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Abstract

This paper is not self-contained. It is the mathematical appendix of the paper "Overcon-
fidence, Insurance and Paternalism."

1 Mathematical Appendix

Equilibrium Analysis. This section formalizes the graphical equilibrium analysis of Section
II. Before presenting the analysis, we formally define locally-competitive equilibrium.

A locally-competitive equilibrium is a set of contracts A such that when each contract a € A
is available in the market, (i) no contract a € A makes strictly negative expected profits, and (ii)
there is an & > 0 such that any contract o’ for which ||a — /|| < ¢ for any a € A, would not
make strictly positive profits.

The first step in the equilibrium analysis shows that overconfident and low-risk agents pool
together, and together they separate from high-risk agents. For future reference, we define the
marginal rate of substitution associated to contract a and risk p, as:

1—=p)U (W —aq)

M = .
(e, p) pU (W —d + a2)

Proposition 1 In the unique locally-competitive equilibrium, high-risk individuals choose the con-
tract o = (ppd, (1—pg)d). Low-risk and overconfident individuals choose the contract a© that
solves the maximization problem

max V(W, d; pr, ), (1)

subject to the non-negativity constraint a« = 0, and to the incentive compatibility and zero-profit
conditions:

V(W,d;pr, ™) > V(W,d; pp, o), (2)
(1 —pro) o1 — proaz = 0. (3)

As long as a™© > 0, the insurance price P equals pro and increases in k.

Proof. Step 1. In equilibrium, types L and O pool on the same contract o™C, type H
chooses a different contract of.
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For any contract «, bought by types H, L and O with probabilities 0%, 0¢, and o, respec-
tively, let the average risk be:

pa(koH+(1—K—)N)o%y) +pLra]
N kol + (1=K —=A) o}y + Aof

(03 I

Consider any equilibrium contract e such that 0%, > 0, and 0§ +0@ > 0. Hence, V(W, d; pr, o) =
V(W,d;pr,B) for any equilibrium contract 3 such that 0[2 + ag > 0, and V(W,d; p, )
V(W,d; pr, B) for any contract 3 such that 0% > 0. Further, competition requires that ()
(1 — pa)ar — paca = 0, or else there is a local profitable deviation, by continuity.

Suppose by contradiction that p, > pro. Because (1 —pr) /pr > (1 —pu) /pH, it follows
that M (a,pr) > M (e, pr) . Since U is twice differentiable, there is an € > 0 small enough
such that for any m € (M (a,pn), M (a,pr)), the contract e — ¢ (1,m) is purchased by all
type L and O agents but not by type H agents. Hence, a — ¢(1,m) yields expected profit
(1 —pro) (a1 —€) — pro (e — em), which is strictly bigger than 7 (a) = 0 for € small enough
because p, > pro. Because a—¢ (1,m) is a local profitable deviation, e cannot be an equilibrium
contract.

Because p, < pro for any equilibrium contract a such that of + 0@ > 0, it follows that
(i) o = 0 whenever 0 + 0@ > 0, and that (ii) po = pro for all a such that o + 0@ > 0.
Because 7(a) = 0 for all equilibrium contracts, and U” < 0, there are therefore at most two
equilibrium contracts a, 3, with o > 3, such that ¢¢ + 03 > 0 and J’[z + O'g > 0. Because
M(o,pr) < (1 —pm)/pr < (1 —pro)/pro, there is an € > 0 small enough such that for any
m € (1 —pro)/pro, M (e, pr)) , the contract a—e (1, m) is purchased by all type L and O agents
but not by type H agents. The profit m(ae—e (1, m)) is strictly positive because m > (1—pro)/pro-
This concludes that types L and O must pool on the same contract a“C. Because type H must
separate from types L and O , and U is concave and twice differentiable, type H purchase a single
different contract a! with probability one.

A

Step 2. There exists a unique locally-competitive equilibrium, characterized in the statement
of Proposition 1.

By Step 1, if a locally-competitive equilibrium exists, it is a pair of distinct contracts a’, a©
such that a™© € argmaxq V(W,d;pr, a)s.t. a >0, (1 — pro) a1—proas = 0,V (W, d; pg, o) >
V(W,d;pu,a); and aff € argmaxy V(W,d;py, '), st. o 2 0, (1—pg)ay — puay = 0,
V(W,d;pr,a’©) > V(W,d;pr,a’). By construction, any other pair of contracts admits local
profitable deviations. The contracts af and a® do not admit local deviations a such that,
respectively, 0% > 0, and ¢ + 0@ > 0. Because (1 — pro) ol — proak® =0, contract a*© has
no local deviation @ with any distribution .

Suppose by contradiction that the constraint V(W,d;pr,a™®) > V(W,d;pr,a) binds in
the solution of the a’-maximization problem. Because M (a,py) < M (a,pr) for all a and
V(W,d; prr, ™) > V(W, d; pg, ), it follows that o > o©. But this and V(W, d; pr,, o) =
V (W, d; pr, &) are incompatible with (1 — pro) af® —proa® = 0and (1 — py) afl —pyall = 0.
Because V(W, d; pr, o©) > V(W, d; pr, a™), the contract a'’ does not admit any local profitable
deviations a. Because U is twice differentiable and U” < 0, the solution to the af-maximization
problem is o = (pgd, (1 — pg)d). A solution to the a*©-maximization problem exists and is
unique because U” < 0 and M (e, py) < M (e, pr) for all o'.

Finally, we note that, because py > pr,, dpro/d\ < 0 and dpro/dk > 0. By condition (3), the
price P10 = a9 /(al© 4 ak©) equals pro, and hence it increases in k. ®

The equilibrium characterization is completed in the Proposition 2 below, which also reports
our comparative statics results, and determines perfect-competitive equilibrium existence. For



any parameter constellation (W,d,pg,pr), the thresholds k1 and k2, functions of A, uniquely
solve respectively:

V(W,d;pg,a) = UMW —pud), proas = (1 —pro) a1, M (e, pr) = (1 —pro)/pro; (4)
M(0,pz) = (1 —pro)/pro- (5)

where the variables k and A are embedded in the expression pro = (kpr + Apg) / (kK + A) .

Proposition 2 The incentive compatibility condition (2) binds if and only if k < k1 (\). For
k1 (\) < K < kg (N), the equilibrium contract o© satisfies the tangency condition

M(e,pro) = (1 —pro)/pro. (6)

Hence V(W,d;pg,a©) < V(W,d;pg, ™), and both V(W,d;pr, a™©) and V(W,d;pg, o)
decrease in k and increase in A, as long as the Relative Risk Aversion coefficient of U is bounded by
(W —d) /d. For k > k2 (\), low-risk and overconfident individuals are uninsured: a”© = 0. The
locally-competitive equilibrium (aH , aLO) is also perfectly competitive if and only if X > Ao (k) ,

where the function \g is such that )\al < K1.

Proof. Let & = (a1, a2) be the contract pinned down by condition (3) and by the binding
incentive compatibility condition (2). Differentiating these equations, we obtain:

do . (5[1 + ag)pHU,(W —d+ 5[2) <0 dao . (5[1 + 5[2) (1 —pH)U,(W - 5[1)

= , = >0, (7
dpro A dpro A (7)

where the quantity A = (1 — pro) pgU' (W —d+a9) —pro(1 —pr)U' (W — @) is positive because
U’ <0, —a; > —d+ @z and py > pro. Because dpro/d\ < 0 and dpro/dk > 0, we obtain that
day /dk > 0, day /d)\ < 0, dag/dk > 0, and dag/d\ < 0.

Let x = (1 — pro)/pro- Because

_ 1— U (W —a U'(W —d+a) U (W —a
M (G, pp) = L2PL | ( 1) U 2) U'( 1)

(6%
pr | U(W—d+a) (U (W —d + ag))?

ddQ 3

we obtain: dM (&,pr) /dx > 0. Because dy/dpro < 0 and dpro/dk > 0, we have shown that
for any A, there is a unique threshold x; pinned down by system (4) and that M(&,pr) > (<
)(1 —pro)/pro if and only if k > (<)k1 (). Because dx/d\ < 0,dx/dpro < 0 and dpro/dX < 0,
K1 is strictly increasing in A by the implicit function theorem.

Suppose that k < k1 (A), and that, by contradiction, condition (2) does not bind in equilib-
rium: (1 — pg) UW —afO)+pgU(W —d+ak®) < U(W —pyd). Since U” < 0, and both & and
O satisfy condition (3), it must be that & < a’© and hence that M(a’?,p;) < M(&,pr) <
(1—pro)/pro- Because U is twice differentiable, there is an € > 0 small enough such that for any
m € (M(a™©,pr),(1 — pro)/pLo), the contract a’© 4 ¢ (1,m) is chosen by type L and O but

not by type H, and makes strictly positive profit. This concludes that for k < 1 (), a’© = a.

Suppose that k > k1 (A), and hence that M (&, pr) > (1—pro)/pro- Suppose by contradiction
that a© = & in equilibrium. Note that M (&,py) < (1—pr)/pr < (1—pro)/pro- Since U” < 0
and U is smooth, for any £ > 0 small enough, and m € ((1 — pro)/pro, M(&,pr)), the contract
@ — ¢ (1,m) is chosen only by types L and O, and not by type H, and yields strictly positive
profit. This proves that condition (2) does not bind in equilibrium.



Since dpro/dk > 0, for any A there is a unique threshold k2 (A) such that M(0,pr) > (<
)(1 —pro)/pro if and only if K > (<)k2 (A). When k > ko (A), the constraint @ > 0 binds in
equilibrium, whereas when x1 (\) < k& < kg (A), the equilibrium contract a*© is pinned down by
condition (3) and by the tangency condition (6). Since dpro/dA < 0, the function ks is increasing
in A

Low-risk individuals’ utility V(W, d; pL,aLO) decreases in pro —hence decreasing in s and
increasing in A— by a simple revealed-preference argument. The overconfident agents’ utility
V(W,d, pH,aLO) decreases in pro if the insurance coverage alLO + a%o decreases in pro, be-

cause the marginal rate of substitution M (aLO,pH) is larger than M (aLO,pL). Indeed, we
differentiate conditions (3) and (6) with respect to the quantity y, decreasing in pro, and obtain:

9 (afO + k)
ox

U (W—d+af°)+U" (W —d+af°) ab®
(1 —pr) U"(W — odO) + x2p U (W — d + af©)

=af? - (1+ X)L

This derivative is positive because U’ (W — d + of©) +U" (W — d + a£©) af© > 0, which follows
by the hypothesis that —U’ (w) w/U" (w) < (W — d)/d.
By construction, the pair (a”?, aff) is the (unique) perfectly-competitive equilibrium if and

only if it does not admit any pooling, possibly large profitable deviation a. Hence, it is necessary
and sufficient that V (W, d;pr, a’©) > V/(W, d; pr, B), where prg = Apr, + (1 — \)pg and

B =argmaxV(W,d;pr,a) s.t. prgas < (1 —prg)ag, a2 0. (8)

When k > k1 (A), condition (2) does not bind in equilibrium. Thus, by revealed preferences,
V(W,d;pr,a©) > V(W,d;pr,3) because prg > pro, and hence (aH,aLO) is the perfectly-
competitive equilibrium.

Suppose that & < 1 (A\). The utility V(W,d;pr, a’©) decreases in s and increases in A
because dpro/dk > 0, dpro/dX < 0 and

OV (W, d;pr, al9)
Opro

LO | ~LO LO | ~LO
(e} (0] 0] [0
1 tag — LU (W —d+ ak0)2 + o
1-pro PLO

= —(1—pp) U (W —af©) <0,
after substituting in condition (7). By revealed preferences, V(W, d;pr, 3) increases in A but it is
constant in k (pry depends only on \). Hence, there is a unique strictly-increasing threshold A,
function of k, such that (aH , aLO) is a perfectly-competitive equilibrium if and only if A > X\¢ (k) .
|

Policy Recommendations This section proves our policy results 1, 2, 3, and 4. We begin
by formally stating and proving Result 2. So, we need to formally define the general mechanism
design problem in our model. Because agents differ in actual risk p € {pg,pr} and perceived risk
p € {pm,pL}, we let the type space be ¥ = {py,pr} X {pm,pr}. The type distribution p is easily
derived from the parameter x and . An allocation is a profile a* : ¥ — ]Ri, and A* = R%F‘I’ is
the set of allocations. An allocation a* is incentive compatible if

V(p,a* (¥)) > V(p,a* (¢)) for all (9,9') € U2, (9)

where the perceived expected utility of any type ¥ = (p,p) with contract a is V('L,b,()z) =
V (W,d; p,cx) . The allocation a* is feasible if 3, cq pym(9, " (1)) < 0 where for any type



¥ = (p,p), the profit of a contract c € R? is 7*(¢, &) = (1 — p)ay — para. Because of monotonic-
ity of individuals’ utilities, we can restrict attention without loss of generality to budget-balanced
allocations a* that satisfy
> pypm (.0 (1)) = 0. (10)
Yew
A mechanism designer implements an allocation a* on the basis of the information revealed by
the agents. Each individual only knows her perceived risk p, and she (maybe mistakenly) believes
that her actual risk p coincides with p. She can only communicate her perceived ability p to the
mechanism-designer. Hence we restrict attention to allocations a* that are constant across the
actual risk p. We let A = {a* € A*: a* (p,p) = &* (py, D), for any p € {pg,pr}}. We can now
formally restate and prove Result 77.

Result 2 Suppose that k > k1 (\). Then there is no allocation o € A that improves the expected
utility of both high and low risk agents with respect to the equilibrium outcome (aH , aLO) .

Proof. Any candidate allocation a* must satisfy V (W, d; pg, &* (p, pr)) >V (VV, d;pm, aH) )
In equilibrium o € argmax, V(W, d; pyr, «) such that pgas = (1 —pg)ai. Hence, the candidate
allocation a* must satisfy pyos (pu,pr) > (1 — pu)od (pu,pm) . The contracts a* (pr, pr) and
o* (pp,pr) coincide by construction. By the budget-balance condition (10) this constrains the
terms of the contracts
prLoas (pr,pr) < (1 —pro) i (pr,pL) - 11)

(
But when & > 1 (\), in equilibrium, a’© = arg max, V (W, d; pr, o) such that pras = (1—pr)as,
by Proposition 2. Hence, the allocation a* cannot be better than a”© for agents of type ¥ =
(pL>pL) ) Le. V (VV> da prL, a* (vapL)) <V (I/Va d7 brL, aLO) - n

Result 1 immediately follows from the proof of Result 2.

Proof of Result 1. For any compulsory insurance contract 3 > 0, the associated equilib-
rium allocation a* such that o* (pr,pr) = o* (pr,pr) = B+ a’© (8) and o* (px,py) = B +
a'? (B) is budget balanced and incentive compatible. Furthermore, V (W, d;pg, a* (pr, pr)) >

V (W, d; pr, o) because 85/, = (1 — pru) /pe < (1 —pro) /pro, and of (pr, pr)+as (pa, pe) =
d. The proof of Result 2 thus concludes that, for k > r1 (\), V (W, d; pr, @* (pr,pr)) <V (W, d;pr, aLO) )
[

In order to prove Result 77, we first formally describe the equilibrium of our model with
overconfident and underconfident agents.

Proposition 3 In the unique locally-competitive equilibrium, the contract of high-risk and under-
confident agents is o'V such that

prvay’ — (1 —puv) i’V =0, M (a"Y,py) = (1 — puv) /pav (12)
the contract of low-risk and overconfident agents is
o' = maxV(W,d;pr, o) (13)
st. >0, prooas = (1—pro)ar, V(IW,d;py,aV) >V (W,d;py, a).
Proof. For any contract o, let

pu (Ko +n0%) + pL (A\of +vog)
ko +nog + Ao§ +vof

Pa =

I
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where of; is the probability that U purchases a.

Arguments in the proof of Proposition 1 conclude that p, < pro for any equilibrium a such
that 0¢ 4+ 0@ > 0. Also, po < ppy for any equilibrium a such that 0% + o > 0, or else the
contract &+ ¢(1,m) with m > M (e, pg) would be a profitable deviation for € > 0 small enough.
These two results conclude that (i) o + oy = 0 and po = pro whenever ¢ + @ > 0, and (ii)
0¢ +o =0 and p, = pyy whenever o +0f; > 0. Because U is concave and twice differentiable,
types L and O pool on the same contract a“? and types H and U pool on a different contract

HU
a?,

Arguments in the proof of Proposition 1, with obvious modifications, conclude that there
exists a unique locally-competitive equilibrium such that a”© is as specified in program (13) and
ol € argmaxy V(W,d;py, '), st. o 20, (1 —pg) o) — pga, = 0. Hence o’V is determined
by equations (12). m

We can now prove Result 77.

Proof of Result 7?7. The proof of Proposition 2, with obvious modifications, concludes that
(i) the incentive compatibility constraint V(W,d; ps, af'V) > V(W, d; prr, ™) does not bind in
equilibrium if and only if K > & (v, \) where & solves

M(a,pr) = (1-pro)/pro, (14)
prode = (1—pro)ar, VIW,d;py,a™V) = V(W,d;py, &), (15)

and that (i), when V (W, d; psr, @™V) > V(W, d; py, @), the locally-competitive equilibrium (oY, a2©)
is perfectly competitive.

The general mechanism design problem defined above applies to our model also when v >
0. The proof of Result 2, with obvious modifications, shows that, when V(W,d;py,a’V) >
V(W,d; pg, a), there is no incentive-compatible budget-balanced mechanism that improves all
agents’ welfare upon the equilibrium (aH v, aLO).

We conclude the proof by showing that the function & decreases in v. Differentiating equations
12, we obtain:

doi” A [prv (1= pm) U (W = af'") + ppU' (W —d + a3'"))
deU HU H 1
+ (A" + of V) pr (1 = prv) U” (W — d + ofV)]
dHU
d(;j{U = A[1—1T7HU V(1 —pm) U (W —f'V) + puU’" (W — d+ od'V))
— (o

5 pru (1 —pm) U" (W = of')]

~1
where A = [p3y (1= pir) U" (W = of!) + (1 = po)* prU" (W = d + o) |~ <.
Differentiating the expression (15), and then substituting for da!’V /dpyy and dod!V /dpyy,
we obtain:

davr  propuU (W —d+ ofV)dallV — pro(1 — pu)U'(W — af?V)dai?V
dpry prr (1 —pro) U'(W —d + ag) — pro(1 — pa)U'(W — &)
x ApgU'(W —d+ oY) [— (oz{{U + agU) pru (1 —pu)U" (W — a{{U)
0= pi0) (1= ) U (W — aff) + pl" (W — d-+ ad1"))]
—AQ1 = pr)U' (W — ™) [(ef'” + ad'V) pir (1 — pro) U (W — d + a3V
+pru (1 —pa) U’ (T/V—oz1 ) +puU' (W — d+ ol ))] =0
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because pro > 0, p (1 — pro) > pro(1 —pm) and U'(W —d+ &g) > U (W — &1). Remembering
that A < 0, and U” < 0,
U < Apg(1—ppu)U'(W —d+ oé{U) ((1 —pu) U’ (W — a{{U) +puU’ (W —d+ oé{U))
~A(1 = pp)parU’' (W — affV) (Q=pa) U (W — a{{U) +ppU' (W —d+ oé{U))
o —(pg (1 —puv) U'(W —d+od'V) — pru(1 — p)U' (W — of?V)) <0,
because py > pyy and U'(W —d + odlV) > U' (W — ofY). Because dpyy/dv < 0, we conclude
that dC_Kl/dU > 0. As d@g/deU = [(1 —pHU)/pHU][dC_Kl/deU], we have d@g/dv > 0.
Differentiating M (&, pr), we obtain
1—pr, U”(W—@l) _ _U/’(W—d+542)U,(W—@1)

dM (a = -
(.pL) pL UW—d+ag) (U (W —d + a))?

das | .

Hence dM (&, pr) /dv > 0. Letting x = (1 — pro)/pro, because dx/dpro < 0 and dpro/dv = 0,
and because dM (&, pr,) /dk > 0, dx/dpro < 0 and dpro/dk > 0, & decreases in v by the implicit
function theorem. m

We conclude by proving result 4.

Proof of Result 4. For any fraction x, let o™ (k) be the associated contract as calcu-
lated in Proposition 2. Suppose that in equilibrium all low-risk and overconfident agents join the
program. For ¢ large enough, k' = (1 — ¢) k < k2 (A) . By Proposition 2, the low-risk agents’ equi-
librium utility (and the overconfident agents’ perceived utility) V' (W, d,pr, a™® (k' )) decreases
in k¥ when k' < ka (), and it is constant in &’ for k' > ko (\). Hence, for ¢ small enough,
V(W —c¢,d,pr,a™@ (k) >V (W, d,pr,a© (H,)) . This implies that (i) all low-risk and overcon-
fident agents join the training program, hence verifying our equilibrium imputation, and (ii) in
equilibrium low-risk agents benefit from the adoption of voluntary training programs.

The high-risk agents’ equilibrium utility V (W, d; pg, a’) is constant in . Because ¢ > 0,
they choose not to join training programs. By Proposition 2, when & > kg (\), the equilib-
rium overconfident agents’ utility V(W, d; pg, a”©) is constant in k. When & € [r1 (A), k2 (V)]
V (W, d; prr, a™©) decreases in x. For any s > k1, V(W, d; pg, a©) is smaller than the high-risk
agents utility V (W, d,pm, o’ ) . For ¢ small enough, agents who remain overconfident despite
participating in the program improve their actual welfare because V(W — ¢, d; pgr, a™© (x')) >
V(W,d;pr,a™© (k)), as k' < k. Overconfident agents who change their beliefs improve their
actual welfare because V(W — ¢, d; pg, o) > V(W,d; py, a™© (k). =



