1) is given by:

ν
(
zt+1, ηt+1

)
π(zt+1, ηt+1)P (zt+1) = 0, (15)

and this implies that if the solvency constraints do not bind, the cumulative multipliers are constant.

For the complete market trader, the martingale condition ζt+1 = ζt and the consumption sharing
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rule imply that his IMRS is less than or equal to the SDF, state-by-state:

Mt,t+1 ≥ β

(
ct+1

ct

)−α
,

with equality if the solvency constraint does not bind in (zt+1, ηt+1).

As in Chien, Cole, and Lustig (2011), we can characterize equilibrium prices and allocations

using the household’s multipliers and the aggregate multipliers.

Passive Traders Since the crb non-Mertonian trader is a special case of the irb non-Mertonian

trader, we start with the irb. The non-Mertonian trader faces an additional restriction on the

dynamics of his equity position. The non-Mertonian traders’ equity position evolves according to:

et(z
t, ηt) =


$?

1−$? bt(z
t, ηt) if t ∈ T

Rt,t−1[{D}](zt)et−1(zt−1, ηt−1) everywhere else

. (16)

The non-Mertonian trader’s equity position is being determined in rebalancing periods by his

current debt position bt, and in nonrebalancing periods by his past equity position et−1. Thus, it

is completely determined by the bond position he took in rebalancing periods and the returns on

equity.

The irb non-Mertonian trader trader chooses a consumption plan {ct(zt, ηt)} and a net wealth

plan {ât(zt, ηt−1)} to maximize her expected utility U ({c}) subject to the time zero budget con-

straint (7), the solvency constraints (8), the measurability constraint in each node (zt, ηt):

Vt [{γηY − c}] (zt, ηt) = ât(z
t, ηt−1), (17)

where net financial wealth in node zt, ηt is given by the non-contingent bond holdings and equity

holdings:

ât(z
t, ηt−1) = bt−1(zt−1, ηt−1)Rt,t−1[1](zt−1) + et−1(zt−1, ηt−1)Rt,t−1[{D}](zt),
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and, finally, subject to the equity transition restriction in (16).

As before, let χ denote the multiplier on the time-zero budget constraint in (7), let ϕ(zt, ηt)

denote the multiplier on the solvency constraint in (8), let κ(zt, ηt) denote the multiplier on the

equity transition condition in (16), and let ν(zt, ηt) denote the multiplier on the measurability

constraint in node (zt, ηt) in (17).

The saddle point problem of a non-Mertonian trader with trading technology (φ∗, T ) is stated

in section 2.2 of the appendix. As before, we define the cumulative multipliers as in (10).

To keep the notation tractable, we define the continuous-rebalancing one-period portfolio return

as:

Rt+1,t($
?, zt+1) = $?Rt+1,t[1](zt) + (1−$?)Rt+1,t[{D}](zt+1),

and we define the intermittent-rebalancing two-period portfolio return as:

Rt+2,t($
?, zt+2) = $?Rt+2,t[1](zt) + (1−$?)Rt+2,t[{D}](zt+2).

To develop some intuition, consider the simplest case in which the rebalancing takes place every

other period. The intermittent-rebalancer’s first-order condition for net financial wealth can be

stated as follows:

1. in the rebalancing periods t ∈ T :

0 =
∑

(zt+1,ηt+1)

νt+1(zt+1, ηt+1)P̃ (zt+1, ηt+1)Rt+1,t(z
t+1) (18)

+
∑

(zt+2,ηt+2)

ν(zt+2, ηt+2)P̃ (zt+2, ηt+2)Rt+2,t(z
t+2).

2. in the nonrebalancing periods t /∈ T :

$?
∑

(zt+1,ηt+1)

ν(zt+1, ηt+1)P̃ (zt+1, ηt+1)Rt+1,t[1](zt) = 0. (19)

In the non-rebalancing periods, the non-Mertonian trader faces the same first order condition
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as the non-participant in (19), but in re-balancing periods, the standard martingale condition

is augmented with a forward looking component, because the non-Mertonian trader anticipates

that the next period is not a rebalancing period. Combining (18) with the law of motion for the

cumulative multiplier in (10) leads to a martingale condition under a different measure that looks

two periods ahead:

Et
[
(Mt,t+2Rt+2,t) ζt+2|zt, ηt

]
≤ ζt,

with equality if the non-Mertonian trader’s solvency constraints do not bind in period t + 1.

This martingale condition, combined with the consumption sharing rule, leads to the following

Euler equation for an unconstrained non-Mertonian trader, who is re-balancing at t, who is not

re-balancing at t+1:

Et

[
β

(
ct+2

ct

)−α
Rt+2,t|zt, ηt

]
≤ 1, t ∈ T , t+ 1 /∈ T , t+ 2 ∈ T

2.2 Saddle Point

Active The saddle point problem of an z-complete trader can be stated as:

L = min
{χ,ν,ϕ}

max
{c,â}

∞∑
t=1

βt
∑

(zt,ηt)

u(c(zt, ηt))π(zt, ηt)

+χ

∑
t≥1

∑
(zt,ηt)

P̃ (zt, ηt)
[
γY (zt)ηt − c(zt, ηt)

]
+$(z0)


+
∑
t≥1

∑
(zt,ηt)

ν(zt, ηt)

∑
τ≥t

∑
(zτ ,ητ )�(zt,ηt)

P̃ (zτ , ητ ) [γY (zτ )ητ − c(zτ , ητ )] + P̃ (zt, ηt)ât−1(zt, ηt−1)


+
∑
t≥1

∑
(zt,ηt)

ϕ(zt, ηt)

−M t(z
t, ηt)P̃ (zt, ηt)−

∑
τ≥t

∑
(zτ ,ητ )�(zt,ηt)

P̃ (zτ , ητ ) [γY (zτ )ητ − c(zτ , ητ )]

 ,

where P̃ (zt, ηt) = π(zt, ηt)P (zt). This is a standard convex programming problem –the constraint

set is still convex, even with the measurability conditions and the solvency constraints. The first

order conditions are necessary and sufficient. The complete-trader’s problem is simply this problem
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where with net financial wealth allowed to depend on the full idiosyncratic history, or ât−1(zt, ηt),

and hence this measurability constraint is degenerate.

Let χ denote the multiplier on the present-value budget constraint, let ν(zt, ηt) denote the

multiplier on the measurability constraint in node (zt, ηt), and, finally, let ϕ(zt, ηt) denote the

multiplier on the debt constraint.

The first-order condition for consumption is given by

βtu′(c(zt, ηt))π(zt, ηt) = χ+
∑

(zt,ηt)�(zτ ,ητ )

[ν(zτ , ητ )− ϕ(zτ , ητ )] P̃ (zt, ηt),

Passive Here again, we will work with the present-value problem. As before, let χ denote

the multiplier on the present-value budget constraint, let ν(zt, ηt) denote the multiplier on the

measurability constraint in node (zt, ηt), let ϕ(zt, ηt) denote the multiplier on the debt constraint.

In addition, let κ(zt, ηt) denote the multiplier on the equity transition condition. The saddle point

problem of a non-Mertonian trader with trading technology (ω∗, T ) can be stated as:

L = min
{χ,ν,ϕ}

max
{c,b,e}

∞∑
t=1

βt
∑

(zt,ηt)

u(c(zt, ηt))π(zt, ηt)

+ χ

∑
t≥1

∑
(zt,ηt)

P̃ (zt, ηt)
[
γY (zt)ηt − c(zt, ηt)

]
+$(z0)


+

∑
t≥1

∑
(zt,ηt)

ν(zt, ηt)


∑

τ≥t
∑

(zτ ,ητ )�(zt,ηt) P̃ (zτ , ητ ) [γY (zτ )ητ − c(zτ , ητ )]

+P̃ (zt, ηt)
[
b(zt−1, ηt−1)Rf (zt−1) + I{t∈T}e(z

t−1, ηt−1)Re(zt)
]


+
∑
t≥1

∑
(zt,ηt)

ϕ(zt, ηt)

 −M t(z
t, ηt)P̃ (zt, ηt)

−
∑

τ≥t
∑

(zτ ,ητ )�(zt,ηt) P̃ (zτ , ητ ) [γY (zτ )ητ − c(zτ , ητ )]


+

∑
t≥1

∑
(zt,ηt)

κ(zt, ηt)

 I{t∈T}
[
e(zt, ηt)− $?

1−$? b(z
t, ηt)

]
+I{t/∈T} [e(zt, ηt)−Rt,t−1[{D}](zt)e(zt−1, ηt−1)]

 .
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where P̃ (zt, ηt) = π(zt, ηt)P (zt). This is a standard convex programming problem. We list the

first-order conditions for consumption c:

βtu′(c(zt, ηt))π(zt, ηt) =

χ+
∑

(zt,ηt)�(zτ ,ητ )

[ν(zτ , ητ )− ϕ(zτ , ητ )]

 P̃ (zt, ηt),

for bonds bt

∑
(zt+1,ηt+1)

ν(zt+1, ηt+1)P̃ (zt+1, ηt+1)Rt,t−1[{1}](zt−1)− I{t∈T}κ(zt, ηt)
$?

1−$?
= 0,

and finally for equity holdings e:

∑
(zt+1,ηt+1)

 ν(zt+1, ηt+1)I{t+1∈T}P̃ (zt+1, ηt+1)Rt+1,t[{D}](zt+1)

−κ(zt+1, ηt+1)I{t+1/∈T}Rt+1,t[{D}](zt+1)

+ κ(zt, ηt) = 0.

Taxonomy There are four cases with respect to the last two first-order conditions depending

upon whether t and/or t+1 is an element of T , the set of rebalancing periods. Here is an overview

of these different cases:

1. If t ∈ T and t+ 1 ∈ T then the last two conditions reduce to

∑
(zt+1,ηt+1)

νt+1(zt+1, ηt+1)P̃t+1(zt+1, ηt+1)
[
(1−$?)Rt+1,t[1](zt) +$?Rt+1,t[{D}](zt+1)

]
= 0,

where [(1−$?)Rt+1,t[1](zt) +$?Rt+1,t[{D}](zt+1)] is the simply overall return on the agent’s

portfolio conditional on the transition from zt to zt+1. This is the martingale condition for

the continuous-rebalancing trader.

2. If t ∈ T and t+ 1 /∈ T then the last two conditions become

1−$?

$?

∑
(zt+1,ηt+1)

νt+1(zt+1, ηt+1)P̃t+1(zt+1, ηt+1)Rt+1,t[1](zt) = κ(zt, ηt),
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and

∑
(zt+1,ηt+1)

Rt+1,t[{D}](zt+1)
{
νt+1(zt+1, ηt+1)P̃t+1(zt+1, ηt+1)− κt+1(zt+1, ηt+1)

}
= −κt(zt, ηt).

3. If t /∈ T and t+ 1 ∈ T then the last two conditions become

1−$?

$?

∑
(zt+1,ηt+1)

νt+1(zt+1, ηt+1)P̃t+1(zt+1, ηt+1)Rt+1,t[1](zt) = 0,

and ∑
(zt+1,ηt+1)

νt+1(zt+1, ηt+1)P̃ (zt+1, ηt+1)Rt+1,t[{D}](zt+1) = −κt(zt, ηt).

4. If t /∈ T and t+ 1 /∈ T then the last two conditions become

1−$?

$?

∑
(zt+1,ηt+1)

νt+1(zt+1, ηt+1)P̃t+1(zt+1, ηt+1)Rt+1,t[1](zt) = 0,

and

∑
(zt+1,ηt+1)

Rt+1,t[{D}](zt+1)
{
νt+1(zt+1, ηt+1)P̃ (zt+1, ηt+1)− κ(zt+1, ηt+1)

}
= −κt(zt, ηt).

In the simple case in which the rebalancing takes place every other period, then these conditions

boil down to

0 =
∑

(zt+1,ηt+1)

{
ν(zt+1, ηt+1)P̃ (zt+1, ηt+1)

[
φ∗Rf (zt)

]}
+

∑
(zt+2,ηt+2)

{
ν(zt+2, ηt+2)P̃ (zt+2, ηt+2)

[
Rt+2,t[{D}](zt+2)

]}

in the rebalancing periods, and

φ∗
∑

(zt+1,ηt+1)

ν(zt+1, ηt+1)P̃ (zt+1, ηt+1)Rt+1,t[1](zt) = 0.
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in the nonrebalancing periods.

3 Proofs

Proof of Result in (13):

Proof. The consumption sharing rule follows directly from the ratio of the first order conditions

and the market clearing condition. Condition (11) implies that

c(zt, ηt) = u′−1

[
ζ(zt, ηt)P (zt)

βt

]
.

In addition, the sum of individual consumptions aggregate up to aggregate consumption:

C(zt) =
∑

j∈{m,crb,irb,np}

µj
∑
ηt

cj(zt, ηt)π(ηt|zt).

This implies that the consumption share of the individual with history (zt, ηt) is

c(zt, ηt)

C(zt)
=

u′−1
[
ζ(zt,ηt)P (zt)

βt

]
∑

j∈{m,crb,irb,np} µj
∑

ηt u
′−1
[
ζj(zt,ηt)P (zt)

βt

]
π(ηt|zt)

.

With CRRA preferences, this implies that the consumption share is given by

c(zt, ηt)

C(zt)
=
ζ(zt, ηt)

−1
α

h(zt)
,

where

h(zt) =
∑

j∈{m,crb,irb,np}

µj
∑
ηt

ζj(zt, ηt)
−1
α π(ηt|zt).

Hence, the −1/αth moment of the multipliers summarizes risk sharing within this economy. We

refer to this moment of the multipliers simply as the aggregate multiplier. The equilibrium

SDF is the standard Breeden-Lucas SDF times the growth rate of the aggregate multiplier. This

aggregate multiplier reflects the aggregate shadow cost of the measurability and the borrowing
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constraints faced by households. The expression for the SDF can be recovered directly by substi-

tuting for the consumption sharing rule in the household’s first order condition for consumption

(11).

4 Approximation

We forecast the growth rate of the aggregate multiplier [h(zt+1)/h(zt)] by using a finite partition

of the history of aggregate shocks zt, with each element in the partition being assigned a distinct

forecast value.

Algorithm 1. We construct our partition of aggregate histories Σ by applying the following pro-

cedure. σ denotes an element of this partition. We construct a partition based upon the last n

aggregate shocks, which we denote by Zn. The partition simply consists of truncated aggregate

histories: Σ = Zn. The number of elements in the partition is given by #Zn , where #Z is the

number of aggregate states.

The rationale for the first partition with truncated aggregate histories is straightforward. All

households start off with the same multiplier at time 0. If we keep track of the history of aggregate

shocks zt through period t, then obviously we know the entire distribution of multipliers at t, and

we can compute all of its moments. Hence, the actual growth rate [h(zt+1)/h(zt)] can be determined

exactly provided that one knows the entire history of the aggregate shocks zt. Of course, for large

t, keeping track of the entire aggregate history becomes impractical. However, if there is an ergodic

equilibrium, the effect of aggregate shocks has to wear off after some time has passed.

We define ĝ(σ, σ′) as the forecast of the aggregate multiplier growth rate [h(zt+1)/h(zt)], con-

ditional on the the last n elements of zt equaling σ, and the last n elements of zt+1 equaling

σ′.

Algorithm 2. The algorithm we apply is:

1. conjecture a function ĝ0(σ, σ′) = 1.
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2. solve for the equilibrium updating functions T j0 (σ′, η′|σ, η)(ζ) for all trader groups j ∈ {m, crb, irb, np}.

3. By simulating for a panel of N households for T time periods, we compute a new aggregate

weight forecasting function ĝ1(σ, σ′).

4. We continue iterating until ĝk(σ, σ
′) converges.

In our approximation, we allocate consumption to households with a version of the consump-

tion sharing rule that uses our forecast of the aggregate multiplier ĝ(σ, σ′) in each aggregate node

σ, ζ
−1
α /ĝ(σ, σ′). Prices are set using the forecast as well: m(σ′, σ) ≡ βe−αz

′
ĝ(σ, σ′)α. Of course,

this implies that actually allocated aggregate consumption Ca differs from actual aggregate con-

sumption C:

Ca(zt+1) =
g(zt+1)

ĝ(σ, σ′)
Y (zt+1),

where g(zt+1) is the actual growth rate of the aggregate multiplier in that aggregate node zt+1.

This equation simply follows from aggregating our consumption sharing rule across all households.

When the forecast ĝ(σ, σ′) deviates from the realized growth rate g(zt+1), this causes a gap between

total allocated consumption and the aggregate endowment. Hence, the percentage forecast errors

(log e = log g − log ĝ) are really allocation errors (logCa − log Y ).1

With a slight abuse of notation, we use zt ∈ σ to denote that the last n aggregate shocks equal

σ. The forecasts are simply the conditional sample means of the realized aggregate growth rates

in each node (σ, σ′):

log ĝ(σ, σ′) =
1

N(σ, σ′)

∑
(zt−n,zt,zt+1)∈σ×σ′

log g(zt+1),

where N(σ, σ′) denotes the number of observations of this aggregate history in our panel. As one

metric of the approximation quality, we report the standard deviation of the forecast errors:

std [log et+1] = std
[
log ĝ(σ, σ′)− log g(zt+1)

]
.

1However, the household’s Euler equation holds exactly in each node, given that we have set the prices and
allocated consumption in each node on the basis of the forecasted aggregate multiplier, not the realized one.
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Equivalently, we can also think of log ĝ(σ, σ′) as the fitted value in a regression of realized growth

rates gt+1 on dummy variables d(σt, σt+1), one for each node:

log gt+1 =
∑

(σt,σt+1)∈Σ

log g(σt, σt+1)d(σt, σt+1) + et+1. (20)

As a second metric, we also report the R2 in the forecasting regression in equation (20).

Approximation The last line in Table I reports the standard deviation of the allocation error

that results from our approximation in percentage points. The standard deviation of the percent-

age forecast error is between 0.059% and 0.072% in the benchmark cases. This means that our

approximation is highly accurate compared to other results reported in the literature for models

with heterogeneous agents and incomplete markets. The implied R2 in a linear regression of the

actual realization of the SDF’s on the SDF that we predicted based on the truncated aggregate

histories exceed 0.998 in all cases.

5 Additional Results

5.1 Return Predictability

Table II reports the return predictability regressions. The top panel reports the slope coefficients.

The bottom panel reports the R2 in the return predictability regressions. Finally, the last two

columns report the data. We report two regression results. The first one is the standard case. The

second one allows for a structural break in the log dividend yield in 1991 following the evidence

reported by Lettau and Van Nieuwerburgh (2007). Compared to column (2), the slope coefficients

produced by our model start at too high a level (0.53 compared to 0.27) and then increase too much

(1.14 compared to 0.80) relative to the data. There is less predictability in the model than in the

data. Because of the lack in persistence in the predictor, the R2 in the predictability regressions

do not increase quickly enough as we increase the forecasting horizon. In fact, it increases to 1.8%

at the 2-year horizon and then slowly decreases in the benchmark irb case.
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5.2 Quantitative Results in Economy with Mertonian Traders who

Face Binding Solvency Constraints

While the results reported so far show that irb non-Mertonian traders amplify the volatility of risk

prices, the numbers are still small compared to the 50% standard deviation of the SR reported by

Lettau and Ludvigson (2010). However, the composition of the Mertonian trader pool is equally

important for the volatility of the market price of risk.

The Mertonian traders that we have considered sofar are subject to idiosyncratic risk and hence

have a precautionary motive to accumulate wealth. As a result, their solvency constraints rarely

bind in equilibrium. We now look at what happens when we introduce another type of Mertonian

traders who are not subject to idiosyncratic risk or can hedge against it. She trades a complete set

of state contingent securities at(zt+1, ηt+1; zt, ηt) in addition to stocks and bonds. This trader can

hedge both aggregate risk and their own idiosyncratic risk. We can think of complete traders as

a stand-in for highly levered, active market participants like hedge funds. These participants will

tend to increase the volatility of risk premia if they are subject to occasionally binding solvency

constraints (see Alvarez and Jermann (2001) and Chien and Lustig (2010)).

Table III in the separate appendix reports the result that we obtained with these complete

traders. The volatility of the market price of risk increases from 14.06% (see Table ??) in the

crb economy to 24.02% in the irb economy, which is comparable to that (21%) in the annual

calibration version of Campbell and Cochrane (1999) model. Moreover, the volatility of the con-

ditional Sharpe ratio on equity increases from 14.06% to 26.88%. This means we get much closer

to the target in the data if we introduce these complete Mertonian traders. Clearly, the binding

solvency constraints add a lot of price volatility in the crb economy, which in turn strengthens our

mechanism. Furthermore, the economy with binding solvency constraints produces more realis-

tic dividend yield behavior. The standard deviation of the log dividend yield increases to 7.53%

(10.70%) when leverage is 3 (4) in the economy with crb traders (see Table IV in the separate

appendix). This means we can now match the empirical target of 7.73% cyclical variation in the

log dividend yield. However, the dividend yields produced by the model are still not persistent
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enough. Finally, stock returns are somewhat more predictable. The R2 in a regression of returns

on the log dividend yield increases to 7.1% at the 3-year horizon and then declines (see Table V

in the separate appendix).

In addition, these complete traders load up on more aggregate risk (see the first two panels

of Table VI reported in the separate appendix). The complete traders realize average excess

returns of up to 8.29% per annum. At the household level, in the baseline case with crb traders,

we get the same relation between trader sophistication and consumption growth volatility: the

standard deviation of household consumption growth is 2.47% for the Mertonian traders, compared

to 3.29% for the non-Mertonian equity holders and 3.62 % for the non-participants. However, the

composition is very different: the group volatility is 1.62% for the Mertonian traders, compared to

1.19% for the non-Mertonian equity holders and 0.73% for the non-participants. The consumption

numbers in the irb economy look very similar. However, the welfare cost of being a non-Mertonian

trader increases significantly from 3.33% in the crb economy to 12.78% in the irb economy, simply

because the volatility of risk premia is so much higher. However, this almost entirely due to the

cost of being non-Mertonian, not the cost of failing to rebalance. This can be gleaned from a

comparison of the cost of being a crb trader: 11.83%, only 95 bps lower!
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Table I: Quality of Approximation: Benchmark Economy

target equity share ($?) 41%

Non-Mertonian equity holder crb irb

Mertonian 5% 5%

Non-Mertonian crb 45% 0%

Non-Mertonian irb 0% 45%

Non-Mertonian np 50% 50%

Std[log(e)](%) 0.059 0.072

The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share
of income is 10%. The results are generated by simulating an economy with 3, 000 agents.

Table II: Predictability of Equity Returns: Benchmark Economy

Panel I: Model Panel II: Data

Non-Mertonian equity holder crb irb No Break Break

Mertonian 5% 5%
Non-Mertonian crb 45% 0%
Non-Mertonian irb 0% 45%
Non-Mertonian np 50% 50%

Horizon Slope Coefficients

1-year 0.3248 0.5329 0.1020 0.2740

2-year 0.6152 0.8076 0.1880 0.5011

3-year 0.8859 0.9357 0.2535 0.6652

4-year 1.0930 1.0529 0.2864 0.7422

5-year 1.2103 1.1401 0.3224 0.8008

Horizon R2 Coefficient

1-year 0.0020 0.0149 0.0440 0.1157

2-year 0.0035 0.0181 0.0743 0.1901

3-year 0.0048 0.0168 0.1063 0.2640

4-year 0.0053 0.0160 0.1122 0.2802

5-year 0.0051 0.0150 0.1230 0.2911

Return predictability over longer investment horizons. The investment strategy is to buy-and-hold a fixed number of shares and to
receive dividends with growth rate ∆ logDiv − E(∆ logDiv) = λ [∆ logC − E(∆ logC)]. The leverage parameter λ is 3. This table
reports the results in a regression of rt,t+k = a+ bdpt + εt+k, k = 1, . . . , 5. The irb traders re-balance every three periods in a staggered
fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. Results for 41% equity share non-Mertonian
target ($?). The results are generated by simulating an economy with 3, 000 agents and 10, 000 periods. Leverage is 3. The last two
columns report the data. We used annual VW-CRSP returns (1926-2010) covering NYSE, AMEX and NASDAQ. The first column
reports the standard regression results. The second column allows for a structural break in the log dividend yield (dp) in 1991.
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Table III: Moments of Asset Prices: Benchmark Cases

target equity share ($?) 41% 41%

Mertonian trader z-complete complete

Non-Mertonian equity holder crb irb crb irb

Mertonian z-complete 5% 5% 0% 0%

Mertonian complete 0% 0% 5% 5%

Non-Mertonian crb 45% 0% 45% 0%

Non-Mertonian irb 0% 45% 0% 45%

Non-Mertonian np 50% 50% 50% 50%

σ(M)
E(M)

0.304 0.296 0.389 0.403

Std
[
σt(M)
Et(M)

]
6.116 14.068 9.966 24.024

E (Rt+1,t[D]−Rt+1,t[1]) 4.353 4.166 5.068 4.288

σ (Rt+1,t[D]−Rt+1,t[1]) 14.708 16.451 13.723 17.647

Sharpe Ratio 0.296 0.253 0.369 0.243

E (Rt+1,t[1]) 2.356 2.412 2.253 2.503

σ (Rt+1,t[1]) 0.200 0.286 0.444 0.759

Std [Et (Rt+1,t[D]−Rt+1,t[1])] 0.860 2.193 1.195 3.738

Std [σt (Rt+1,t[D]−Rt+1,t[1])] 0.134 0.355 0.487 2.776

Std [SRt] 6.116 14.068 9.966 26.876

Std[log(e)](%) 0.059 0.072 0.047 0.067

Moments of annual returns. The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5,
β = 0.95, collateralized share of income is 10%. The results are generated by simulating an economy with 3, 000 agents and 10, 000
periods.
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Table IV: Moments of Equity Returns and Size of Mertonian Trader Pool in IID economy

Mertonian trader z-complete complete

Non-Mertonian equity holder crb irb crb irb

Mertonian z-complete 5% 5% 0% 0%
Mertonian complete 0% 0% 5% 5%
Non-Mertonian crb 45% 0% 45% 0%
Non-Mertonian irb 0% 45% 0% 45%
Non-Mertonian np 50% 50% 50% 50%

Leverage 3

E (Rt+1,t[CD]−Rt+1,t[1]) 3.614 3.504 4.734 4.555

σ (Rt+1,t[CD]−Rt+1,t[1]) 12.169 13.653 12.732 16.882

Sharpe ratio 0.297 0.257 0.372 0.270

σ (pd[CD]) 1.737 3.268 2.384 7.537

ρ (pd[CD]) 0.749 0.550 0.726 0.563

Leverage 4

E (Rt+1,t[CD]−Rt+1,t[1]) 4.889 4.734 6.480 6.316

σ (Rt+1,t[CD]−Rt+1,t[1]) 16.451 18.377 17.404 22.902

Sharpe ratio 0.297 0.258 0.372 0.276

σ (pd[CD]) 2.536 4.595 3.622 10.708

ρ (pd[CD]) 0.750 0.551 0.719 0.551

The investment strategy is to buy-and-hold a fixed number of shares and to receive dividends with growth rate ∆ logDiv−E(∆ logDiv) =
λ [∆ logC − E(∆ logC)]. The leverage parameter λ is 3. This table reports moments of annual returns conditional on history of
aggregate shocks zt. The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95,
collateralized share of income is 10%. Results for 41% equity share non-Mertonian target ($?). The results are generated by simulating
an economy with 3, 000 agents and 10, 000 periods.
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Table V: Predictability of Equity Returns and Size of Mertonian Trader Pool in IID economy

Panel I: Model Panel II: Data

Mertonian trader z-complete complete

Non-Mertonian equity holder crb irb crb irb No Break Break

Mertonian z-complete 5% 5% 0% 0%
Mertonian complete 0% 0% 5% 5%
Non-Mertonian crb 45% 0% 45% 0%
Non-Mertonian irb 0% 45% 0% 45%
Non-Mertonian np 50% 50% 50% 50%

Horizon Slope Coefficients

1-year 0.3248 0.5329 0.4369 0.5385 0.1020 0.2740

2-year 0.6152 0.8076 0.7816 0.8312 0.1880 0.5011

3-year 0.8859 0.9357 1.0615 0.9717 0.2535 0.6652

4-year 1.0930 1.0529 1.2596 1.0865 0.2864 0.7422

5-year 1.2103 1.1401 1.3689 1.1642 0.3224 0.8008

Horizon R2 Coefficient

1-year 0.0020 0.0149 0.0064 0.0515 0.0440 0.1157

2-year 0.0035 0.0181 0.0102 0.0700 0.0743 0.1901

3-year 0.0048 0.0168 0.0126 0.0710 0.1063 0.2640

4-year 0.0053 0.0160 0.0133 0.0709 0.1122 0.2802

5-year 0.0051 0.0150 0.0126 0.0681 0.1230 0.2911

Return predictability over longer investment horizons. The investment strategy is to buy-and-hold a fixed number of shares and to
receive dividends with growth rate ∆ logDiv − E(∆ logDiv) = λ [∆ logC − E(∆ logC)]. The leverage parameter λ is 3. This table
reports the results in a regression of rt,t+k = a+ bdpt + εt+k, k = 1, . . . , 5. The irb traders re-balance every three periods in a staggered
fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. Results for 41% equity share non-Mertonian
target ($?). The results are generated by simulating an economy with 3, 000 agents and 10, 000 periods. Leverage is 3. The last two
columns report the data. We used annual VW-CRSP returns (1926-2010) covering NYSE, AMEX and NASDAQ. The first column
reports the standard regression results. The second column allows for a structural break in the log dividend yield (dp) in 1991.
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Table VI: Moments of Household Portfolio Returns and Consumption in IID Economy

Mertonian trader z-complete complete

Non-Mertonian equity holder crb irb crb irb

Mertonian complete 0% 0% 5% 5%
Mertonian z-complete 5% 5% 0% 0%
Non-Mertonian crb 45% 0% 45% 0%
Non-Mertonian irb 0% 45% 0% 45%
Non-Mertonian np 50% 50% 50% 50%

Panel I: Household Portfolio

Excess Return

Mertonian Trader 2.801 2.818 5.201 8.294
Non-Mertonian Equity Holder 1.788 1.684 2.080 1.696

Sharpe Ratio

Mertonian Trader 0.291 0.259 0.358 0.363
Non-Mertonian Equity Holder 0.297 0.245 0.370 0.227

Additional Stats

Optimal Equity Share for irb 0.510 0.410 0.74 0.410
Welfare cost(%) of irb to z at optimal equity share for irb 1.138 3.500 3.332 12.789
Optimal Equity Share for crb 0.680 0.560 1.040 0.610
Welfare cost(%) of crb to z at optimal equity share for crb 0.777 2.957 2.196 11.836
Welfare cost(%) of irb to crb at 41% equity share −0.107 0.338 −0.239 0.510

Panel II Household Consumption

Std. Dev. at Household level

Mertonian Trader 3.248 3.283 2.479 2.718
Non-Mertonian Equity Holder 3.345 3.285 3.290 3.275
Non-Mertonian non-participant 3.608 3.602 3.626 3.585

Std. Dev. of Group Average

Mertonian Trader 1.485 1.436 1.622 1.781
Non-Mertonian Equity Holder 1.228 1.252 1.197 1.231
Non-Mertonian non-participant 0.720 0.718 0.739 0.736

Panel III: Household Wealth

Average Household Wealth Ratio

Mertonian Trader 1.355 1.315 0.429 0.457
Non-Mertonian Equity Holder 1.147 1.157 1.227 1.204
Non-Mertonian non-participant 0.832 0.827 0.853 0.870

Stdev. of Household Wealth Ratio

Mertonian Trader 0.180 0.282 0.064 0.129
Non-Mertonian Equity Holder 0.086 0.111 0.084 0.107
Non-Mertonian non-participant 0.089 0.093 0.078 0.092

Stdev. of Aggregate Equity Share

Non-Mertonian Equity Holder 0.025 0.071 0.017 0.064

Correlation of Aggregate Equity Share

Non-Mertonian Equity Holder 0.059 0.498 0.022 0.640

Panel I reports moments of household portfolio returns, Panel II reports moments of household consumption, and Panel III reports
moments of household wealth: we report the average excess returns on household portfolios and the Sharpe ratios, we report the standard
deviation of household consumption growth (as a multiple of the standard deviation of aggregate consumption growth), and we report
the standard deviation of group consumption growth (as a multiple of the standard deviation of aggregate consumption growth); the last
panel reports the average household wealth ratio, as a share of total wealth, and the standard deviation of the household wealth ratio.
Results for 41% equity share non-Mertonian target ($?).The irb traders re-balance every three periods in a staggered fashion (1/3 each
year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. The results are generated by simulating an economy with
3, 000 agents and 10, 000 periods.
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Table VII: Conditional Moments and Size of Mertonian Trader Pool in IID economy

Mertonian trader z-complete complete

Non-Mertonian equity holder crb irb crb irb

Mertonian z-complete 10% 10% 0% 0%
Mertonian c 0% 0% 10% 10%
Non-Mertonian crb 40% 0% 40% 0%
Non-Mertonian irb 0% 40% 0% 40%
Non-Mertonian np 50% 50% 50% 50%

σ(m)
E(m)

0.284 0.271 0.372 0.349

Std
[
σt(M)
Et(M)

]
3.337 6.696 6.021 14.101

Std [Et (Rt+1,t[D]−Rt+1,t[1])] 0.458 0.972 0.669 1.578

Std [σt (Rt+1,t[D]−Rt+1,t[1])] 0.130 0.212 0.452 1.442

Std [SRt] 3.337 6.696 6.021 14.101

This table reports moments of annual returns conditional on history of aggregate shocks zt. The irb traders re-balance every three
periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. Results for 41%
equity share non-Mertonian target ($?). The results are generated by simulating an economy with 3, 000 agents of each types and
10, 000 periods.
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