Appendix of: “What do instrumental variable models deliver with discrete
dependent variables?”

Andrew Chesher and Adam M Rosen
CeMMAP and University College London

This Appendix contains:

1. examples of identified sets delivered by an instrumental variable threshold crossing model for a binary
outcome,

2. displays of conditional probability distributions of structural equation errors given endogenous explana-
tory variables using some data analysed in Angrist and Evans (1998).

1 Examples of identified sets delivered by the IV model

We illustrate the identified sets delivered by the IV threshold crossing model using probability distributions
created by us, generated using a Gaussian triangular structure, one of the cases studied in Heckman (1978),
as follows.

Y1 = 1[—aa — BpYe < U7] Yo =1[—y =982 < V7]

G Jes(BL1 1) zememroian

Here py = ®(aa) and the Average Treatment Effect (ATE) is p; = ®(8x + aa) — ®(aa) where @ is the
standard normal distribution function.

Figures 1-9 show identified sets (grey) for (py, p1) at a variety of parameter settings. Throughout aa =
v=0and 5 =—1.

The value of (py, p;) in the triangular Gaussian structure is marked in green. The points marked red and
blue are discussed shortly. The IV model is partially identifying so other structures could have generated
the probability distributions that delivered these sets. Examples include non-triangular structures and non-
Gaussian structures and in those cases the value of (py, p;) would be at different points in the identified
set.

In this simple case the sets comprise either one, or two disconnected, parallelograms. When the endoge-
nous variable (here binary) has K points of support identified sets are unions of up to K! convex polytopes
which may be disconnected, see Chesher (forthcoming) for an illustration. In Figures 1-5 the identified sets
are connected, the strength of the instrument steadily increases (the coefficient J is increasing) and as it does
the identified set shrinks. There would be point identification if ¢ increased without limit. In Figures 6-9
the correlation r is positive and the identified set is disconnected until the instrument becomes quite strong.

The points marked red and blue in Figures 1-9 show the 2SLS and OLS estimands

Z.Y,
ﬂQsls = ZZZEZ,Y;; Q2sls = E[Yﬂ - ﬁ2slsE[Y2]a (11)
_ cov(¥1,Ya) o
ﬂols - "UaT'(Y’Q) Qols = E[Yl] BolsE[Yﬂ’ (12)

in red and blue, respectively, obtained using a linear probability model and 500 randomly chosen distributions
of the instrumental variable.!

I The instrumental variable has support on {—1,0,1}. To generate a random distribution on this support, three independent
uniform pseudo-random variates (B1, B2, B3) were generated and probabilities generated as B;/%;B; for ¢ € {1,2,3}.



The triangular Gaussian model delivers distributions of (Y7,Y3) conditional on Z € {—1,0,1} and the
moments appearing in (1.1) and (1.2) in general depend on the distribution of probability mass on the
support of Z.

The OLS estimand is quite sensitive to the distribution of the instrumental variable. The 2SLS estimand
is less variable and is often close to the triangular model value of the ATE but sometimes it falls outside the
identified set. When the identified set is large it is of course far from many of the observationally equivalent
values of the ATE.

2 Distribution of latent U conditional on endogenous explanatory
variable Y,

In this binary endogenous variable case, associated with each point in the identified set for (py, p;) there
is a unique pair of conditional distributions of U given Yo = yo € {0,1} that generates the probability
distributions of (Y7,Ys) given Z that deliver the identified set. The extent to which these differ at some
value (pg, p;) indicates the degree of endogeneity of the explanatory variable Y3 at that value.

Figures 10-19 show some of these distributions for the Angrist and Evans (1998) analysis (described in
the main text) using the same-sex instrument. Figure 10 shows the distributions at their 2SLS estimate.
There is hardly any endogeneity here. The remaining Figures show the distributions (right hand panes)
associated with some extreme points in identified set (the points are highlighted in the left hand panes).
Different points in the identified set are associated with widely varying degrees and directions of endogeneity.
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Figure 1: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with aa = v =0, S = —1, r = —0.7, 6 = 0.3. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 2: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with aa = v =0, S = —1, r = —0.7, 6 = 0.6. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 3: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with an = v =0, S = —1, r = —0.7, 6 = 0.9. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 4: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with aa = v =0, fo = —1, r = —0.7, 6 = 1.2. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 5: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with an = v =0, S = —1, r = —0.7, 6 = 1.5. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 6: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with aa = v =0, S5 = —1, r = +0.7, 6 = 0.3. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 7: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with an = v =0, S5 = —1, r = +0.7, 6 = 0.6. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 8: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with aa = v =0, S = —1, r = +0.7, 6 = 0.9. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 9: Identified set for (py, p;) when probability distributions of (Y7, ¥2) conditional on Z = z € {—1,0,1}
are generated by the triangular Gaussian structure with an = v =0, S = —1, r = +0.7, 6 = 1.2. 2SLS
and OLS estimands are plotted for 500 random distributions of Z.
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Figure 10: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)
data and the same-sex instrument. This Figure shows the value of the 2SLS estimate.
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Figure 11: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)
data and the same-sex instrument.
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Figure 12: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)

data and the same-sex instrument.
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Figure 13: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)
data and the same-sex instrument.



16

Identified set CDF of U given Y,
1.0 1.0
[ ] Y2_O
m Y,=1
0.8 —
0.5
0.6 —
S 0.0
0.4 —
-0.5 —
0.2 -
-1.0 T I I T 0.0 T | | |
00 02 04 06 08 1.0 00 02 04 06 08 1.0
lo §]

Figure 14: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)
data and the same-sex instrument.
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Figure 15: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)

data and the same-sex instrument.
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Figure 16: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)
data and the same-sex instrument.
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Figure 17: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)
data and the same-sex instrument.
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Figure 18: Conditional distribution functions of U given Y5 (righthand pane) associated with the highlighted
value of (pg, p1) in the estimated identified set (left hand pane) obtained with the Angrist and Evans (1998)
data and the same-sex instrument.



