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Online Appendix

1. Proofs for the baseline model

This Section provides the proofs of Propositions 1 and 2.

Proof of Proposition 1. Since the competitive fringe will always price at cost, to
prove the proposition it suffices to show that the dominant firm’s equilibrium
pricing strategy is indeed optimal. To do so, we shall focus on direct mecha-
nisms and find the optimal quantity g4 (6). The next step is then to show that
this coincides with the quantity schedules associated with the equilibrium price
schedules reported in the statement of Proposition 1. It is then straightforward
to conclude that those price schedules are indeed optimal.

To begin with, we report the equilibrium quantities associated with the price
schedules described in Proposition 1. They are:
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where the threshold 64 is implicitly defined as the largest 6 such that ¢§ () =
0, and thus is the marginal buyer for product A (just as 0p is the marginal

buyer for product B) under common representation; 6" is the marginal buyer

ne . o s .
under monopoly; and 6 is defined by the condition ¢°(#) = 0, and hence is the
marginal buyer under competitive (and limit) pricing.



To show that these quantities are indeed optimal, consider the indirect payoff
function v(ga,d), as defined by (4), when Pp(qp) = cqp. This is piecewise
smooth, with two branches corresponding to the cases in which the quantity
GB(gqa,0) = argmax,, >0 [u(ga,¢gB,0) — cgp| is 0 or is strictly positive, and a
kink between the two branches. It can be easily checked that v(ga,#) is globally
concave in q4. It also satisfies the single-crossing condition vg,,(qa4,0) > 0,
since we have

v9(qa,0) = ug (qa,qB(qa,0),0)

and hence:
d(jB (qAa 0)
Voga = Ubgs T dga Ubgp
Uu
dB4A
= Uhgy — Uhqp >0,
dB4B

where the inequality follows by the fact that the goods are imperfect substitutes.

The single-crossing condition guarantees that the participation constraint
binds only for the marginal buyer, whom we indicate here as 0, and that firm
A’s optimisation program (A.1) can be written as

Omax
max /9 [0(q4(6),0) — U(0)] £(6)d6

q4(9)
dU
s.t. a0 = ’Ue(qA,H)
U@ = v(0,0)

By a standard integration by parts, the problem reduces to finding the func-
tion g4 (f) that pointwise maximises the indirect virtual surplus:

1— F()
f(6)

Like the indirect payoff function, the indirect virtual surplus has two branches
and a kink at ¢4 = ¢"™(0). Generally speaking, for any § the maximum can
occur in either one of the two quadratic branches, or at the kink. By definition,
q"(0) = argmax,, s(qa,0) when the maximum lies on the first branch, and
g% (9) = argmax,, s(qa,6) when it lies on the second. Furthermore, the kink
is1 implicitly defined by the condition ug, (q“m(ﬂ), 0, 9) = c and hence occurs at
q™(0).

Since g4 (f) must pointwise maximise the virtual surplus, we can conclude
that g4(0) = ¢’y (0) if the maximum is achieved on the upper branch, g4(6) =
g9 (0) if the maximum is achieved on the lower branch, and g4 () = ¢"™(9) if
the maximum is achieved at the kink. By assumption H1, s(q4,6) is globally
concave in g4. This implies that if ¢ (0) > ¢""™(#), then s(ga, ) is increasing
at the kink and the maximum is achieved at ¢™(6). If instead ¢™(0) < ¢'"™(9),
then s(ga,0) is decreasing “to the right” of the kink, and one must further

s(qa,0) = v(qa,0) — vg(qa,0).



distinguish between two cases. If ¢§(6) > ¢"™(0), then s(ga,0) is increasing
“to the left” of the kink and so the maximum is achieved at the kink, ¢'™(8).
If instead ¢%(0) < ¢"™(6), the maximum is achieved “to the left” of the kink
and is ¢5 (0).

It remains to find out when each type of solution applies. By H2, the
condition ¢™(#) > ¢""™(f) is equivalent to # < #"™. Since ¢ (f) is positive
only for # > 6™, the monopoly solution is obtained if and only if the interval
O™ < 6 < 0" is not empty. This is true if only if ¢ > ¢™ (recall that ¢ is
defined as the lowest ¢ such that ¢™(0) > ¢"™(#) for some 6). In this case,
then, we have g4(0) = ¢™(0) for 6™ < 6 < 6"™  Of course, the corresponding
equilibrium quantity of good B must be nil.

Now suppose that 6 > 6" so that ¢™(f) < ¢"™(#). In this case, the
solution depends on whether ¢ (6) is larger or smaller than ¢'{™(6). The limit
pricing solution can emerge only if ¢ (0) > ¢'i™(#). By H2, the condition
¢ (0) > ¢""™(0) reduces to 0 < 6p. Since ¢"™(6) is positive only for 6 > 6°,
the limit pricing solution is obtained if and only 6° < fp. This condition is
equivalent to ¢ > '™ (recall that ™ is the lowest ¢ such that ¢ () > ¢"™(6)
for some #). When this condition holds, there exists an interval of states of
demand in which the limit pricing solution applies. Again, the corresponding
equilibrium quantity of good B must be nil.

Finally, consider the case in which @ > 65, so that q% (0) < ¢"™(0) and the
maximum is achieved on the lower branch of the virtual surplus function. Here,
we must distinguish between two sub-cases, depending on whether the solution
is interior, or is a corner solution at g4(#) = 0. Clearly, the solution is interior,
and is ¢¢ (6), when 6 > 04. In this case, the corresponding equilibrium quantity
of good B is ¢ (0) = Gr(q5 (0),0). Now, notice that when ¢ < '™ we have
0p <6 4, whereas the inequality is reversed when ¢ > ¢™. This means that if
¢ > ™ and the maximum is achieved in the lower branch, it must necessarily
be an interior solution. However, when ¢ < ¢™ we have éB <0 4. In this
case, for 8° < § < §4, we have a corner solution for g4, and the corresponding
equilibrium quantity of good B is ¢¢(6); for 8 > 0 4, the solution is again interior.

This completes the derivation of the optimal quantities in all possible cases.
It is then easy to check that they coincide with the equilibrium quantities re-
ported above, and that they are implemented by the equilibrium price schedules.
Notice that since equilibrium quantities are everywhere continuos, the equilib-
rium price schedules must be continuous. (In fact, it can be verified that the
equilibrium price schedules are also everywhere smooth.) Finally, notice that
the constant terms that guarantee continuity are all negative, i.e. they are fixed
subsidies.

To complete the proof, we finally show that ¢™ > ¢™. For the purposes
of this proof, let us define 6™ (c) and "™ (c) as follows: 6™(c) is such that
¢@"™(O™) = ¢™(0™), and 0"™(c) such that ¢"™(0"™) = ¢ (6"™). Then, it
is clear that ¢™ satisfies ¢"™ (6™ (c™)) = ¢™(0™(c™)) = 0, and '™ satisfies
(O™ () = g (67 () = 0.

We distinguish between two cases: 0™ (c) < 0" (c) and 0™ (c) > 0"™(c). If



0™ (™) < 0"™(¢™) then
() = g (87 () > ¢ () = " (67 (")) = 0,

where the inequality simply follows from the fact that all quantities are increas-
ing in #. Furthermore, since ¢"™ is decreasing in ¢ and g4 is increasing in c, it
follows that 0™ is increasing in c. This immediately implies that '™ < ¢™.

If instead 8™ (c™) > "™ (c™), then the equilibrium never entails monopoly
pricing and hence the comparison between c'™ and ¢™ is irrelevant (strictly
speaking, ¢™ is not even well defined). To see why this is so, notice that if
0™ > "™ monopoly pricing would only arise for intermediate types, with both
lower and higher types buying both products under common representation.
But this is impossible as it would entail multiple intersections between ¢™(6)
and ¢% (0), thus contradicting assumption H2. B

Proof of Proposition 2. The strategy of proof is the same as for Proposition
1. Obviously, the competitive fringe will always price at cost, i.e. PF(qp) =
PYE(qp) = cqp. As for firm A, we shall focus on direct mechanisms and
hence look for the optimal quantity g4(6), showing that it coincides with the
equilibrium quantities implied by the equilibrium price schedules reported in
the statement of the proposition. Such quantities are:
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where 67 is the solution to ¢¢(0) = ¢ () (this is unique by H3).

The separation property mentioned in the main text implies that the solution
to the dominant firm’s problem is formed by appropriately joining the solutions
to the maximisation program (A.1) and (A.2). By assumption H4, the former
applies to high-demand states (6 < 9), the latter to low-demand ones (6 > @)



The solution to problem (A.1) has already been characterised in Proposition
1. Therefore, we start by focusing on problem (A.2). This is a standard mo-
nopolistic non-linear pricing problem with a utility function w(qa,0,6), except
that buyers now have a type-dependent reservation utility

UR(6) = max [u(0, q,0) — cq] .

Thus, the problem becomes

ma [ [u(q4(0).0.0) = V(0)] /)00
s.t. % — ug(ga(6),0,6) (OA.1)
ve) > URe).

Its solution is given in the following.

Lemma 1 When ¢ > ¢™, the solution to problem (OA.1) is

0 f0r0<9<ém
0) = “om
94 () { qme) for6>0 .

Proof. Consider first the unconstrained problem. Clearly, its solution is ¢'{'(6).

When ¢ > ¢™, we have U™(0) > U%(0) for all §, so the unconstrained solu-
tion applies. To show this, notice first of all that it follows from our definitions
that

qe(a) < qlim(a)7
with equality only when both quantities vanish. Thus, 0° is the largest € such

that ¢°(0) = ¢"™(0) = 0. The condition ¢ > ¢™ guarantees that 6" > 0" By
H3, this implies that ¢’y (8) > ¢¢(6) for 6 > 0™. Since

0
U (6) = / up (g (5),0, 5)ds
ém

whereas

)
U0 = /ug(qe(s),07s)ds
ém



it follows by the sorting condition ugq, > 0 that the participation constraint is
always satisfied.

Now suppose that ¢ < ¢™, so that the type-dependent participation con-
straint must bind for a non-empty set of states of demand. To deal with this
constraint, we use the results of Jullien (2000), and in particular Proposition
3. To apply that proposition, we must show that our problem satisfies the con-
ditions of Weak Convexity, Potential Separation, Homogeneity, and Full Par-
ticipation. Weak Convexity requires that U™ (#) is more strongly convex than
U%(6). This is implied by assumption H3. Following Jullien (2000), define the
modified virtual surplus function

g—F(0)
f(0)
where the “weight” g € [0, 1] accounts for the possibility that the participation

constraint may bind over any subset of the support of the distribution of 6.
Pointwise maximisation of the modified virtual surplus function yields

s%(g,qa,0) = u(qa,0,0) — up(qa,0,0)

EE(ga '9) = argmaxsE(g, qa, '9)
qa

Potential Separation requires that ¢ (g, #) is non-decreasing in @, which is here
obviously true. Homogeneity is also obvious, as it requires that U%(6) can be
implemented by a continuous and non decreasing quantity; in our case, this
is ¢°(0) by construction. Finally, the condition of Full Participation requires
that in equilibrium buyers obtain positive quantities whenever 6 > 96, which is
obvious given that the reservation utility of these types is strictly positive.

Proposition 3 in Jullien (2000) then implies that the solution to problem
(OA.1) is

e ne +
win={ 110 ¥ oo
q™(0) for>6T,

and obviously g4 (0) =0 for 0 < 0°. W

Next, we proceed to the characterisation of the optimal switching point,
6. To begin with, observe that condition H4 guarantees that the equilibrium
rent function U (#) is steeper under non-exclusivity than under exclusivity. This
implies that the solution to the hybrid optimal control problem involves a unique
switch from problem (A.2) (which applies to low-demand states) to problem
(A.1) (which applies to high-demand states).

The next lemma says that the switch must be from exclusive dealing to
a common representation equilibrium. In other words, at the switching point
the solution to problem (A.2) is given by the common representation quantities
a7 (0),q% (6) > 0. This rules out the possibility that the switch occurs for types
who obtain the monopoly or limit pricing quantity of product A.

Lemma 2 When 0 > 0, both qa(6) and qp(0) are strictly positive.



Proof. From condition (7), it is clear that when vy(¢Y(0),0) > us(q%(9),0,0)
(which is guaranteed by H4) it must be PYE(¢5(9)) > PE(¢E(0)), so the
dominant firm extracts more rents, at the margin, from buyers who accept non-
exclusive contracts than from those who accept exclusive ones. From this, it
follows immediately that that ¢Z(f) > 0 (otherwise, PN (¢ (8)) must be
nil). The proof that also ¢§% (9) > 0 is equally simple. If the solution entails
qp(0) = 0, it must be either max[q'7(6),¢¢(0)] or ¢i™(6). In the former case,
the dominant firm would obtain the same rent from buyers who accept non-
exclusive contracts as from those who accept the exclusive one; in the latter, it
would actually obtain less. Since we have just shown that it must obtain more,
these two cases are not possible. l

While for 6 > 6 we always have the common representation quantities, for
0 < 6 we can have either the monopoly quantity q'7(0) or the quantity ¢°(6).
The former case arises when ¢ > ¢, the latter when ¢ < ¢, where the threshold ¢
is implicitly defined as the solution to 8(c) = 7 (¢) and hence satisfies ¢ < ¢™.

This completes the derivation of the equilibrium quantities in all possible
cases. It is then easy to check that these equilibrium quantities are implemented
by the price schedules reported in the statement of the proposition. l

2. Uniform-quadratic model

In this Section, we provide the explicit solutions for the uniform-quadratic spec-
ification (2) and check that all our regularity assumptions are satisfied in this
case.

Equilibrium quantities are:
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. 1
P"™(q) = cq — (2 - 7) 7,

and 1-2y+ 1-2
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o) =50 41—y

The explicit expressions for 9, cand ® 4 > 0 are complicated and are reported
in a Mathematica file which is available from the authors upon request.

We now verify that conditions H1-H4 are met. Consider condition H1 first.
The indirect payoff function is :
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On both branches, the coefficients of the quadratic terms are negative. Further-
more,
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so the function v is globally concave in g4. Since the additional term in the
virtual surplus function, (1 —0)vg(ga, @), is linear in g4, s(ga,0) is also globally
concave in q4.

Conditions H2 and H3 are obviously met, as the quantity schedules are
linear and thus can intersect at most once. Finally, to verify H4 notice that
ug (g5 (0),0,0) = ¢"™(0) whereas vg(qy ¥ (6),0) is either max[q™ (), ¢"™(8)] or

=520 )

3. Proof of Proposition 3

We first characterise the non-linear pricing equilibrium (Lemma 3), then the
equilibrium with exclusive contracts (Lemmas 4 and 5), and finally we prove
the proposition by comparing the two.

Non-linear pricing. To find the non-linear pricing equilibrium, we adapt to the
asymmetric case the solution procedure proposed by Martimort and Stole (2009)
for the symmetric case (i.e. ¢ =0). This is a “guess and check” procedure that



starts from the conjecture that the equilibrium price schedules are (piecewise)
quadratic and then verifies it by identifying the coefficients of the price schedules.
It is important to stress that this procedure makes a guess on the structure of
the equilibrium, but does not restrict firms to quadratic price schedules.

The drawback of the guess and check procedure is that it cannot find equi-
libria in which the price schedules do not conform to the guess, if there are any.
However, this is not a problem for the purposes of the proof. The reason is
as follows. By the separation property, with exclusive contracts the common
representation quantities must be the same as in the non-linear pricing equi-
librium. If there were multiple non-linear pricing equilibria, for each of these
there would exist a corresponding equilibrium with exclusive contracts. If one
compares equilibria with and without exclusive contracts that share the same
common representation quantities, the welfare comparison is exactly the same
as the welfare comparison between the exclusive and non-exclusive equilibria
that we explicitly identify.

The non-linear pricing equilibrium turns out to be similar to the competitive
fringe model: depending on the size of its competitive advantage ¢ and the
intensity of demand 6, the dominant firm can engage in monopoly pricing, limit
pricing, or it can accommodate its rival.

The monopoly price schedule is exactly the same as in the competitive fringe
model. The limit pricing schedule is similar, except that now the unit cost c is
replaced by the marginal price that firm B charges for the first unit it offers,
Pg7(0). As for the price schedules under common representation, they are:
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so PE"(0) =c+« {1 - 7051:21) .

Define ¢ as the lowest ¢ such that there exists at least one state of demand 6
for whom ¢™(6) > ¢ (). The exact structure of the equilibrium is as follows:

Lemma 3 In the duopoly model, the following is a non-linear pricing equilib-
rium. Firm B offers the price schedule

Pp(q) = P5 (q)
and:
e when c < ¢, firm A offers the price schedule

Plim(g) for0<q<q™0p)
Pu(q) = per lim (7
<"(q) + constant  for ¢ > ¢"™(0p)
where O is implicitly defined by the condition qg(éB) = 0 and the con-
stant guarantees the continuity of the price schedule;



e when c > ¢, firm A offers the price schedule

P™(q) for 0 < qé qm(glim)
PA(Q) = Plim(q) + constant fOT qm(eh.m) US q< qlim(GB)
PS (q) + constant  for g > qhm(HB),

where 0™ is implicitly defined by the condition ¢"™(0"™) = ¢"™(0"™) and
the constants guarantee the continuity of the price schedule.

Proof. Proceeding as in the proof of Propositions 1 and 2, we start by reporting
the equilibrium quantities. These are

e when ¢ < ¢,

0 for 6 < Pg"(0)
ga(0) = ¢ ¢"™(0) forf4<0<0p qp(0) = {
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e when ¢ > ¢,

0 for g < 1
qm(0) for L <o <™ 0 for 6 < 0p
9 = . 2- % 9 = v
q4(0) ¢™(9) for O < 9 < B q5(0) g7 (0) forfp <0<1
g4 (0) for 6 >0p

where

PgT(0) = a+c [1 - O‘(l_w} .
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Like in the competitive fringe model, 05 is implicitly defined by the condition
qg(éB) = 0 and 0™ by the condition ¢™(0™) = ¢"™(6™); now, however, the
explicit expressions are different as ¢ (0p) and ¢"™ (™) in the duopoly model
differ from the competitive fringe model (Section 2 of this online appendix).

They are:
1-70-a)
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0" = 1—37PB 0) 1-3y
To prove the lemma, we must show that the equilibrium price schedules
satisfy the best response property. Given its rival’s price schedule, a firm is
faced with an optimal non-linear pricing problem that can be solved by invoking
the Revelation Principle and thus focusing on direct mechanisms. The strategy
of the proof is to show that for each firm i = A, B the optimal quantity g¢;(0),

10



given P_;(q—;), coincides with the equilibrium quantity reported above. It is
then straightforward to conclude that the price schedules that support these
quantities must be equilibrium price schedules.

Given P_;(q—;), firm ¢ faces a monopolistic screening problem where type 6
has an indirect payoff function

v'(¢i,0) = max [u(gi,q—4,0) — P_i(q—i)],
q-i>0

which accounts for any benefit he can obtain by optimally trading with its rival.
Since u is quadratic and P_;(q—;) is piecewise quadratic, v; is also piecewise
quadratic. It may have kinks, but we shall show that any such kink preserves
concavity, so the indirect payoff function is globally concave.

Provided that the single-crossing condition holds, firm ¢’s problem reduces
to finding a function that pointwise maximises the “indirect virtual surplus”

s"(qi, 0) = v'(q;,0) — ciq; — (1 — O)v},

where ¢; is zero for : = A and c for i = B. It is then easy to verify ex post that
the maximiser ¢;(6) satisfies the monotonicity condition.

Consider firm A’s best response to the equilibrium price schedule of firm B,
Pgp(gp). The indirect payoff function is piecewise quadratic, with two branches
corresponding to the case in which argmaxg,,;>o [u(ga,¢B,0) — Pr(gp)] is 0 or
is strictly positive, and a kink between the two branches:

1-— .
”UA(qA 6) — O0ga — 5 7‘131 if ¢gg = 0 or, equivalently, g4 > qhm(ﬂ)
’ Ag + A1ga + Aag®  if gp > 0 or, equivalently, ga < ¢""™(6).

The coefficients Ay, A1 and As can be calculated as

[(6 = )(1 —27) — (1 — (1 =) = 29))*

Ao = 20— —a)(1 - 2)? ’

A — c(l—2’y)—|—a(1—c(1—'y)—27)+91—2*y—a
b 1 2<1+—(71—a>)<1—2v> R
_ 1-2y+a(l—y

Ay = 2(1—’y—a) < 0.

On both branches of the indirect payoff function, the coefficients of the quadratic

terms are negative. In addition, it can be easily checked that
ovA(qa, ) S v (qa,0)

- )

944 aa<di™(9) 944 aa>ai™(9)

so the function v4 (g, 0) is globally concave in g4. It can also be checked that

. . 52 A . .
the sorting condition % > 0 is satisfied as

524 1 if g4 > ¢3™(0)
= 1- 27 -« : lim
aean — >0 1qu<qA (9)

l—-v—«a
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We can therefore obtain A’s best response by pointwise maximising the vir-
tual surplus function s%(ga,#). Like the indirect payoff function, the virtual
surplus function is piecewise quadratic with a kink. The maximum can occur
in either one of the two quadratic branches, or at the kink. To be precise:

20 — 1 ‘
if7<%and%§9§9hm
1—v . .
0 — Py (0) if y<1and ™ <0<0p
argmax,, (9)[0* (¢4, 0)] = 0l or if 3> 1 and PgT(0) <0< 0p
_3 f— f—
0—«a cy o
if 6 > 0p.
l—oz+1—2’y nr=vn

But these are precisely the monopoly, limit-pricing and common representation
quantities, respectively. Note also that the case in which v < % and % <fo<om
cannot arise if ¢ < ¢. In this case, the optimum is never achieved on the upper
branch of the indirect payoff function; in other words, firm A’s best response
never involves setting the quantity at the monopoly level. It is therefore appar-
ent that firm A’s best response is to offer precisely the equilibrium quantities.
This can be achieved by offering the equilibrium price schedules which verifies
that firm A’s equilibrium price schedule satisfies the best response property.

Consider now firm B. The procedure is the same as for firm A, but now we
must distinguish between two cases, depending on whether A’s price schedule
comprises the lowest, monopoly, branch or not.

Consider first the case in which there is no monopoly branch in A’s price
schedule. The indirect payoff function of a buyer when trading with firm B then
is

Ogp — T2 4B if g5 > g3 (0)
vP(qp,0) = { Bo+ Bigs + Baq%  if G5(0) < qp < ¢ (0)
By + Bigp + Bagp  if 0 < gp < gp(9)

where
0— « ac

v 1-2y
0—a—c(l—a) ac
¥ =2y
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3
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<
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The first branch corresponds to firm B acting as a monopolist. Along the second
branch, firm B competes against firm A’s limit-pricing price schedule. Clearly,
neither case can occur in equilibrium. Finally, the third branch corresponds to
the case in which firm A accommodates the competitive fringe. The coefficients
in v (¢p,0) are

and



All branches are concave. Global concavity can be checked by comparing
the left and right derivatives of v2(gp, ) at the kinks, as we did for firm A. The
sorting condition can also be checked as we did for firm A. We can therefore find
B’s best response by pointwise maximisation of the virtual surplus function.

It is easy to verify that there is never an interior maximum on the upper
or intermediate branch of the virtual surplus function. This is equivalent to
the intuitive result that (the less efficient) firm B is active only when firm A
supplies the common representation quantity ¢% (). Pointwise maximisation of
the relevant branch of virtual surplus function then leads to
0—« 1—7

1-a “1-2v

arg max[aB (¢B,9)] =

This coincides with ¢ (), thereby confirming that the equilibrium price sched-
ule Pp(gg) is indeed its best response to firm A’s strategy.

The case where firm A’s price schedule comprises also the monopoly branch
is similar. The indirect payoff function v?(gp,6), and hence the virtual surplus
sB(qp,0), now comprise four branches (all quadratic). The equation of the
fourth branch, which corresponds to 0 < g4 < ¢™(0), is

UB(QB’ ) = Bo + BIQB + qu?g

where

= (20-1)2 o 04+9(1-37) 5  1-702+7)
=Gy D= =

4(1 — 'Y) ) 1 1 — v ) 2 —
However, it turns out that the optimum still lies on the same branch as be-
fore and that it therefore entails a quantity equal to ¢ (6). This observation
completes the proof of the lemma. H

Exclusive contracts. With exclusive contracts, in the duopoly model there may
be scope for multiple equilibria. Generally speaking, multiple equilibria are
endemic in models in which firms interact strategically by making contractual
offers that are destined not to be accepted in equilibrium. For example, under
duopoly there are always equilibria in which both firms charge exorbitant non-
exclusive prices, forcing buyers into exclusive dealing agreements. However,
such equilibria are ruled out since we focus on weekly undominated strategies.

When the competitive advantage is large (to be precise, the threshold is ¢ =
2(1-2y)

5(1—7)+4/1—-27+972
In other words, there is only one equilibrium in undominated strategies. When
the competitive advantage is small, on the other hand, firms face non obvious
coordination problems that enlarge the scope for multiplicity, as we shall see
below.

We start the analysis from the case ¢ > ¢, where for any given equilibrium
common representation schedules, the equilibrium with exclusive contracts is
unique. Such a unique equilibrium is similar to the equilibrium of the competi-
tive fringe model in the large competitive advantage case. Like in that model,

as we will show), this is in fact the only source of multiplicity.
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the non-exclusive tariffs coincide with the common representation tariffs that
arise in the non-linear pricing equilibrium, except for constant terms. However,
these constant terms, which we denote by ®4 and ® g, are now determined as
follows.

Let 6 denote the critical buyer 0 who is just indifferent between exclusive
and non-exclusive contracts. For this buyer, the following condition must hold

w(5(8),0,0)~PE(qE(0)) = ula (0), a5 0), 0)— P (a5 (8)~ Pg (a5 (0)~® 4—D
(OA.3)

which is the counterpart of condition (6). Clearly, an increase in ®; will increase

0.

Intuitively, when choosing ® 4 and ®g, both firms are trading off market
share and profitability. Consider, for instance, firm B. Since its exclusive con-
tracts are not accepted (and in any case would not be profitable), it must try
to induce more high-demand buyers, who value product variety more highly,
to reject the exclusive contracts offered by firm A and buy both products. To
get such buyers to purchase both products, firm B must lower its non-exclusive
prices by adding a negative term (a lump-sum subsidy) to the tariff P§ (q).
Firm A, by contrast, will add a fixed fee to the tariff P§"(g). The fixed fee is
sufficiently large that the dominant firm earns more, at the margin, from buy-
ers who choose common representation than from those who choose exclusive
dealing (as in the competitive fringe model).

More formally, firm A’s profit is

o 1
| PE@REa+ [ PS5 e) + 2,
0 0

and firm B’s is

1
| 1P a5 0) — ed 0) + @] s
Since 6 is determined by (OA.3), the equilibrium conditions for ® 4 and ®p are:

P (45 (9) + @4 — PF(45(6)) ;

§ L 3 = 1-6, (OA4)
a5 0) + a5 (6) - a5 (0)
PF a5 0) + ®p—cqg @) _ | _, (OA5)

45 (0) + a5 (9) — a5 (0)

Conditions (OA.4) and (OA.5) are the duopoly counterpart of condition (7)
in the competitive fringe model. The economic intuition is similar. It can be
confirmed that in equilibrium ®4 > 0, ®5 < 0 and &4 + 5 > 0.

We are now ready to provide the characterisation of the equilibrium when ex-
clusive contracts are permitted and the dominant firm’s competitive advantage
is large.
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Lemma 4 The following is an equilibrium in the duopoly model when firms can
use exclusive contracts and the dominant firm’s competitive advantage is large,
ie. ¢ > ¢t

o When ¢ < ¢ < ™ the two firms offer the following exclusive price schedules

PE(a)= g
Pi(q) = { o for q < ¢°(6™)
P (q) + constant  for g > q¢(0™)
where ™ is such that ¢¢(0™) = ¢'3(0™) and the constant guarantees
the continuity of the price schedule, and the following non-exclusive price
schedules

PYE(q)= P§(9)+®a  forq>qq(h)
PYP(g)= Pg(a)+®5  forq=>q5(0)
where 0, ® 4 and g are the solution to system (OA.3)-(0A.5).

o When ¢ > ™ the two firms offer the following price schedules
P¥(q) = P™(q)

(firm B may not offer any exclusive contract at all), and

PYE(q)= P§(q)+®a forq>q5(0)
PRP(q)= Pg(a)+®p forq>q5(9)
where 9, D4 and ©p are defined as in the previous case.

To avoid repetitions, it is convenient to prove this lemma after Lemma 5
below.

Lemma 5 applies to the case in which the dominant firm’s competitive ad-
vantage is small (¢ < ¢). In this case, there is a multiplicity of equilibria that
arises because the firms may or may not succeed in coordinating their strategies.

To understand the coordination problems that the firms face, consider the
outcome of the competition for exclusives: firm B prices at cost, and firm A
just undercuts it. Clearly, this is always a possible equilibrium. When the com-
petitive advantage is small, however, both firms can obtain larger profits. This
requires that the firms lower their non-exclusive prices in coordinated fashion,
inducing some buyers to purchase both products. This move allows firms to
extract the buyers’ preference for variety.

Note that this coordination cannot take place when the competitive advan-
tage is large. The reason for this is that the payoff function u by itself always

L As we have already noted, if there were different equilibrium price schedules under common
representation, PF"(q), for each of them there would be corresponding equilibria with exclusive
contracts with the same structure as that described in Lemma 4. The same remark applies
also to Lemma 5 below.
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entails a preference for variety, but the fact that ¢ > 0 means that exclusion
may be efficient. In particular, when demand is low efficiency requires that only
good A must be produced. In other words, there is room for extracting the
preference for variety only if the competitive advantage is not too large. The
condition is precisely ¢ < ¢.

Assuming, then, that ¢ < ¢, note that if firms manage to coordinate their
non-exclusive prices as described above, a new opportunity of coordination
arises. Since certain exclusive contracts will no longer be accepted in equi-
librium, firms have no longer an incentive to undercut one another’s exclusive
prices; therefore, they can also increase exclusive prices so as to reduce the
intensity of competition.

Therefore, multiple equilibria arise when ¢ < ¢. Fortunately, however, the
critical threshold ¢* of Proposition 3 is greater than ¢, as we shall confirm
below. Thus, in order to prove Proposition 3 it is not necessary to provide a
complete characterisation of the set of equilibria for ¢ < ¢é. Rather, it suffices to
focus on the “most cooperative” equilibrium, where prices and profits are largest
(given that the firms are actually playing a non-cooperative game), and therefore
welfare is lowest. Since even such most cooperative equilibrium results in a level
of social welfare which is greater than in the non-linear pricing equilibrium,
exclusive contracts are unambiguously pro-competitive when ¢ < ¢ < c*.

In the most cooperative equilibrium, the exclusive and non-exclusive price
schedules must be determined simultaneously. The conditions that must be
satisfied are the following. Let UZ () be the (type-dependent) reservation utility
that buyer 6 could obtain by choosing his most preferred exclusive contract. To
extract the buyer’s preference for variety, the firms must introduce non-exclusive
price schedules implicitly defined by the condition:

Inax [u(qa,qB,0) — PAF (qa) — PYF (qB)] = UF(0). (OA.6)
(To avoid issue of equilibrium existence, we now assume that when buyers are
indifferent in monetary terms, they prefer to purchase both goods.) These
price schedules apply to low-demand buyers; high-demand buyers will actually
obtain more than U¥ () simply thanks to the competition in non-exclusive con-
tracts. Notice that equation (OA.6) does not pin down PY¥ (q4) and P (¢5)
uniquely. This reflects the fact that the preference for variety can be split be-
tween the two firms in different ways. All that matters is that the total payment
requested by the firms does not exceed what the buyer is willing to pay in order
to purchase both goods. Since we look for the equilibrium in which firms’ profits
are largest, we shall focus on the case in which the firms maximise the rents that
they extract. This requires maximisation of the total surplus u(qa, ¢z, 6) — cgp,
subject to the constraint that buyers must (exactly) obtain U¥(6). Using the
envelope theorem applied to the quadratic payoff specification (2), the constraint
can be rewritten as

q4(0) + qp(0) = ¢"(0), (OA.7)
where ¢ () is the optimal quantity under exclusivity. Notice that ¢¥(8) de-
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pends on what exclusive prices are sustainable in the most cooperative equilib-
rium and hence must be determined jointly with all other variables.

Generally speaking, the more efficient firm must produce more than the less
efficient one. In particular, the problem of total-surplus maximisation may have
a corner solution in which some low-demand types must buy good A only. In
this case, exclusive contracts must be accepted in equilibrium by those types,
and so competition in utility space implies that exclusive prices must fall to
¢. Therefore, for low-demand types g4 () must coincide with ¢¢(6), and ¢p(0)
must vanish.

When instead the total-surplus maximisation problem has an interior solu-
tion, which is

1 5 c

0a0) = 50°6) + 57— -

1

an(6) = (0A)

2
buyers purchase both products. The corresponding exclusive contracts are not
actually accepted in equilibrium, and so there may be room for coordinating the
exclusive prices too. The reason for this is that exclusive contracts affect the
equilibrium outcome even if they are not accepted. The less aggressively firms
bid for exclusivity, the lower the buyer’s payoff under exclusive dealing, and
hence the greater the payments firms can obtain for non-exclusive contracts.
Thus, raising the exclusive prices is good for the firms’ profits.

Let us denote by an upper bar the highest exclusive prices that can be
sustained in a non-cooperative equilibrium. To find them, we can assume, with
no loss of generality, that both firms offer the same exclusive price schedule
PE(q).2 By construction, low-type buyers must be just indifferent between
exclusive and non-exclusive contracts (equation (OA.6)). Thus, any arbitrarily
small discount would trigger a switch to an exclusive contract. In equilibrium,
no such deviation can be profitable. This implies the following no undercutting
conditions:

PE(qE(0)) < PYE (¢ (0));

PE(q"(6)) — cq®(0) < PYP(q57(6)) — cai3 (0), (0A.9)

which in the most cooperative equilibrium must hold as equalities.

The most cooperative equilibrium is found by solving the system of equations
(OA.6)-(OA.9). Specifically, denote by ¢¥(6) the optimal quantity associated
with the exclusive prices PZ(q), and by ¢¢"(0) the values of ¢;(6) given by (OA.8)
when ¢ (0) = ¥ (). Rewrite (OA.6) as

u(gq (0),5 (0),0) — PR (a5 (9)) — P55 (9)) = u(0,G7(9),0) — P¥ (7°(9))
and use the no-undercutting conditions (OA.9) to get

P (¢%(9)) = [w(@q (9), 75 (0),0) — u(0,G"(0),0)] + ¢ [77(0) — 75 ()] -

2To prove that this does not entail any loss of generality, suppose to the contrary that one
firm offered more attractive exclusive contracts than its rival. Since these contracts are not
accepted in equilibrium, the firm could increase its exclusive prices without losing any profits
on its exclusive contracts. In fact, the buyers’ reservation utility would decrease, allowing
both firms to increase their profits from non-exclusive contracts.
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The term inside the first square brackets on right-hand side can be interpreted
as the preference for variety, while the term inside the second square bracket is
the cost saving. Using (OA.8), we finally get
— c? c 1—2y
PE - - - - “r 2
(9) 202y T2t

and
P§(qa) = —cq+ (1= 29)¢* +cq°(0);  Pg(ap) = 2cq + (1 = 27)¢”

where 6 is now the solution to ¢°(6) = ¢4 (f) and the constant term in P§"(qa)
guarantees smooth pasting from exclusive to non-exclusive contracts. The cor-
responding quantities are

20 —c
E
7-(9) 31
and
er 20 —c c er 20— ¢ c
A0) =  qp(0) =

2B-4)  2AL-2) -4 2Al-2)

We are now ready to provide the characterisation of the most cooperative
equilibrium.

Lemma 5 Suppose that the dominant firm’s competitive advantage is small:
c < ¢. Then, in the duopoly model the most cooperative equilibrium with exclu-
sive contracts is as follows. Both firms offer the exclusive price schedules

cq for ¢ < q°(0)
Pf( )= PB( ) = { PE(q) forq>qe(é)

with firm A slightly undercutting firm B, though. Furthermore:

PYP(q) = Pff(fl) Jor g < af (0)
A Pg(q) + constant  for q > 43 (0)
PYE(g) = Pif (0 fora < a5 (0)
B Pg (q)+ constant  for ¢ > @5 (0)

where 0 is the solution to ¢“(0) = g5 (0) and 0 the solution to 3% (6) = ¢ (6)
(and to ¢ (0) = q% (0)), and the constants guarantee the continuity of the price
schedules.

Proof. The equilibrium quantities are:

0 for0<c 0 for 0 < B

°6) fore<0<d orr=r
@)= €O foresf=6 g g (0) ford<0<o

qv@) ford<e<e 5 =

¢ (0) forf<f<1 qg(0) forf<0<1,
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where 0 and 6, which are defined in the text of the lemma, are given by

b - 2-3v)
1-2y
5 c(1=2y)+al3-c—2(2-c)]
a+2(1—29)

The claim that this is the most cooperative equilibrium has been justified
above. Here, we just verify that this is indeed an equilibrium of the game. The
logic of the proof is the same as for Lemma 3. We must show that for each firm
the equilibrium price schedules satisfy the best response property. When cal-
culating the best response, we take {PZ(q), PY¥(q)} as given. Hence, we can
invoke the Revelation Principle and focus on direct mechanisms. Proceeding
this way, we must show that for each firm ¢ = A, B the optimal quantities g;(6)
coincide with the equilibrium quantities reported above. It is then straightfor-
ward to conclude that the price schedules {PZE (q), PiNE(q)} that support these
quantities must be equilibrium price schedules.

Given its rival’s exclusive and non exclusive price schedules, a firm must
solve a monopolistic screening problem in which the buyer has an indirect payoff
function

Ui(%',@) = ma>x0 [U (¢i>q—i,0) — PiVZE(Q—i)] )

—iZ

and a reservation utility

U(0) = max [u(0,q-:,0) — PZi(q-:)] -

q—i

Since firm 4 can impose exclusivity clauses, it must solve a “hybrid” optimal
control problem in which the two control systems are

qi

ma / [0 (45.0) — U(8) — ciq:] dB

dU i

s.t. w o vg(q:, 9) (OA.10)

U > UFO)

if g_;(0) > 0, and
rnax/ [u(gi,0,0) — U(0) — c;q;] dO
qi

dUu

s.t. w - ug(qi, 0,0) (OA.11)

ue) = U0
if g_;(0) = 0. In both cases, ¢;(#) must be non-decreasing.

Problem (OA.11) is relevant only for the dominant firm. When it sets
gp(0) = 0, noting that problem (OA.11) coincides with problem (A.2) in the

19



Appendix, we can apply Lemma 1 and conclude that

0 for 8 <c
ga0)=4¢ ¢°(0) forc<h<1l-c
qr@) foro>1—c

It is then easy to verify that 6 is now lower than 1 — ¢, so the only relevant part
of the solution is ¢°(@).

Consider now problem (OA.10). Several properties of the solution to this
problem must hold for both firms. By construction, the indirect payoff functions
v*(g;,0) are almost everywhere differentiable. At any point where the derivatives
exist, by the envelope theorem we have

v4(¢i,0) = @i + 4-i(q:, 0),

where
G-i(qi,0) = arg Jnax [u (g5 4-i,0) — P (g-4)]

Generally speaking, the indirect payoff functions v'(g;,#) have two branches,
according to whether §_;(q;,0) < q_;(0) or G_;(g:,0) > G_;(0) respectively.
When G-(g;,0) < 3—i(0), we have PXF(q_;) = P(g—;). When q_;(g;,0) >
g—i(0), we have PNE(q_;) = P (q_;) (plus a constant).

The indirect payoff functions v*(g;, ) are continuous, a.e. differentiable, and
satisfy vé,qi (gi,0) > 0. Continuity and a.e. differentiability follow directly from

the definition of v*(g;,6). To prove the sorting condition, observe that

0q-i(q;,0)

> 0.
dq; o

véqi(qiﬂ) =1- Y

Consider the two branches of the indirect payoff function in turn. When ¢G_;(g¢;,0) <

G—:(0), then

9q-i(gi, 0) _3-06y

_27
0 =35, 20

véqi (q279) =1+

When instead §_;(gi,0) > (), the sorting condition is immediately verified
since 1 9
—a—2y
(¢, 0) = ——— >0.
U@ql(ql7 ) 1_0[_7 =
Because of the type-dependent participation constraint, following Jullien
(2000) we define the modified virtual surplus function:

Ui(g, q;,0) = ’Ui(Qz',9) —(g—90) Ué(‘]iﬁ)

where the “weight” g € [0, 1] accounts for the possibility that the participation
constraint may bind for a whole set of types. Let

li(g,0) = argmaxa’(g,q;, 0)
q; >0
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be the maximiser of the modified virtual surplus function. This solution is still
in implicit form, as it depends on the value of g, which is still to be determined.
This can be done by exploiting Proposition 5.5 of Jullien (2000).

To apply that Proposition, we first prove the following lemma.

Lemma 6 Problem (OA.10) satisfies the conditions of Potential Separation,
Homogeneity and Weak Convezity.

Proof. Potential Separation requires that ¢;(g, #) is non-decreasing in . This
follows from the fact that the modified virtual surplus function has increasing
differences. To show this, consider each branch of the indirect payoff function
separately. First, when §_;(g;,0) < _;(0) we have

9q—i(gi, 9)] d

‘7;9(%9) = U,i,.e(qz', ) — {1 +

The first term is positive, as we have just shown. The second term is positive
because £ (g — ) < 0 and

04— 1-2y
1 = > 0.
T T3 5y

Second, when G_;(g;,0) > q—;(#) the indirect payoff function coincides, mod-
ulo a constant, with the one arising in the equilibrium with non-linear pricing.
In this case, it is immediate to show that ofhe(qi,@) > 0. This completes the
proof that problem (OA.10) satisfies the condition of Potential Separation.

Homogeneity requires that U () can be implemented by a continuous and
non decreasing quantity. This is obvious, since UZ(6) is implemented by ¢%(9),
where ¢ (6) is the optimal buyer’s quantity given the exclusive price schedule
PZi(q): A

. .
o ={ 50 s
g (0) ifo>ao.

To prove Weak Convexity, we first show that £;(0,0)+G_;(£;(0,6),0) > ¢¥(0)
for all 6 € [0, 1]. By definition,

£;(0,0) = arg max [Ui(qi, 0) + 0vp(qi, 9)] )
qi

Thus, ¢;(0,0) is implicitly defined by the first order condition

Since véqi (¢i,0) > 0, this implies that véi (gi,0) <0, or ug,(g:,4—i(g:,0),0) < 0.
In other words, ¢;(0,0) exceeds the satiation quantity ug,(g;,d—i(g:,9),0) = 0.
The quantity ¢¥(6), on the contrary, is lower than the satiation quantity. It

follows that ¢;(0,0) + G—;(¢;(0,0),0) > ¢¥(0).
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In addition, Weak Convexity requires that the curve ¢”(6) intersects the
curve 4;(1,0)+q_;(¢;(1,0),0) = q% (0)+¢% (0) from above. Noting that ¢;(1,0) =
g5 (6), this is indeed the case as

dlgi (0) + a5 (0)] _ dg”(6)
do - de

irrespective of whether ¢¥ () is ¢°(9) or ¥ (#). This finally proves Weak Con-
vexity and hence the lemma. B

With these preliminary results at hand, let us now consider the dominant
firm’s problem. The solution when ¢g(6) = 0 has been already characterised. If
gp(0) > 0, Proposition 5.5 in Jullien (2000) guarantees that generally speaking
the solution partitions the set of states of demand into three sets: states where
buyers are excluded, states where buyers obtain their reservation utility U%(6),
and states where buyers’ payoff is strictly greater than U%(6). Clearly, the first
set is always empty: if gg(0) > 0, we always have ga(0) > 0.

Next consider the second set of states of demand. When the participation
constraint binds, firm A can guarantee the buyer his reservation utility U 5(9)
in two ways. First, it can offer an exclusive price schedule that just matches
that of firm B. Alternatively, it can implement, via non-exclusive prices, the
quantities that satisfy the condition

aq () + a5 (0) = ¢°(0),

which by the Envelope Theorem guarantees that the participation constraint is
met as an equality. The maximum payment that firm A can request for g§ (6)
is

pCr ([ =cr —cr —cr 2 el

P (g4 (0)) = —cqi (0) + (1 —27) [74 (0)]” + cq°(0).

The second strategy is at least as profitable as the first one if
P (77 (0)) = PE(3"(9)),

which is precisely the no-undercutting condition (OA.9), which holds by con-
struction. This shows that offering P§" (ga) is indeed a best response for firm
A when the participation constraint is binding.

Finally, when the participation constraint does not bind, the solution to firm
A’s program is simply obtained by setting g = 1. Assume that £4(1,6) > ¢ (0)
when 6 > 6 (this will be proven shortly). Since the modified virtual surplus
function o 4(1, g4, 0) is exactly the same as in the non-linear pricing equilibrium,
modulo a constant, the maximisers of the virtual surplus functions must coincide
and the optimal quantity is

Ca(1,0) = g4 (6).
Finally, the cutoff 6 is implicitly given by the condition

7" (0) = €a(1,0) + Gp(£a(1,0),0).
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This also establishes that £4(1,60) > % (6) when 6 > 0.

To complete the verification of the best response property for firm A, it
remains to consider the switch from exclusive to non-exclusive contracts. By
the no-deviation condition (OA.9), which in the most cooperative equilibrium
holds as an equality, firm A is just indifferent between imposing an exclusivity
clause or not for § < . Exclusive dealing arises just when g% (8) < 0, which
is equivalent to 6 < 6. Because firm A is indifferent between the exclusive
and non-exclusive regimes, at the switching point a smooth-pasting condition
must now hold, which implies that aggregate quantities must be continuous,
and hence that PYF (g5 (9)) = PF(g5(0)).

The problem faced by firm B is similar, except that firm B can never make
a profit by selling under an exclusivity clause. Thus, we can focus on problem
(OA.10). Proceeding as for firm A, one can show that the optimal quantity is
gé (0) when the participation constraint U(#) > U%(0) is binding, and ¢% (6)
when it is not.

These arguments complete the proof that the solution to the problem of firm
i coincides with ¢;(0) as shown in the text of the proposition. By construction,
this solution can be implemented by firm ¢ using the equilibrium price schedules
(PiE(qi)7 PiNE(qi))'

Clearly, the solution is well defined when the three intervals [¢, ), [0,0] and
(9, 1] are non-empty. This requires ¢ < 9, 0 < 6 and 0 < 1. It is immediate
to show that the first and the last of these inequality always hold. Thus, the
solution is well defined if and only if 6 < 6, which is equivalent to

2(1—2y)
51=7)4+/1—-27+92

c<é=

We can now proceed to the proof of Lemma 4.

Proof. As usual, we start by reporting the equilibrium quantities, which are:

e when ¢ <c <™,

0 for 8 <c
6) = q°(0) fore<f<0™ () = 0 for 6 < 0
= qx(0) for ™ <6 <90 1B = g () ford<6<1;
g7 (0) for<6<1
e when ¢ > ™
0 for g <1 .
, ~ - 0 for 6 <6
gy (@) forg<o<1 15 =7 =

The strategy of the proof is the same as for Lemma 5. Many of the arguments
are indeed the same as in previous proofs and thus need not be repeated here.
In particular, notice that:
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e first, when ¢ > ¢, there is no longer any scope for coordinating exclusive
prices (this was shown in the proof of Lemma 5). Hence, firm B always
sets exclusive prices at the competitive level PF(qp) = cqp. This implies
that when firm A imposes an exclusivity clause, the buyers’ reservation
utility is exactly the same as in the competitive fringe model. It follows
that the solution to problem (A.2) is still given by Lemma 1;

e second, without exclusivity the problems that are faced by the firms are
exactly the same as in the proof of Lemma 3 when the participation con-
straint does not bind.

These remarks imply that Lemma 4 can be proved simply by combining
arguments already presented in the proofs of Lemma 3 and Lemma 5. The
only difference is that now the switch from the exclusive to the non-exclusive
regime is the result of the interaction between the pricing choices of firm A and
firm B. This point, however, has already been discussed above, where we have
shown that the equilibrium switching point and the constants ® 4, and ® 5 must
satisfy conditions (OA.3)-(OA.5). The explicit expressions for &4 and g are
complicated and are reported in a Mathematica file that is available from the
authors upon request. l

Having characterised the equilibria with non-linear pricing and exclusive
contracts, we can now proceed to a comparison of the two. First, it can be
shown that when ¢ < ¢ the equilibrium quantities with exclusive contracts
are everywhere at least as large as under non-linear pricing, and are strictly
larger over some non-vanishing interval. This implies that when ¢ < ¢ social
welfare is larger under exclusive contracts. Second, when ¢ > ¢™ the equilibrium
quantities with exclusive contracts are nowhere larger than under non-linear
pricing, and are strictly lower over some non-vanishing interval. This implies
that when ¢ > ¢™ social welfare is higher under non-linear pricing.

When instead ¢ < ¢ < ¢, the equilibrium quantities are larger with exclu-
sive contracts in the low-demand segment of the market, and with non-linear
pricing in an intermediate-demand segment (quantities are the same in both
regimes in the high-demand segment of the market). However, the benefit from
exclusive contracts in the low-demand segment is decreasing in ¢, whereas the
loss in the intermediate-demand segment is increasing in ¢. This implies that
there exists a unique threshold, ¢*, such that exclusive contracts increase so-
cial welfare when ¢ < ¢* and decrease social welfare when ¢ > ¢*. (Numerical
calculations show that ¢* decreases with v.)

4. Proof of Proposition 4
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The non-linear pricing equilibrium can be found proceeding as in the baseline
model. The competitive fringe always prices at cost, i.e. Pp(qp) = 0. The
indirect payoff function,

U((]A79) = ;I;a>)6u (qA7 qB79) )

has two branches, depending on whether ¢p(f) = argmaxu(ga(6),q5,0) is
strictly positive or is nil, and a kink in between. It can be easily checked that
the single crossing condition holds, and that the indirect virtual surplus

5(qa(0),0) = v(qa(0),0) — (1 — 0)vo(qa, ),

is globally concave and has increasing difference in # and g4. Notice that we
have a type-dependent participation constraint U(6) > (0, ¢%(6),0) where the
right hand side is the net payoff that the buyer could obtain by trading with
the competitive fringe only, and

. 1+60b
qp(0) = 1—~
is the quantity that he would buy in that case.

Let us start from the relaxed problem in which the participation constraint
is U() > 0. In this case, the solution can be found by pointwise maximisation
of the indirect virtual surplus. The maximum can occur on the branch where
Gp(0) = 0, in which case it is ¢"(#), on the branch where §g(6) > 0, in which
case it is & (6), or at the kink ga(6) = ¢"™(6), where ¢"™(0) is implicitly defined
by the condition ug, (qlim(ﬁ)7 0, 0) = 0. These quantities are

q"(0) = %

qir(g) _ 2[1 — ’7(1 —;i)]zefy_ (1 — b)’}/
lim 1+
(o) = —

The corresponding quantity of product B is qp(f) = argmaxu(qa(9),qp,0).
By construction, this is positive only when ga(6) = 0 or if ga(0) = ¢¥ (6), in
which case it is

1460 _
aFO) =1 L i) 206 for 24(6) = Ocr
qa (0) + T—37+2+2 for QA(G) =dqa (9)

It is immediate to check that the g4(f) schedules are monotone, increasing, and
hence implementable. The price schedules that implement those quantities are,
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respectively

1—
P™(qa) = QA*TWQi
2— (3+0b)y 1-2y ,
Pi(qa) = qa — q
(e B
. 1—b —b(1 -
Pi™(ga) = - 2 qa+ éb wqu

The schedule ¢§ (), in contrast, is non-monotone. However, given firm A’s
pricing, it is obviously implemented by the price schedule Pg(¢g) = 0.

Let 6; be the solutions to ¢¢"(6) = 0. We have 64 = % > 0, whereas

the condition b < b implies that éB < 1. In this case, therefore, the markets
for each of the two products are uncovered: product A is not purchased in low-
demand states, product B in high-demand ones. However, the market is covered
in the sense that at least one good is bought in all states of demand. Both goods
are bought when both common representation quantities are positive, i.e. for

0 e [5,4, éB]. This interval is not empty.

Notice that the condition b < b implies that ¢™(6) intersects ¢"™(0) from
below. The condition ¢™(#) > ¢"™ (@) is then equivalent to 6 > 6" where "™

is the solution to ¢ (0) = ¢"™(6) and hence it is #"™ = ﬁ. The condition

b < b guarantees precisely that ¢"™ < 1. That is, the condition guarantees the
existence of a monopoly region.

With these preliminaries at hand, we can now proceed to the maximisation of
the virtual surplus. Since s(ga(6),6) is concave, it is clear that if ¢™(6) > ¢"™(6)
then s(ga,0) is increasing at the kink and the maximum is achieved at ¢"(0).
This solution then applies when 6 > 6™, If instead ¢™(0) < ¢"™(8), i.e. for
0 < 0" then s(qa, 0) is decreasing to the right of the kink, and one must further
distinguish between two cases. If ¢&(0) > ¢"™(8), then s(qa,0) is increasing
to the left of the kink and so the maximum is achieved at the kink, ¢"™(6). If
instead ¢9 (0) < ¢"™ (), the maximum is achieved to the left of the kink and is
¢5(0). Noting that by construction we have ¢ (0) = ¢"™(0) when 6 = 05, we
can conclude that for 05 < 0 < "™ we have the limit pricing solution, whereas
for # < 0 we have common representation. However, for 6 < 6 4 we must have
g4 (0) = 0, in which case only product B is sold, and the quantity is ¢%(¢) > 0.

Summarizing, the equilibrium quantities are

< 0 v
OCT(Q) Ei g _<02 < g5(0) for 0 <0,
] Logim 0 for 0 > 0.

¢ (0) for 0 > 0™
It is easy to see that the type-dependent participation constraint U(6) >

u(0,¢%(0), 0) is always met, so the solution to the relaxed problem solves also
the original problem, and hence is the non-linear pricing equilibrium.
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For the case of exclusive contracts, the analysis also proceeds exactly as for
the baseline model. The separation property guarantees that the solution to the
dominant firm’s problem is either ¢"(6) or the non-linear pricing solution that
we have just characterised. (It can be confirmed that in the exclusive dealing
region the type dependent participation constraint is met even if the dominant
firm engages in monopoly pricing.) The analog of Lemma 2 in the proof of
Proposition 2 guarantees that the switch among the two regimes can only occur
in a region where in the non-linear pricing equilibrium both ¢4 (6) and ¢p(6)
are strictly positive.

The optimal switching point is still characterised by conditions (6) and (7).
An argument identical to that proposed in the analysis of the baseline model
confirms that at the switching point the average price jumps up when increasing
demand, and hence so does the profit earned on the critical buyer 0.

Summarising, in equilibrium firm A offers the price schedules:

PY"(q) = P§ (q) for 0 < g < ¢ (0)
PE(q) = P™(q)+ P4 for ¢ > ¢} (0).

where 0 and ® 4 are determined by the equilibrium conditions (6) and (7). Now,
however, ® 4 is negative. In other words, the dominant firm offers lump-sum
subsidies to buyers who opt for exclusive dealing. (The explicit expression for
0 and ®4 are complicated and are reported in a Mathematica file which is
available from the authors upon request.) The competitive fringe will always
price at cost. The associated equilibrium quantities are

0 forHSéA q%(0) forHSéA
qa(0) = q(0) forf4 <0< a(0) =< q5(0) forfs <0<0
q™(0) for o > 0 0 for 6 > 0.

5. Market-share contracts

Besides offering exclusive contracts, the dominant firm might employ other con-
tracts that reference rivals’ volume. For example, it may offer market-share
discounts, i.e. discounts that depend on its share of a buyer’s total purchases.
To account for this possibility, we allow the dominant firm to freely condition
its payment request on its market share, or, equally, on the competitive fringe’s
volume: Py = Pa(qa,qB).

Naturally, this pricing strategy requires that the dominant firm observe with
some precision not only whether ¢p is positive or nil, but also the exact value
of gg. Thus, market-share contracts are observationally demanding.?> However,
we find that, if market-share contracts are feasible, they will be offered, and
signed, in certain states of demand.

3In practice, market-share contracts are often cast in terms of critical market-share thresh-
olds. This may facilitate verification and hence enforcement.
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For simplicity, we focus on the uniform-quadratic specification (2). Using
the Revelation Principle, the pricing problem can be translated into a direct
mechanism problem in which the dominant firm controls both ¢4 (6) and ¢p(6).
Firm A thus must now solve a problem of multi-product monopolistic screening
with type-dependent participation constraints. Standard arguments then show
that the problem can be formulated as follows:

max / " [ (a(0), g5(0), 0) — cqn — U(0)] £(6)d0

q4(0)>0,95(0)>0

Omin

st 9= ualaa(6),a5(6),6)
UE) > u0,q0).0) - ca(0),

where u(0,¢°(0),0) — cq®(0) is the net payoff that the buyer could obtain by
trading with the competitive fringe only.

Let us consider first the relaxed problem in which the participation constraint
is simply U(6) > 0. The associated virtual surplus function is

s(qa,qp.0) = v(qa,q5,0) — lﬂlz)(e)ve(q/a,qs,ﬂ).

With the uniform-quadratic specification, the virtual surplus function is strictly
concave in g4 and ¢p, and it has increasing differences in 6 and g4 and ¢g,
respectively. Thus, the solution can be obtained by pointwise maximisation of
the virtual surplus. The necessary and sufficient conditions for a maximum are

1—F(0 1-F(¢
= gy e <0 [uaa = e [aa =0
1—-F(9 1-F(0
Ugp —C— f(e)()UOqB < 0 [UQB —Cc- f(a)()ue(m:| q = 0.

From these we easily obtain the optimal quantities in the relaxed problem,

0 for 0 S 5 0 for 0 < éms
ga0) =1 ¢ forb<0<0™  qpO)={ " o
qr0) for6 <6<1 q°(0) for 0 <0<1,
where .
ms —_ 90 _ T ms —909_1_ -7
qye(0) =20 1+Cl—2fy’ qp°(0) =20 — 1 61_27,

and 0 is implicitly defined by the condition ¢3* (@ms) = 0; the explicit ex-
o o™ 14e—(2+0)y
pression is 0 = -2y
Notice that ¢'}°(0) > ¢F*(0). Comparing the above quantities with those
of the baseline model (see Section 2 of this Online Appendix) we observe that
g (0) = ¢ (0), whereas ¢i5°(0) < ¢%(0) with a strict inequality except at

6 = 1 (no distortion at the top). Thus, the marginal type ™" is smaller than the
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marginal type 05 in the non-linear pricing equilibrium. The fact that ¢’7°(0) =
g% (0) is due to the linearity of the marginal payoff functions. (Majumdar and
Shaffer (2009) obtain the same property in a linear demand function example
with two types.)

When ¢ > (= %), it can be easily checked that the solution to the re-
laxed problem satisfies the type-dependent participation constraint, and thus
is the optimum. When ¢ < ¢™, however, the participation constraint binds in
low-demand states. We must then apply Proposition 5.5 in Jullien (2000). Pro-
ceeding as in the proof of Proposition 2, it is easy to show that the conditions of
Homogeneity, Potential Separation and Weak Convexity are met. Jullien’s re-
sult then guarantees that the solution partitions the set of types into three sets:
buyers who are excluded, buyers who obtain their reservation utility U¥ (), and
buyers whose net payoff is strictly greater than UZ(9).

This means that when ¢ < ¢™ the exclusive dealing branch of the ga(6)
schedule is formed by two sub-branches, i.e. ¢¢(0) for low types and ¢™(6) for
intermediate types. This is similar to the equilibrium pattern that arises in the
non-linear pricing equilibrium. In any case, equilibrium quantities are never
greater than in the non-linear pricing equilibrium, and are strictly lower for a
range of values of 6. This implies that market-share contracts are definitely
anticompetitive with respect to that benchmark.

Summarising, in low-demand states de facto or contractual exclusivity still
prevails. However, the transition from exclusive dealing to unconstrained com-
mon representation is now smoother. In other words, as demand rises exclusive
dealing is no longer imposed on buyers, who therefore start purchasing both
products. However, the dominant firm now uses market-share discounts to re-
duce the incentive to purchase product B. The share of product B increases with
demand. However, it is always lower than in the non-linear pricing equilibrium,
except when demand is highest (this is, once again, a no-distortion-at-the-top
property).

Compared to the non-linear pricing equilibrium, market-share contracts are
clearly anticompetitive. The comparison with exclusive contracts is less clear:
quantities are more heavily distorted in high-demand states, but less so in in-
termediate ones.
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