6 PAPERS AND PROCEEDINGS MAY 2011
Mathematical Appendix

In order to solve for the market equilibrium, first set the inverse downstream world demand equal
to the inverse downstream world supply. World downstream demand is Qd Dy + Dy = (a—

Py)/b+ @ — Py — rg’)/b which can be written Py = 01 — bed — brd , Where X = x/(X + X)
and 61 = (ab + ab)/(b + b). World downstream supply is Qd Sd+S4d =(Pg—c— Pu)/k +
(Pg—C— Py — rd)/k which implies Py = 62 + kad +Pu+ krd, where 0, = (ck +Ak)/(k + k).
(When S and 2 are not restricted to be one, then Py = 6, + kad + (kﬁ/(k + k) + kﬂ) Pu + krd )
In equilibrium, Qg = Qo| = QOI and the downstream price clears both markets:

@) 01 —bbQq — bzl =0, +kkQq + Py + kz§.
Given s of one, Q2 = Qq. We can rearrange (7) to be the inverse upstream demand:
(8) Py =601 — 0, — (kk +bb)QP —kz§ — bz D

The upstream supply is Qﬁ =Si+Su=Py—¢)/k+(Py—C— rﬁ)/;‘c’, which can be written P, =
03 + ¥k QY + Kty where 03 = (& + Cx)/(x + %). In equilibrium, Q* = Q) = Q; = QP = Q}:

) Q* = 04— (krd +DeP 477 )/¢1
P = 05—¢otd — parl + pars
P = 06— ¢etl + 77§ + dgPy

where ¢, = KK + bb + %%, ¢, = RKkD/¢b1, b3 = KkK/¢py, ps = (K% + DDR) /b1, b5 = DKK +
bkk + bbk + bbk, ¢g = bkk/¢s, ¢7 = bbk/¢s, g = (bbk + bbk)/¢s, 04 = (01 — 02 — 03) /1,
05 = kK04 + 03, and O = (abkk + bbck + abkk + bbck) /¢s.

The marginal emissions in the foreign country for each pollcy will differ for each type of emissions.
Emissions from upstream supply are ES = rSS* =T, (P* — g) /x, which are increasing in PJ.
Hence, we can measure leakage from upstream supply as:

OES/0tS = rl¢a/k >0
(10) OES /ot = —ri¢a/k <0
PES /0t = —rS¢,/k <O.

For downstream supply, the emissions are Eg = rdS Sy = rdS(Pc]k — ¢ — P})/k, and depend on both
P; and Py

0E3 /ot = —r3 (1—¢g) pa/k <O
0E3 /oty = r3[p7+ (1 —g) ¢3]/k >0
0E§ /01 = —r[pe— (1— ) #2] /k 20

Note that ¢g < 1, as we can rewrite ¢g = X /(X + 1)) where x and o are positive.
Emissions from downstream demand are E('f = rd Dy = rd ( — Pd*) /b, which are decreasing in
Py
OE§ /01y = —Tidags/b <0
(11) 0EF /015 = T (¢7 — ¢ags) /b 2 0
OEQ /0t = 13 (pg+ ¢oatpg) /b > 0.
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We also measure the effectlveness of policies on domestic and global emissions. Note that down-
stream domestic firms emit Ed = rd (Pd —Cc—P, - rd) /k Thus, the ratio of the marginal leakage
over the marginal reduction in domestic emissions is r k/rsk for policies that do not directly target

foreign emissions. In general, the marginal effects of |nd|rect policies on domestic agents are similar
to those on foreign agents, just with domestic emissions rates and divisors. The direct effects are:
OES/ots = TS (pa—1) /7
(12) 0E§/otg = F§(b7+ (1—¢s) p3— 1)/K
0E§ /018 = T (g6 + daghs — 1)/b.



