Online Appendix of Banking, Liquidity and Bank Runs in
an Infinite Horizon Economy

By MARK GERTLER AND NOBUHIRO KIYOTAKI*
This online appendix describes our computation procedure.

Here we describe how we compute impulse responses to shocks to Z;, when bank
runs may occur. We assume the shock comes in the first period and then Z; obeys a
deterministic path back to steady state, following the first order process given by equation
(A2). Accordingly, our computational procedures boils down to computing nonlinear
perfect foresight paths that allow for sunspot equilibria to arise.

We describe our procedure for the case where a single bank run occurs before the
economy returns to steady state, though it is straightforward to generalize to the case of
multiple bank runs. In particular, suppose the economy starts in a no-bank run equilib-
rium in the steady state and then is hit with a negative shock to Z; att = 1. It stays
in the no-bank run equilibrium until t* when a bank run occurs, assuming the condition
(28) for a bank run equilibrium is met. After the bank run it then returns to the no-bank
run equilibrium until it converges back to the steady state. Suppose further that after T
periods from the initial shock (either productivity shock or sunspot shock) the economy
is back to steady state. Let {Z}/_, be the exogenous path of Z, over this period and let
{Xt}f:gT be the path of the vector of endogenous variables X:.

Then there are three steps to computing the response of the economy to the run ex-
periment, which involve working backwards: First, one needs to calculate the saddle
path of the economy from the period after the run happens back to its steady state, i.e.
{X¢htl,,. Second, given {X(}i_t',;, and given that a run occurs at t*, one can then
compute Xi-, the values of the endogenous variables at the time of the run. Third, one
needs to compute the saddle path of the economy starting from the initial shock int = 1
back to the steady state and then select the first t* — 1 elements to obtain {Xt}{;‘ll. (The
elements of this saddle path from from t* to T can be ignored since the run happens at
t*.)

What aids in the computation of the three pieces of the impulse is that we know the
initial value of the endogenous state for each piece. For the initial piece, the endogenous
state begins at its steady state value. For the second piece, the bank run at date t, Ny = 0.
For the final piece, which begins the period after the run, N; depends on the endowment
of entering bankers and K ;, = 1 and D;_; = 0.

The details of the algorithm will be different depending on whether the run is antici-
pated or not. Below we explain the implementation of the algorithm in these two cases.

* Gertler: Department of Economics, New York University, 19 W. 4th Street, New York, NY 10003 (email:
mark.gertler@nyu.edu). Kiyotaki: Department of Economics, Princeton University, Princeton, NJ 08544 (eamil: kiy-
otaki@princeton.edu).
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UNANTICIPATED RUN

1) Compute {X}i_t,

Let T be a time after which the system is assumed to be back in steady state. Let

{Xt}{:{f:ll be the solution of the system given by the equilibrium equations at each
t=t"+1,...,t"+T
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where ¢t = 0 fort # t* and &-,1 = oW (which ensures that at Ny« =
Q+o0)W).

In addition we have the terminal condition X141 = X5° as well as the initial
conditions for the state given by K{® = 1 and Dy = 0.

2) Compute X~ from
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3) Compute {X;}i;*
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T+1

1y De the solution of

Let {X{}
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given initial conditions for the state given by K{! = K"SS, D, = DSS and

Ry = RSS. Then {X\}!_;! = {X{}t:ll. Note that the run never occurs in the

neighborhood of the steady state and by assumption the run occurs at most once in
our example. Thus we restrict the attentiontot* + T < 2T.

- Rt+1) + Rt+1:|

ANTICIPATED RUN

We now allow for an endogenously determined probability of a run p;, as described
in the text. This means allowing for an additional equation for p;. In addition, in order
to perform steps 1 and 3 in this case, we need to compute the values households’ con-
sumption and asset prices that would materialize if the run happened at each time t. This
is because when there is a probability of a run, consumption and asset prices depend on
what is expected to happen if a run actually occurs in the subsequent period.

First note that the endogenous state variables at t + 1 are reset fresh when a run occurs
atdatet as
K'=1, D; =0, and Ny3 = (14 0)WP.

The only other state variable is the exogenous aggregate productivity Z;,,. (Our econ-
omy has endogenous "amnesia" after the run.) Hence, we can always compute the sad-
dle path of the economy back to steady state after a run occurs at t by initializing the
endogenous state as above and picking the appropriate path for the exogenous state, i.e.

(Zs)ET . . We denote the endogenous variable vector at date s when a run occurs at t
s=t+1
t+T

along such path as { Xs*}. ", ., -
Secondly, given the saddle path after the date-t bank run, we can the compute asset
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price and household consumption when a run occurs at date t as a function of Z; as
Qi = Q*(Zy and C{* =C"(Zy).

Let the endogenous variable vector starting at that the time of run t until t + T be
{tx** tftT Note that all the subsequent endogenous variable vectors are only a func-

tion of Zg, the date of the last run t and the present date s.

Basic Step We assume that at T + 1 the productivity is back in steady state and Z; =
Z5Sfort > T + 1. Then we learn that the asset price and household consumption when
the run occurs at datet > T + 1 are given as

Q; = Q*(Z%), C{* =C"™ (z%%), forallt > T +1.

We also learn all the subsequent endogenous variable vectors only depend upon the time
since the last run:

J+T J+14T

{JX** _{J-H.X**}t J+1 —{ **(t_‘])}t J=0

ford >T +1.
We can now compute Q* (Z5%), C™ (Z5%) and {, X;* = {y™(t =) _,_, for

J > T + 1. We focus on parametrizations such that a run |s not possible in steady state,

although the technique, with minor modifications, is easily applicable to cases in which

a run can occur also in steady state.

Q (25%),Cr (Z5%) and {, X; }t:H

tionsateacht=J+1,...,J +T.

J+T

are the solution of the following system of equa-
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and the terminal condition
JX31T+1 = XSSa
given initial conditions for the state given by K" = 1 and D; = 0. The variable &; = 0
fort #J+1lande;s =oW.
Inductive Step: From the Basic Step, we have Q* (Z%%), C"* (Z35) and {; X;* IJ:JT
for J > T + 1. We find the endogenous variables after a bank run by solving inductively

. J+T+1 J+T
for J =T,T —1,..., L Given {Q* (Z)}Z . {C™ (Zo}, )., and {1 X)L,

we find {Q* (Z))HT {C™ (zo}*) and [y X} T ford = 1,2, .., T.
Let {J X tJ:JT:ll be the solution of the system given by the equilibrium equations at

eacht=J+1,..,J4T+1
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given initial conditions for the state given by K" = 1 and D; = 0. The variable &; = 0
fort # J+1and ey, = oW. Here C" (Zyy1) and Q* (Z;11) are the elements of
341 X737, inthe previous iteration.

Find Q* (Z;) and C"* (Z ) from

C™(Zy) + % — Zy+ZyWh
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ch+(z
Q' (Zy)+a=4 [W(Zj-i-)l) (Zyy1+ Q™ (ZJ+1)):|

where C"** (Z ;1) and Q** (Z;41) are elements of ; X3*,. Use Q* (Z;) and C"™ (Z;)
and the other obvious values to form ; X3*.

This procedure yields {Q* (Z)}_, {C"™ (Z,)},_, and {{J X

we have {Xt}tT:t* = {t*Xt**}tT:t* when a run actually occurs at t*, and step 3, appropri-
ately modified in order to account for the endogenous probability of a run, yields { X; }}*:1.

T
} . Given these
J=1



