Online Appendix to “On discrimination in auctions with endogenous entry” by

Philippe Jehiel and Laurent Lamy

Generalized second-price auctions

Under exogenous participation, Myerson (1981) shows that the optimal auction can be im-
plemented with a generalized second-price auction where bids are distorted in a very general
(nonlinear) way. Similarly, bid distortions play a crucial role in presence of incumbents.

A generalized second-price auction with (general) non-linear distortion (or a bid preference
program) is characterized by a reserve price r € Ry and a set of right-continuous non-decreasing
function, called next bid distortion functions, Ay : Ry — R4 (for each group k € K of potential
entrants) and Al : Ry — Ry (for each incumbent i € Z), which are assumed to be strictly
increasing on the set {x € Ry |A(z) > 7} for a group k entrant and {z € Ry|Al(x) > r} for

incumbent i. The rules of the generalized second-price auction are as follows:

1. The seller collects all the bids and computes a new (or distorted) bid A!(b) [resp. Ay(b)] for

each bid b from an incumbent i [resp. from an entrant from group k.
2. The reserve price r is considered next as a bid from the seller.

3. One of the agents (including the seller) with the highest new bid is declared to be the winner

and receives the good.®!

4. Let p denote the maximum of the second highest new bid from participating bidders (if any)
and the reserve price r. If the winner is an incumbent i [resp. an entrant from group k|, he
has to pay min{b € Ry|Al(b) > p} [resp. min{b € Ry |Ax(b) > p}]. The monetary transfer

of a buyer who does not receive the good is null.??

The price paid by the winner corresponds to the lowest bid he would have to submit in order to
be still declared the winner (with some positive probability). Note that the price paid by the winner
can never be strictly above his bid. Compared to truthful bidding, bidding below its valuation
involves only the loss of some profitable opportunities. Compared to truthful bidding, bidding
above its valuation changes the final outcome only in the case where p is above his valuation, i.e.
in the events where the final price would have been greater than his valuation. On the whole, we

obtain that

LEMMA 11 For any generalized second-price auction, truthful bidding is a (weakly) dominant
strateqy.

51n case of multiple winning bids, we need also a tie-breaking rule to complete the description of a specific
auction. Here, any rule would suit, e.g. the one consisting in picking the winner at random.

52When there are atoms the tie-breaking rule may matter in terms of the final assignment. Nevertheless, it does
not matter in terms of final payoffs in equilibrium since the pricing rule under truthful bidding guarantees that the
bidders involved in a tie obtain pay their valuation (this is because min{b € Ry |Af(b) > p} =z if Al(z) =p > r
for any incumbent 4 while the same holds for entrants).
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This further implies that in equilibrium, bidders should bid truthfully in generalized second-
price auctions (since we assume that bidders use undominated strategies).

Let MG5F denote the set of generalized second-price auctions with Ay (b) = b for any k € K.
For any m € MG5F we let m[r] denote the reserve price in the auction and m[A!] the bid
distortion of incumbent ¢, for any ¢ € Z.

Key remark: The virtual pivotal mechanism mggév corresponds to the generalized second-
price auction in MG5 characterized by mggév[r] = X and mg%v[AZ] ] = 2¢!(.) for any i € Z. We
stress that mjY"[A]] is strictly increasing on the set {x € Ry[A](z) > X} thanks to our regularity
assumption.

From the perspective of potential entrants, a mechanism m € Mgsp is equivalent to a
standard second-price auction with the reserve m|r] and where conditional on z and for any
i € Z, the valuation distributions of the incumbents are no longer Ff(.|2) but are rather re-
placed by FI([m[Al]]71(.)|z) which denotes the distribution of the variable m[A!](u) where the
variable u is drawn according to Ff(.|z). This results from the fact that their bids are not
distorted for m € MGSF. For a given m € MG5P, let ﬁ(nl:NUS)(:L') = Bz | I, [Fr(x]2)]™ -
[Lics le([m[Af]]*l(:c)\z)} denote the CDF of the highest new (or distorted) bid among the bid-
ders under truthful bidding given that the realization of the profile of entrants is N. When m is
a (standard) second-price auction, then note we have FFNUS) = p:Nus),

With this change of perspective, we obtain on the whole that for any m € Mgsp , the expected
ex ante utility of an entrant from group k is given by ui(q,¢’,m) =3 yenx > scz P(Nlg) - P(S|¢") -V,

where

Vi, N y,,5(m) :/H (FLENUS) () — FLNHDS) () (50)

The problem is somehow the same as before from the perspective of entrants, up to the twist
that the CDFs of the valuation of the incumbents are now possibly distorted. In particular, (35)
still holds which implies that M(m) C [0,1)% x [0,1]! for any m € MG such that m[r] =
X. Analogously to the expected welfare function Wy (m, X;0(m)), we can define a notion of
‘distorted welfare’ for any m € MG5F (which guarantees truthful bidding), denoted by /I/IV/N(m, X),
where incumbents’ valuations have been substituted by their distorted valuations and the seller’s

reservation value X by the reserve price m[r]. Formally, we define
WN,S(m,X) ::/max {m[r], 7rlnax‘N| {:céy}Jneag( {m[Af](in)}}d[GN’S(yN’S)]. (51)

We have also WNVS(m, X) =m]r] -l?'r(nl:Nus)(m[r]) + frﬁr] a:d[ﬁ,%l:NUS) (x)].

The fundamental property of the pivotal mechanism (11) translates now into

WNHWS(m,X) — WNvg(m,X) = Vi,n,,s(m) forany k€K and m e MGSP (52)
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In words, entrants obtain the incremental surplus they generate where the surplus is defined
according to the distorted valuations.

For any m € MG5P, welet NW (g, ¢',m, X) :== Y yenx Soscz P(N1q) - P(Slg") - Wiy,s(m, X)—
Zszl @GNy - Cr — 21‘1:1 BL . ¢l - C! denote the total expected (ex ante) distorted welfare.

Comment: For the virtual pivotal mechanism, namely when m = mg"’;v, then the terms
W s(m, X), W(q,ql,m, X) are equal to W“m( X), NW¥rt(q, ¢! m, X).

As in (40), we get for each k € K that

ONW X) = W
(‘18‘1 - < > > Pu(Nlg) - P(Slq") - [WN+k,s(m7X)—WN,s(maX)]—Ck) (53)
gk NeNK SCT

Combined with (52), we get then that

ONW (g,¢",m, X)
0qx;

:Nk uk(quIam)X)_Ck . (54)

Concerning incumbents, we have for any ¢ € S

o0

V;:,IN,s(m) =Eyz [/

mlr

| a2 @0~ Al e ) - dLE ) ol )] (59

If the function z — m[A!](z) is decreasing, then we obtain that

Vily s(m) < By /[ = ma bl - dUFE D ) )]
= / (BG5S (1) — EENYS) (2))de (56)

= WN7s(m,X) WNS (m X)

Thanks to the regularity assumption, the function @ — m[Af](z) is decreasing for any i € T in
the virtual pivotal mechanism and we get thus (26).

As in (42), we get for each i € Z that

MW@ mX) 5~ S i) TT b 1 0 - ab) [Faslm, X)W, (m, 0] ~C1. (57

Oal
i NeNK SCT i’eS_; i’ €T\S
i€S

Combined with (26), we get then for the virtual pivotal mechanism that

ONW (g, %, m™P™ X)
aql

)

ul(q, ¢!, m" P X) - Cf. (58)

The Poisson model: Adapting in a straightforward way the notation we introduced in the
binomial model when there are incumbents, we have in the Poisson model with incumbents that

w— W(u, q',m, X) is concave on Rff for any m € ./\/lgsp with m[r] = X and so in particular
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for either the virtual pivotal mechanism or the efficient second-price auction. This holds because:

8]7@17 , I, m,X
(/gq Z ZP N|p) - P(N|q") - Vi, ps(m) — Cy (59)
Hi NeNK SCT

which implies then from (50) that

P2NW (u.al.m oo K
CNWnamX) _ 5~ S~ p(Nju) - P(Slg)E {/X T (Fetalo™ - [T FL Al @)1s) - (1 — Fi(e])(1 — Fi(els)dz
k=1

O Opuy NenK SCT i€s
(60)

Proof of Proposition 5

The proof is almost the same as the one of Proposition 2. The difference is that due to the
rents of the incumbents, a calculation a la Myerson (1981) comes on the top of it such that we
have to deal with the virtual net total welfare instead of the net total welfare.

From a classic calculation using the Envelope Theorem (see Myerson 1981)°® and given that

S

from (14) the distribution of yﬁfs conditional on z coincides with the unconditional distribution

G, N7S(yifs), we have that for any equilibrium

I(z,m;q 7 a(
AV s 8o, T0m),50m) S ™ p(igtm) - P(SIE!(m) - By [ @ s 675 30m)]

dx
NeNK SCT_;
(61)

and then by integration

Vil (z,m;q(m),q" (m), 5(m)) = Vi (z;,m; g(m), ' (m),5(m))

62
S vens Sscz, POVIG0m) - B(SITm) - [7 [ @y s S55mNdIG s s daf O

for any x > z; and any m € M and then by integration over x and with an integration per

parts
uf (@(m), q" (m), m;5(m)) = Vi (z;,m; q(m), ’(m) a(m))
3l ( —F/(z}) NS. 5 N,S (63)
+ > venk 2oscr, P(N[g(m)) - P, S\q m) f D I Qz ~ns(y a(m))d[Gn,s(y™7)].
Summing those rents, we get the expression (15) for the rents of the seller’s objective.
For each ¢ € Z, note that the participation constraints at the auction stage reduce to
Vi (2, m; q(m), ' (m),5(m)) = 0, (64)

while the incentive compatibility constraints require that the function

33We stress that the fact that the incumbents may receive additional information other than just their private
valuation, e.g. about the variable z, does not change the argument.
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DY P(quA(m))-Pi(Slf?’(m))-/Qf,zv,s((x,yfés);a(m))d[Gfi,N,s(yfés)] is non-decreasing on  [z;, T,
NeNK SCT_;
(65)

a constraint that will not be binding next thanks to the ‘regularity’ assumption which guaran-
tees that the virtual pivotal mechanism belongs to MESP as shown previously.

For a given (¢,q') € J”m(mgﬁv,X) N O satisfying A5, we let m = mgﬁév, (@(m),q'(m)) =
(4,¢") and G(m) be the truthful strategy if m = m;'g?’ and we pick any undominated strat-
egy o(m) € ¥(m) and any participation rates (g(m),g’(m)) € M(m;o(m)) for m € M\
{mgﬁ”} (which is possible since M (m;a(m)) # (). From (28), we obtain that (g(m), g’ (m)) €
M(m;a(m)). To check that this is an equilibrium, we are left with (3). On the one hand
we have u(q(m), g’ (m),m, X;5(m)) < NW(g(m),q' (m),m,X;5(m)) for any m € M with
w(@mg’"). @ ("), mph". X)

= NWUr(Gm%&5T), gt (mE5P), mESP, X) since g(m%E57) € [0,1)K (see eq. (19) and the se-
quel). On the other hand, we have NW " (g(m), g’ (m), m, X;5(m)) < NW*(g(m), g’ (m), mg:’;”, X)
< NWUr(q, ', mgﬁv, X) for any m € M (see eq. (25) and the definition of J”m(mg'gg”, X)). On
the whole, we obtain that mgzggv € Argmax,er u(@(m), @ (m),m, X;5(m)) which guarantees
that this is an equilibrium and thus completes the proof of the existence of an equilibrium where

the seller proposes the virtual pivotal mechanism and which implements the virtual first-best.

We next show that any equilibrium that implements the virtual first-best (and thus a fortiori
any equilibrium with g’ (m%@?’) = ¢! under the PG-refinement) is equivalent to such an equilibrium
as derived above.

Consider a given equilibrium (7, ¢, ¢’,7) that implements the virtual first best. We have thus

that u(g(m), g’ (M), M, X;5(M)) = NWr(g(m),q' (m), m, X;5(m)) = NWr(@G(m), g (), mg%’, X)

’ 57)( ’
= MaX(g g1)cfo,1]K+ NWvir(q, qI,mg'gév, X). The last equality implies that (g(m), g (m)) €
J”"t(mg:ggv, X). From (2), the second equality implies that Wﬁ,”g(ﬁl, X;o(m)) = j\’,“g(ngév, X)

for any pair (N, S) that occurs with positive probability, or equivalently that the good is assigned
with probability one to the agent with the highest virtual valuation. Besides, any assignment
where the good is assigned to the agent with the highest valuation can be implemented with the
virtual pivotal mechanism provided that the breaking rule is well-specified (remember that we do
not exclude that ties occur with a positive probability). On the whole we have shown that the
equilibrium (7, g, ¢’, @) is equivalent to an equilibrium where the seller proposes the virtual pivotal
mechanism and with the entry rates (g(m), ¢! (m)) € J “"t(mg:gév, X) (an equilibrium which exists
thanks to the first part of our proof).

Extension of Proposition 5.2 to multi-object auctions

The analysis without incumbents in Section II and IV extends in a straightforward way with
multiple heterogenous objects when buyers’ valuations and the seller’s reservation values are both

additive across objects, a model where the “pivotal” mechanism corresponds to using the efficient
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second-price auction for each objects. The key element in the argument still consists in showing
that the net total welfare function is concave as a function of the vector of entry in the Poisson
model. The net first part of the total welfare (i.e. the one which comes only from the assignment
of the goods) can be viewed as a sum of the expressions where each object would have been treated
separately. In particular, the only thing that matters are the marginal distributions for each object.
As a sum of concave functions, this first term remains concave with multiple objects. The second
part of the total welfare (i.e. the one capturing the entry costs) is linear with respect to p which
concludes the argument for concavity.

Remark: At first glance, such a setup seems to resume to a sum of various setups with a
single good for sale. This is not completely the case since we allow implicitly some economies of
scale through the entry costs. However those terms in the net total welfare function are linear in
the vector of entry which does not alter the concavity property.

The analysis extends also to multi-unit auctions when buyers have unit-demand and the seller
has flat reservation values. The key element in the argument still consists in showing that the
net total welfare function is concave as a function of the vector of entry as it is established below.
Formally, consider that the seller has L identical units of a good and assume that her reservation
value for each unit equals X. The generalization of the standard second-price auction with the
reserve price r is the L 4 1*"-price auction with the reserve price r. When r = X, this corresponds
precisely to the “pivotal mechanism”, i.e. the mechanism that match bidders’ rents with their
contribution to the welfare. To alleviate the notation, we show this point without incumbents and
when entrants’ valuations are drawn independently. But the result generalizes in a straightforward
way to a setup with incumbents and with conditionally independent valuations.

1*h-price auction with the reserve price

A buyer with valuation u > r who participates in the L+
r against the profile N when the reserve price is r will receive the expected payoff of fru FL:N) (z)dx.
Sticking to our previous notation, the expected payoff of a group k buyer from entering such an

auction (i.e. before knowing the realization of his valuation) is thus given by

Vi, (X) = /X T FEN) ()1 Fy(a))da (66)

which is a generalization of (34). We have then

Vk7[N+k]+l (X) - Vi, Ny (X) = /XOC(F(L:NH)(“T) - F(L:N)(x))(l — Fy(z))dx

- /OC(Fl(l’) FEN(@) + (1= Fi(e) - FE N (@) = FEN (2))(1 — Fy(a))de
X

-/ T (FEN () - PN () (1 F)(1 - Fy(a))de

>0

We obtain then a kind of generalized version of (46)
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YTHAY =— ) P(N|p)- [ / h [FEN) () — FEEN (] YT (Q(x) TQ(x)) - Ydz | <0,
NeNK X 5)

where HY is the Hessian matrix of the net total welfare function at y in the pivotal mechanism
and where Q(z) :=[(1 — Fi(z)),..., (1 — Fg(x))].

With respect to this setup, the allocation problem in the sponsored search auction setup (that
has been presented in Section IV ) can be decomposed as assigning first L homogenous units of
size s;, where each bidder can receive at most one unit, second L — 1 homogenous units of size
sr—1 — Sr, and so on the last stage being a single unit of size s; — so. Sticking to our previous
notation, we let Vi n, (X) denote the expected payoff of a group k buyer from entering the pivotal
mechanism associated to the reservation value X per unit of good for the seller and facing the

profile N of entrants. The generalization of (34) is now

L 00
= sy - EN) () (1 — z))dx.
Vi (X) g z /X FON) (2)(1 = Fy(z))d (69)

We see thus that the problem shrinks to a linear combination of the previous one. The gener-

alized version of (68) is then

oo

YH{Y =— ) P N|u/

L
i > s [FUN (@) = FEN @) YT Q) Q(x)) - Yda] <0,
NeNK =1

(70)
with Q(z) := [(1 — Fi()),..., (1 — Fg(z))] and with the convention F(N)(z) = 0.

The Poisson model and its foundation
To define the equilibrium formally in the Poisson model, we have to slightly adapt our notation.

We let

o i = (p1,..., ) € [0,00)% denote the profile of entry rates of potential entrants, namely

when the Poisson distribution of group k buyer has mean py for any k € K.

e P(N|u) = Pp(N|p) =e~ PUABYTY -ngl [’W] ~ denote the probability of both the realization
N e NX for the set of entrants and the reahzatlon N € szl [0, k] for the set of opponents
of a given entrant from group k, when the profile of entry probabilities for potential entrants
is p.

Then all the expressions of the expected ex ante utilities of the various agents extend by
replacing ¢ and P(N|q) with g and P(N|u) respectively. We have e.g. that u(u, ¢, m, X;0(m)) =
Y nenk 2_scr P(N|p) - P(S|q") - An,s(m, X;0(m)) denote the expected (ex ante) utility of the
seller with valuation X in the mechanism m when the profile of entry rates is pu for potential

entrants and ¢y for incumbents and when buyers follow the bidding profile o(m).
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For technical reasons, we add an additional constraint for the set of possible mechanisms M*
in the Poisson model: we assume that the monetary transfers of all agents (both the buyers and
the seller) are bounded by some amount 7' > 0. This restriction is a purely technical trick to define
equilibria properly, in particular to avoid problems that could arise in unbounded mechanisms.

To define the equilibrium formally, for each £ € K we introduce as a counterpart to the
binomial parameter functions g : M — [0, 1] a Poisson parameter function i, : M — R, where
ix(m) characterizes the distribution of participation of buyers of type k in the mechanism m. An

equilibrium in the Poisson model is then defined as:

DEFINITION 4 For a given set of possible mechanisms M C M*, an equilibrium in the Poisson
model of entry is defined as a strategy profile (M, (fix)rex, (@ )iez,0), where i € M stands for the
seller’s chosen mechanism, [, : M — Ry [resp. @ : M — [0,1]] describes the Poisson entry rates

of group k buyers [resp. the entry probability of incumbent i] in the various possible mechanisms

m € M , and 5(m) € X(m) describes the bidding profile of the bidders in m € M such that

1. (Utility maximization for the seller)

m € Arg max w(fi(m), @ (m), m, X;5(m)). (71)

me

2. (Utility mazimization for group k buyers at the entry stage, for any k € K) for any m € M,

fie(m) | >0 = ui(fi(m). 7' (m), mi5(m) | = _Ci. (72)

3. (Utility mazimization for incumbent i at the entry stage, for any i € Z) for any m € M,

gi(m) €(0,1) = uj (fi(m),q' (m),m;5(m)) = _ Cf. (73)
resp. :((1]) resp. ( )

IVIA

4. (Equilibrium conditions at the bidding stage) in any mechanism m € M, bidders are using
undominated strategies. Furthermore, when the seller chooses the mechanism m, the bidding

profile 3(m) forms a Bayes-Nash equilibrium given the entry profile (i(m), g’ (m)).

The notion of equivalence between two strategy profiles become:

DEFINITION 5 In the Poisson model, we say that two strategy profiles (m, {ux Ykerc, {a} Yiez, {o(m) }mem)
and

(M, {Gk Yrerc, {@F Yiez, {0(m) }merm) are equivalent if the profile of entry rates/probabilities at the
mechanism proposed by the seller are the same, namely p(m) = p(m) and ¢'(m) = ¢ (m), and

if for any profile of bidders (N,S) that occurs with positive probability,>* then the good is as-

signed in the same way with probability one (which implies in particular that Wy g(m, X;0(m)) =

W, X;3(m)) ).

*Formally, P(N|u(m)) - P(S|q"(m)) > 0.
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From the same arguments as in Proposition 3, we have:

LEMMA 12 Assume that m;E(SP € M and A2. Any equilibrium in the Poisson model that
implements the first-best is equivalent to an equilibrium where the seller proposes the efficient

second-price auction.

Comment: Under A3 and A4 and if mg}'iv € M, then we have the result analogous to
Proposition 4.1: Any equilibrium in the Poisson model that implements the virtual first-best is
equivalent to an equilibrium where the seller proposes the virtual pivotal mechanism (and with

the same entry profile for the incumbents).

The analysis with a finite set of potential entrants extends to the Poisson model: as detailed in
Section IV, the revenue of the seller is equal to the first-best when the seller proposes the efficient
second-price auction and for any entry profile (11,¢’) € J (m’;{SP , X)) which are equilibrium profiles
since we still have J(m&5F, X) € M(mE5F). What remains to be shown in order to guarantee
that it is an equilibrium is that M (m;a(m)) # 0 for any m € M*. Furthermore, we will delineate
the status of the equilibria in the Poisson model by showing that any limit (in a sense that will
be made precise in the sequel) of a sequence of equilibria in the binomial model should implement
the first-best and thus be equivalent to an equilibrium in which the seller proposes the efficient
second-price auction.

Comment: All our arguments for environments without incumbents (where the efficient
second-price auction implements the first-best) extend straightforwardly to environments with
incumbents as in Section III and where the virtual pivotal mechanism implements the virtual
first-best. In particular, we would obtain that any limit of a sequence of equilibria implements the

virtual first-best.

A preliminary mathematical lemma Consider two sequences (g, )nen € [0, 1]N and (A, )pen €

[~ K, KN with K € R,. For any n € N, we define

Sl =3 (7) - a4 (74)

. 1
=0

LEMMA 13 If n-q, converges to p < oo when n goes to infinity, then

: IR =T
lim_S[n] _Z; e Ai € [-K K], (75)

Proof Let T = maxuenn - g, < oo which is well defined since n - g, converges to p < oo.
For any 2 € N with z < n, we define Si[n, 2] :== 75 (")[an]'[l — ¢u]" " - A; and So[n, 2] :=
S, (Dlan)'[L — gn)™ " - Ai. We have thus S[n] = Si[n, 2] + Sa2[n, 2].

For any pair i,z € N, we have (i + 2)! > ilz!, which further implies that (ZJ’:Z) < ’;—T(”Z_Z) for
any n > i+ z. After some calculation we have then for any pair n,z € N with z < n, [Ss[n, z|| =
|50 () - lan 2 = g A < Sy R () [ - g A < B K

s (") el L = gn) T = EZ—T - K. Tt is well-known from the properties of the factorial that

1=0 i
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limy, o0 & £ = 0. We have also |72, ’;—: CA;] < ‘;—T BB e*“’;—; Ait.| < & - K. For any

€ > 0, we can thus pick z large enough (say z = 2*) such that max,en.n>.+ [S2 [n,z ]| <5 and
|2, e Al < 5.

For any i < z*, we have lim, .o [l — @,]"" = e and then we can easily check that
Y 3 ) e L

Consequently, if n is large enough, |Si[n, z*]— Zf*al e*““—i A;| can be bounded by § and then
finally [S[n] — 300%, e M- Ay < [Si[n,2*] =37, " e ‘”‘ A+ Saln, 2| D e H “ - Al
is bounded by e. Since thls is true for any € > 0, we have established (75). Q.E.D.

For a given vector of potential entrants N, let m[N], q[N] and &[N] denote the equilib-
rium played. We let also NW[N] denote the corresponding equilibrium net total welfare, namely
NWN] = Y yenx PINIAINT) - Wi (IN], X;6(m)N]) = S5y GelV] - A - Ci

To develop “limit” results, we consider sequences of the form (N]);eny where N[I] = (M [l], ..., Nk][l]) €
NX such that for any k € KC, Ni[l] goes to infinity when [ goes to infinity. When [ goes to infinity,
it is our way to formalize that the number of potential entrants goes large in each group.

The following proposition gives the status of considering the Poisson model: any limit of
equilibria in the binomial model (under the conditions of Proposition 2) implements the first-best

in the Poisson model.

PROPOSITION 14 Assume that m%°F € M and A2. When [ goes to infinity, NW[Nl]] goes
to max pERK NW (u, ESP,X), namely the equilibrium net total welfare goes to the first-best total
welfare in the Poisson model when the number of potential participants goes to infinity in the

binomial model.

Proof As a preliminary, we show the following lemma for any given m € M*:

LEMMA 15 Consider that a given strategy o* is played in equilibrium in the mechanism m for
any N5 If for any k € K, Ni[l] - @i (m)[Nl]] goes to ui(m) € Ry U{oo} when | goes to infinity,
then pi(m) < oo for each k and p(m) € M(m;o*).

In words, any limit of equilibrium entry probabilities in the binomial model is an equilibrium
profile in the Poisson model.

Proof of Lemma 15 Below, we use the following notation for each k € K: ./\/f = N for
j € K\{j} and N = N}, — 1. Consider a given k. We first establish that i, (m) < co. Suppose by
contradiction that ug(m) = co. Then there exists {* such that [ > [* implies that g (m)[N[l]] > 0

and then from (4), we obtain

NE NEN K

k k
> > T @ v o - g W 0 v o) | =G i NI <,

sp. > oo —
ni1=0 nkg=0j5=1 (resp. >) (resp. =)

%5This is a very strong assumption. However, in generalized second-price auctions, we have in mind that ¢*
corresponds to truthful bidding in the sequel.
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for any [ > [*. This is also equivalent to

s,

1 NN NEQ
Y ( )@= G W Ve mio®) = NGl Gem EL-Ce (76)
0 ng= - Z

ni 0j5=1

if ge(m)[NTl]] < 1 [resp. qi(m)[NTl]] = 1], for any [ > [*. Since transfers and valuations are
bounded we have then that the sum of the payoffs of any subset of agents is bounded by z + T for
any realization of the set of entrants. We have thus in particular that ny, - Vi n,, (m) <= + T for
any N. The left-hand term in (76) is the expectation over N of an expression that is uniformly
bounded by Z + T is also uniformly bounded by Z + T while the right-hand term goes to infinity,

which leads to a contradiction. We have thus ux(m) < oo.

By repeated use of Lemma 13 for each of the K sums, we obtain then for each k € IC that the
fact that the inequality

NED O NEI K )
Z Z H ( ) m) W™ [L = gm) NI T Vi, (ms o) < G

holds for any [ € N implies that

Y NeNK € 32 i (m) H]K:1 %V N (m;0*) < Ck. Suppose now that py(m) > 0. Then
there exists I* such that [ > [* implies that gi(m)[N[l]] > 0 and then from (4), we obtain then
that the equality

SNSRI, () @ m) W L — G ) VTIPS B Vi, (s 0°) = C holds
for any [ > I* which further implies that

Y Nenk € g (m) H]K:l %kaﬁ (m;0*) = Cj. We have then established that p(m)

satisfies the equilibrium equation (72) for any k. On the whole we have u(m) € M(m;c*). End
of the proof of Lemma 15

The rest of the proof goes as follows. In the limit Poisson model, we know all equilibria
implement the first-best. Thus, we cannot have accumulation points of the sequence of welfare
for the finite economy that are away from the first-best, as otherwise it would imply that in the
Poisson model, some net welfare other than the first-best could be achieved. Formally, consider
the following sequence of entry rates: in equilibrium in the binomial model with N, when the seller
proposes the efficient second-price auction, the entry probabilities are given by g(m%°")[N] and
let NW*|N] be the corresponding total welfare in the binomial model (which may be strictly lower
than the first-best solution given by (10). Next the first-best welfare is denoted by NWP![N]).
Note that we necessarily have gy (mE°F)[N]- N < C% because the expected revenue of the seller
should be larger than X (and so must be the net total welfare in equilibrium). We show below
that the sequence NW*[Nl]] converges to max, ¢ pic NW (u, mE5F | X). To establish this, we show
that every subsequence has a subsequence that converges to max, €RK NW (u, mES P X).

Every subsequence has a subsequence such that Z]\k(mf(sp YN - Ni[l] converges to some puj,
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for each k (because gi(mEST)[NI]] - Ni[l] stays in the compact set [0, C%]) Then we can apply
Lemma 15 (where the strategy o* in Lemma 15 corresponds to truthful bidding here) and we
obtain that u* € M(mE5F) and then p* € J(mEF, X) (because M(mE5F) = J(mESF X) in
the Poisson model). Then we can apply Lemma 13 iteratively for each k to the corresponding
subsequence of the net welfare (NW*[N[I']]),>¢

and we obtain that there exist a subsequence whose total welfare has the limit max pERK NW (p, my
namely the first-best in the Poisson model. With the same argument, we have also that the se-

quence (NWPHNl]])ien converges to max HERK NW (u, mE5F | X) when [ goes to infinity.

Let us come back to the core of the proof of Proposition 14. Since the expected net total
welfare is bounded in equilibrium (NW[N] € [X,Z]), it is sufficient to show that the sequence
(NWINT]])ien cannot have another accumulation point.

Suppose that an accumulation point of the sequence NW[N/[I]] lies strictly below

Max,, ¢ pi NW (u, mE5F | X),

then it would raise a contradiction since it would imply that we
can pick a large enough [ such that the revenue of the seller is strictly below the one it would have
raised with the efficient second-price auction (because we have shown above that the net total
welfare, or equivalently the revenue of the seller in equilibrium when the number of potential in
each is large enough (such that Al is satisfied), converges to MAax,, ¢ pi NW (p, mE5F | X)) when 1
goes to infinity.

We have that NW[N] < WOpt[N] for any N. Since we have shown above that the se-
quence (NWPHNl]])ien converges to max HERK NW (u, mE5F | X)) when [ goes to infinity, then
we obtain as corollary that any accumulation point of the sequence (NWINTI]])ien is below

max,,e pi NW (u, mESP , X). On the whole, the only possible accumulation point of the sequence
(NWIN]])ien is the first-best welfare in the Poisson model. Q.E.D.

To conclude this section, let us show that there exist an equilibrium within the Poisson model.

For a given mechanism m # mJ)E(SP , fix a given undominated strategy o(m). Then for any N,
we can define corresponding equilibrium entry profiles in the binomial model, say g (m;a(m))[N].
Note that we have shown that N - gx(m;a(m))[N] € [0, X+T] for any binomial model N. For
any sequence (NTi])ien, there is a subsequence (NTi]),yen (0 : N — N is an increasing function)
such that Ng[o(i)] - gr(m;a(m))[No(i)]] goes to pu(m) € [0, YC—*;T}K From Lemma 15, we obtain
that u(m) € M(m;a(m)) and thus that M(m;a(m)) # 0. As a corollary, the construction we did
to build an equilibrium that implements the firsts-best in the binomial model carries over for the

Poisson model. In particular, the set of equilibria according to Definition 4 is not empty.

Discrimination with linear distortions

Let Mbnear ¢ MGSF denote the set of generalized second-price auctions with r = X, Ax(b) =

56Note that we have:

" _ AL NE ESP nher ESP N [l=n, . ESP X mESP)
NW NI = > ... I1 . (@ (mx” ) INTN™* L = g (mx” )N W (mx™", X)— Z N N[l - Ce
n1=0 np=0k=1 " "k k=1

29

ESP X)



a-bif b > 7 and Ag(b) = 0 otherwise for any k € K, and Af(b) = ol - bif b > r and Al (b) =0
otherwise for any i € Z, with both a > 1 and of > 1. Tt is straightforward to check that both
the allocation rule and the payment rule depend solely on the ratio r® = 2% € (0,00) and so
that any generalized second-price auction in Ml)i(”e‘”” is characterized solely by this ratio. We use
next the notation 7, € (0,00) to denote a generic mechanism in MY¢" The mechanism 7, = 1
corresponds to the efficient second-price auction.

We consider the Poisson model throughout this Section. We will also consider that the entry
costs of the incumbents are null so that they enter with probability one for any m € /\/ll)"(”em’
and that their rents are not fully internalized by the seller, i.e. A3. We also assume homogenous

entrants (K = 1). Last we assume that if the efficient second-price auction is posted, then some

potential entrants will enter with positive probability. To sum up,
ASSUMPTION A 7 K =1, C! =0 for each i € Z, and u(0, (1,---,1),m%") > C.

To alleviate notation, for any o € M4 welet then Vi n 7(ra;0(7a)) = Vi(ra), Vi{Nl(ra; o(ry)) =

Vi{n(ra), wp(p, (1, ,1),ra50(ra)) = up(p, 7o) and u; Ny (1, 1), 703 0(r0)) = u{(u, Ta)-

To alleviate the proof, we also add this technical assumption:

ASSUMPTION A 8 The CDFs F(.|z) and F}(.|2) do not depend on = and are continuously
differentiable on their (common) support [z, T] with X € (z,T).

In the auction r, € M4" the probability of an entrant [resp. the incumbent i € Z] with
valuation > X to win the good when he faces n — 1 competing entrants [resp. n entrants| and
when the set of incumbents that participate is Z is equal to [F(z)]" ' -T[_, F! (max {re - 2, X }) =
Fp D9 (@) [resp. [F(max {Z, X})]" - [TV oy Fl() = FE™ %=1 (2)]. Using standard results from
auction theory, we obtain that the (interlrln) payoff of an entrant [resp. the incumbent ] from
participating in the auction r, when facing n — 1 competing entrants [resp. n entrants| and when

the set of incumbents that participate is Z is given by

V(ra) = /X FEO-DYT () (1 F(2))de [resp. Vi (r) = / RV (). (L - Fl @) | (77)

The ex ante expected payoff of an entrant [resp. the incumbent ] from participating in the

auction r, with the participation rate y is then given by

u(, 1) = /r e~ r1-F () HFiI(maX {ra -z, X})(1 - F(x))dz (78)

X i=1

[resp. u! (i1, 7a) fX pA=Fmax{z0.X3) )]_[z —1 Fl(z)(1 — F}(z))dx]. Note that u!(u,74) >0
i i
for any p and r, which justifies that we assumed above that incumbents participate to the auction

with probability 1 (more generally any bidders with a valuation strictly above X has always a
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strictly positive expected profit because he may face no competitors with a valuation above r).

We have then

1
Pl Z/ HFI (ra - 2)(1 = F(@))f{ (ro- 2)dz 20 (79)

C Ore -
,;_ﬁl
where the inequality is strict if r,, € (%, %), and
Auf (1,74 __ K /x ¢ HA-F(G5) ﬁ Fl(z)(1 - Fl(x))f(i)dw <0  (80)
8ra [Ta]z max {rqo-X,X} =1 ’ ! Ta o
i' i
where the inequality is strict if 7, € (%, %) and g > 0. We have similarly:
ou(p, ) z !
b Te) _ / e MIFENTT Ff (max {ro - 2, X})(1 — F(z))’dz < 0 (81)
O X i=1

and

I T I
U] [ enoRmm G0 TT ) (1 = Fl @)1 = Flmax {2, X))de <0 (52
o X 1 Ta
i i

£ From (81), the equilibrium condition (72) has

where the last inequality is strict if ro >
a unique solution when the posted mechanism is r,: the solution corresponds thus to fi(r,) the

equilibrium entry rate for potential entrants when the posted mechanism is rq.

LEMMA 16 We have (T > 0 for any point ro € (0,00) such that fi(ry) > 0. As a corollary,

the function ro — [(ry) is nondecreasing.

Proof Deriving the equilibrium condition (72) at r, such that zi(re) > 0, we have %’:’) =

— sae—— > 0. We conclude with the inequalities (79) and (81). Q.E.D.

Favgring entrants with respect to incumbents has two impacts on the informational rents of
the incumbents: on the one hand, raising the ratio r, reduces their informational rents ceteris
paribus (eq. (80)); on the other hand, raising r, increases the incentives of the potential entrants
to enter the auction which is detrimental indirectly to the incumbents because they face more
competition from new entrants (eq. (82)). On the whole, it is thus not ambiguous that increasing

ro 18 detrimental to the incumbents.

I o~
LEMMA 17 For each incumbent i € I, we have %ﬁ:}‘)’m) < 0 and the inequality s strict if

Ta = 1.
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~ I ~ (7
Proof We note first that 4@ akra) _ Ou; (Ailra), Ta) + dii(ra) Ou; (ira), 7o) <0.

dra - Org dry ou
—_— Y Y
<0 wit >0 <0

h
<0if ra€(£,%)
We conclude by noting that 1 € (%, £). Q.E.D.

Next proposition formalizes that incumbents should be discriminated against entrants.

PROPOSITION 18 Assume A3, A7, A8, and M = MZ)"(MW. In equilibrium, the chosen mech-

anism ro satisfies ro > 1.

Proof of Proposition 18 In equilibrium, the revenue of the seller is given by

o) ~ n 1
u(itra),re) = | 3 e P Uy ) i) -0 =32 (- B -l Atre). ). (89
n=0 =1

Furthermore, the term in the bracket corresponds to the total net welfare which is maximized

at 7o = 1. Combined with Lemma 17, we conclude that Argmax; c(o,) u(i(ra),7a) € (1,00).
Q.E.D.

62



