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Web Appendix

I Proofs for Section IV

Throughout, let x := In %, so that in particular zp = In %ﬁ, and 3:=a ! —1.
Proof of Lemma 2: (Preliminaries.) Consider the objective function under a deadline
T. We again use the fact that p, = —p,(1 — pi) >, uiy, and hence py Y, u;p = dlog (1 — py) /dt.

We can then rewrite expression (3) as
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where u_;; := ) =i Wit~ Applying integration by parts to the objective, and ignoring irrelevant

terms, we obtain
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Making the further change of variable x; = In ((1 — p;) /p;), and defining § := 1/a — 1, player @

maximizes:

e—rT

/T(—mt +e " (u_iy/r — B))e "dt —
0

such that z; = u; ¢+ +u_;,

(B(L+e ™) +ar),

over functions w;; in [0, 1], given the function u_;,.

The Hamiltonian for this problem is
H (i, @, %ip) o= (=2 e (uie /17— B))e" + Ay (wig +uir)

and the salvage value is given by ¢ (x,T) := e~ (3 (1 + €®) + z) /r. We now drop the subscript
1 and, as in the proof of Theorem 1, we assume that p > «, which is equivalent to ¢y < In 3. We

also maintain the assumption on the discount rate given in (4), namely 1 +e~*(1/r — 3) > 0.



(Necessary Conditions.) Define v,, := 4, ,¢"*. By Pontryagin’s principle, there must exist

a continuous function v, , for each ¢, such that,
L. maximizes v, ;(Uis 4 U—ip);
2. Vg =1t 1+ e (umig/r — B);
3. vir = ¢, (v, T) = (B = 1) /1.

We again consider a phase diagram in R"™!, with dimensions 7, ...,7,,, and .

(Candidate Equilibrium.) Our candidate equilibrium strategy u;, generates a trajectory
that starts at (v, ...,7,, zo) = (0, ...,0,70), and has u;; = uj, :=r(f—e™) /(n — 1) for 0 <t < T,
and u;; = uj, =1 for T <t < T. This implies Yip = 0 for ¢ < T and Vi > 0 for ¢ > T. The

switching time 7" is given by the solution to
T—T—T(xz) =0. (1)

The function 7' (x) in equation (1) is defined as

1 1n(n+r)(ﬁ—e"”)'

T(m)::n+r g+1

The equilibrium beliefs xj are given by the solution to &; = nu;,. Therefore, for all ¢ < T, we
have 27 = In § —In(1+ (Be=™ —1)e~/(=D)6%) “and for all t > T we have z = xr+n(t— T). It
is immediate to verify that 7'(z) < T, (z), which is the time it takes for beliefs to reach @ when
n agents exert maximal effort: stopping occurs before beliefs have gone down to the Marshallian
threshold.

We first verify that our candidate strategy is an equilibrium. For all ¢ < T, agents exert
effort at the interior level uf > 0. At time T, agents switch to maximal effort. When u} = 1,
necessary condition 2 implies 74 > 0, and hence v, > 0 for all ¢ € (T, T]. Finally, continuity
of the function 7} requires that 7% = 0. We therefore need to verify that the solution to the

following differential equation,

Yo =17+ 1+e " ((n—1) /r—=p),

with boundary condition v, = (Be~*T —1)/r, is equal to zero at t = T. Notice that v, is positive

because zr < In 3. Using the fact that x; = xi}—i—n(t—f), the solution to the differential equation

2



is given by

., (m—=1-=rp) T =7 ()Tt i L B - (7-T)-az,
— n+r rt _ _-nt\ _ [ - M _-r n x ) 9
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The continuity of v; is verified by evaluating (2) at t = T, and setting the right-hand side equal
to zero. We then obtain exactly equation (1), which defines 7.

If T (x9) > T, then v, > 0 for all ¢, and agents exert u; = 1. This implies v} is given by
(2), where we replace z%, with zo. It then suffices to verify that g > 0. Indeed, this is the case,
because the right-hand side of (2) is increasing in ¢, decreasing in 7', and it would be equal to

zero at t = 0 with a deadline of T (zo) > 7.

(Uniqueness.) We now rule out all other symmetric paths. Suppose that, in equilibrium,
agents choose effort u, = 1 at some time ¢; < 7. This would imply vy, = 0. However, if
uy, = 1, then necessary condition 2 and assumption (4) on the discount rate imply 4, > 0.
Therefore, we might as well consider the case of 7, > 0. In this case, agents exert maximal
effort, and ~, increases from time ¢ on. However, let z; = xy, + n(t —t1), and consider the
solution to the differential equation 4, = ry, + 1+ e *((n — 1) /r — ) with boundary condition
yr = (Be™*T — 1) /r. Again, the solution 7, will be strictly increasing. Furthermore, we will
have v = 0 and therefore v, <0, since ; < T, contradicting the assumption that Ve, = 0.

Now suppose agents continue to exert effort at the interior levels of u; = (5 — e*) /(n — 1)
for t > T. Denote the switching time to maximal effort by t, > T, with ~,, = 0. The implied
path of 7}, given the transversality condition, would then imply v,, > 0, which contradicts the
assumption of interior effort levels for ¢ < t,.

Finally, suppose that agents choose effort u; = 0 at any time ¢3. This requires v,, < 0.
However, v,, < 0 and uy, = 0 also imply ,, < 0. Therefore, we consider the case of v, < 0. In
this case, agents exert no effort, and v, decreases for all ¢ > ¢5. In particular, this implies v, < 0,
which violates the transversality condition. Indeed, since x; < In 3 (because u; = 0 from time 3

on), the transversality condition requires v, > 0.

(Sufficiency.) The sufficient conditions in the proof of Theorem 1 did not rely on the infinite

horizon, so this path is an equilibrium. 0



Proof of Theorem 3: Let V;(p) := V;(p, T(p)). If the deadline is such that effort switches
to 1 at time T, the payoff of agent ¢ is then

Vi(T) := (1 -D) (/OT (np = ) a)u;te’”dt - e’"T—V(pT)> ,

1—p 1—p:f

where p; solves p; = —py(1— pt)nuzt, po = p. Taking derivatives with respect to T, and considering

the derivative at T = 0 gives

:aw“‘ﬁ+”‘¢rQn_®@_Mn_@(M (n—)p >>M>'

i (n—a)n—1)p’ n=p)—r(p-a

avi(T)

dr

The derivative with respect to r of the term in parenthesis has a derivative equal to (up to a

positive multiplicative constant)

m(wnfgiﬂg—m>‘(Mnf%:ag_@-ﬂ)S& (3)

‘ _is decreasing in r. Since M‘ . = 0, it follows that w‘ }
T=0 dl' | =0 r=0 dal’" |p—g

it is optimal to have agents choose level of effort © = 1 as long as possible, the optimal value

v (T)

< 0. Because

is T = 0: agents should be given a deadline for which it is optimal to exert at a maximal rate
immediately.
Finally, differentiating 7" (p) with respect to r, one can show that —9T /Or is exactly equal to

expression (3), and so the optimal deadline is increasing in the discount rate. O

II  Additional Proofs

A Observable Efforts with Deadlines

We identify an equilibrium in three phases. For a given prior belief p, agents initially exert
interior effort levels (phase 1); they then stop working for an interval of time (phase 2); and
finally, they exert maximal effort until the deadline (phase 3). Either phase 1 or both phases 1
and 2 could be empty. We solve for the optimal strategies proceeding backwards in time, and so

we start from the deadline 7.

(Phase 3.) Suppose the posterior belief p; and the remaining time 7' — ¢ are such that



all agents are exerting maximal effort u; = 1. Under the Markov assumption, all agents will
continue choosing u; = 1 even after a deviation. Therefore, the individual incentives to deviate
from maximal effort are unchanged from the unobservable case, and the proof of Lemma 2 extends
to the observable case. In particular, we obtain a critical time ¢ after which agents can sustain
maximal effort until the end of the game, given the deadline T and the current posterior p. This
time is analogous to 7" in equation (1), and it is given by

- 1 (n—a)p

t(p):T_n—i-?“lna(n—p)—r(p—a)'

We now verify the optimality of maximal effort over the time interval [f (p) ,T}. Consider the

optimality equation
0 = max {(u; +u—;) p — wic — (r + (i +u_i)p) V — (u; + u_y) p(1 —p) V;, + Vi}, (4)

and let W (p,t) indicate the continuation value, given by the returns to n players exerting effort

u;; = 1 from time ¢ until the deadline 7.

nps — «

e "ds,
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We then have

W (p.0) = L) (1 i) - 2 (1) (1 e 0).

Substitute W (p, t) into the optimality equation (4), and consider the incentives to exert effort:

ow
8ui

=p—a—pW —p(l—p) W, (5)

It is immediate to verify that the right-hand side of (5) is equal to zero when t = # (p). Therefore,

agents are indifferent between effort levels along the frontier (p, t (p)) Furthermore, differenti-



ating the right-hand side of (5) with respect to time, we obtain

d <8W

4 aui):pexp<—<T—t><n+r>><n—a>>0,

so agents have strict incentives to work throughout the third phase.

(Phase 2.) If the deadline is long enough, so that £ (p) > 0, there exists a phase in which

players do not exert any effort. In this “shirking” region, the equilibrium value is given by
Q(p, 1) = e DWW (p, 7 (p).

We now use Q (p,t) to construct the frontier # (p) that separates the region in the (p,t) space
with interior effort from the shirking region. If effort is interior, by the optimality equation, the

value function must satisfy the ordinary differential equation

pa—V(p,t)—p(l—p)Vp(p,t):0, (6)

which is obtained by setting by the right-hand side of (5) equal to zero. The general solution of
equation (6) is given by

V(p,t):l—a+(k:(t)—alnlfp)(l—p). (7)

We impose the smooth pasting and value matching conditions of the functions V' (p, t) and Q (p, t):

. 1 —
t(p) = T-— In (n = a)p
n+r an+r)—p
2

- t(p)—%ln <1+ (Oz(nfr

where the log term is always positive. We also obtain the equilibrium value of the constant of




integration k (t) in equation (7):

Qp.0-(1-a)

p ()
1—p () 1

k(t) = ol

3>

where p (t) is the inverse function of # (p). Finally, we verify the optimality of zero effort in this
phase. By construction (value matching), agents are indifferent between levels of effort on the

frontier (p, t (p)) Now fix a p and evaluate how the expression is changing with t. We have

d[LHS(6)]

o =—r(p—a)<0,

so agents have no incentives to exert effort at any time past the frontier  (p).

(Phase 1.) In the first phase, interior effort implies u (p,t) must satisfy the optimality

equation

Vip,t)=1—a+(1-p) (Q

so it must be that

rV (p,t) — Vi (p, t).

u(p,t) = a(n—1)

Optimality of interior effort then follows by construction. Furthermore, the equilibrium evolution

of beliefs is given by the solution to
p=-p(1—p)nup,t).

The next figure illustrates the evolution of beliefs and the loci (p,t) separating the three phases.

B Learning-by-Doing

Following Doraszelski (2003), we model the accumulated knowledge of player i as

Z"i = U; — 521',
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Figure 1: The three phases of the equilibrium

with zop = 0 (though this boundary condition is not necessary, as we will see). The arrival rate

of a breakthrough, or human capital, for player ¢ is given by
h; = A\u; + pzf) .
It follows that beliefs evolve according to
pr = —pi (1 —pr) Z hit,
and therefore player i seeks to maximize:

Vo= / (e Z hig — oy )e™ o P g ot gy
0 i

/Oo Sh L=D gy
= p . — o e"tdt,
0 t - 7,t t 1_pt




by the usual integration by parts. Defining, as usual x = In((1 — p)/p), so that & = ). h;,, and

ignoring the constant (1 — p), we have
V= / (ie ™ — (14 e ®)au;)e "dt.
0

Again, we integrate the first term by parts, and ignore the values at the endpoint (fixed, or zero),

so that maximizing V' is equivalent to maximizing

J = - / (re™™ + au;(1+ e~ *))e "dt
0
— > ]' Zj#i ()\U] + pi) + ijS 1 —x —x 1 1 —rtdt
= T/o G by (1+e™®)—e ~—x) ¢ :

subject to &y = > y hj., and z; = u; —0z;. When p = 0 and A = 1 we recover the expression from

the proof of Theorem 1,
/ (=2 + e " (u_iy /T — B))e""dL.
0

The Hamiltonian is
1 1+e™® 1 1
— ¢ ¢ -z —r
1= (o (S ) o) 5 (2 3)) o
+7 ((n —1) ()\uj + pzf) + Au; + pzj’) + p(u; — 0z;) .

We now assume A = 1 and we seek an interior solution. We then must have

v+ up=0. (8)
The co-state variables obey
, 0H 1 (n=DAu+mnpz* _ (1 1 -
T —%Z(x“ Ar -¢ (a—x>)€ ’
o= —gj = _p¢)\2’i_1 (I1+e™)e™ —yppz~e™™ +dp.



We let g := ve'™ and m := pe™, and then obtain

(n —1)u+ npz? B

g = rg+l4e™ ; e P,
mo = _p¢i¢1 (14+e™) —gppz®"" + (6 +7)m.
By differentiating condition (8), we can write
rg+1+e” (n—1) :f +np2? —e 8 — po" (I4+e™)—gppz' + (6 +r)m=0, (9)
and obtain an expression for g,
9= —p¢z¢11 y; (1 —e"fte” (n—1) 1; tnozt pmj_l (1+ e_x)) : (10)

By differentiating condition (9), we obtain

L(n—1)u+npz? g (n — 1)1+ nppz?12
e
r r

rg — e +ze [ — po (9 _rl) S (1 + e_x)

o—1
.efxp¢z

+ @ —— = 4pp” T —gpd (6= 1) 202 = (r+0) g =0,

We can then solve for u, and write

i(n—1) = —i(Br—(n—1)u—npz®+ppz*"")
— (npgz — pp (¢ — 1) (1 +€") —re"gpd (¢ — 1)) 2° 7%
+ (64 ppz?") (rPe"g + re” + (n — ) u+npz® —rp), (11)

where ¢ is given by (10). We now have three autonomous ordinary differential equations, for

u(t), x (t) and z (t). We therefore define
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so that ¢’ ()& = 2 and v (x) & = 1. We then have

() = 2 (12)
o) = BEE (13

with
i =n(\v+ pC?).

In order to determine the terminal conditions, we construct a frontier (p, z) with the property
that u (p, z (p)) = 0 represents a stopping point (remember that p = (1 +¢*)™").

We can write the agents’ equilibrium value as

0 = pluitu+h)—au+1—r—pu;+u_+h))V(ph)
Vi ()Y dpal ™t (w — 62) — p (1= p) (i + u_y + B) V, (p 1),

with )
h:=p (zj’ +(n—1) z¢> , and h = Zgbpzf_lz’i = Zgbpzf_l (u; — 0z;) .

It follows that the optimality condition for effort provision is given by
0=p—a—pV+Vigpz "' —p(1—p)V,.

The continuation payoff, given beliefs p and total accumulated knowledge z, can be written as

Vp,h) = 1-— r/ooo (1 —p+pexp (—% (1- est))) e "tdt
= rp /OOO <1 — exp (—% (1- est))) e "dt,

s:=d¢, and h:p(zf+(n—1)z¢>.

where

Therefore, the stopping frontier (p, z) must solve

p(I1-V)+V, —p(1l-p)V,—a=0.
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However, notice that

and we can therefore express the stopping frontier as the function z* (p) solving
p—V4+V,—a=0, (14)

with

1 e h
V., = ¢pzf Vi = dpz?lrpy / % exp (—— (1- e“)) e "t
0 S S

Finally, a straightforward argument implies that © = 0 at the stopping point. This means we

can solve (12) and (13) for = € [z, Z|, with terminal conditions
v () =0,((7) = 2* ((1 + ef)—l) .

With this procedure we can obtain the pre-images of points along the stopping frontier z* (p),
and trace the paths back to an initial point (p, z) = (po, 0).

We now provide illustrations of how parameters affect the frontier, and a generic path in
(x, z) path. We start with the impact of the decay rate, 6 (Figure 10).
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Figure 2: Public belief and accumulated knowledge, as a function of §

Finally, we consider the impact of the relative importance of accumulated knowledge in the

arrival rate of success, p (Figure 11).
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Figure 3: Public belief and accumulated knowledge, as a function of p
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