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We present versions of the first and second order condition (FOC and SOC) calculations

as well as more complete arguments for the main results of ‘The Virtues of Hesitation’.

1. Optimal Timing for Cutting Off Search

Model: at a flow cost of c ≥ 0, one can keep searching for a source of higher profits. If

found, expected net flow profits of π result. If one abandons the search, the decision is,

by assumption, irreversible, and the known alternative yields expected net flow profits of

π, π > π > 0. The infinitesimal analysis in “The Virtues of Hesitation” can be replaced

by explicitly writing out the expected payoffs as integrals involving t1, the time to cut off

search, then setting the derivative to 0 and solving.

Let Cr(w) =
∫ w
0 ce−rx dx so that [1rπe

−rw − Cr(w)] is the discounted net benefit if

W = w < t1 and (1 − F (t1))[
1
rπe

−rt1 − Cr(t1)] is the expected discounted net benefit if

W = w > t1. We will write out the first order conditions for the problem maxt1∈[0,∞] ψ(t1)

where

ψ(t1) :=

∫ t1

0

[
1

r
πe−rw − Cr(w)

]
f(w) dw + (1− F (t1))

[
1

r
πe−rt1 − Cr(t1)

]
. (1)

The first term in (1) is the integral over the event that W < t1 of the discounted net

benefit, and the second term covers the event W > t1. Thus,

ψ′(t1) = [
1

r
πe−rt1 − Cr(t1)]f(t1)− (2)[

1

r
πe−rt1 − Cr(t1)

]
f(t1) + (1− F (t1))

[
−πe−rt1 − C ′r(t1)

]
.

Now, C ′r(t1) = ce−rt1 and the Cr(t1)f(t1) terms in (2) cancel, yielding

ψ′(t1) = e−rt1f(t1)

[
1

r
(π − π)

]
− (1− F (t1)) [c+ π]

= e−rt1(1− F (t1))

[
h(t1)

1

r
(π − π)− (c+ π)

]
. (3)

Setting ψ′(t1) = 0 yields the FOCs,

h(t∗1) = r(c+ π)/(π − π), (4)
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Setting m(t1) = e−rt1(1− F (t1)), the SOCs are

ψ′′(t∗1) = m′(t∗1) · 0 +m(t∗1)h
′(t∗1)[π − π] < 0, (5)

which can only be satisfied if h′(t∗1) < 0 because m(t1) > 0 when h(t1) > 0.

2. Optimal Timing of Innoculation

Model: present utility flows are u > 0. At issue is the optimal timing of a costly

innoculation or precautionary measure. If the measure is not in place before W , then u

will be reduced to a utility flow normalized to 0. If the measure is in place, W will reduce

utility flows to u, with u > u > 0. As well as reducing the damages in case of crisis,

innoculation at time t1 reduces the probability of a crisis by changing the arrival density

from f(w) to

fθ(w; t1) =

f(w) if w < t1

(1− θ)f(w) if w ≥ t1.
(6)

After the innoculation, θ
∫∞
t1
f(w) dw of the probability shifts to the mass point at infinity,

that is, to the disaster not arriving.

We first give a detailed account of the roundabout method of arriving at the first order

conditions, then turn to a brief analysis of the post-innoculation hazard rate.

2.1. Roundabout Calculations. Again, we will write out ψ(t1), the expected net ben-

efits of waiting until t1, in this case. The expected cost term is similar to the term in the

analysis of the optimal delay to cutting off search, but the expected benefits terms must

cover three events, W < t1, t1 < W <∞, and W =∞.

2.1.1. Expected Costs. If t1 is the decision time for innoculation, the contribution of ex-

pected discounted costs to utility are −(1− F (t1))Ce
−rt1 . The derivative with respect to

t1 is therefore

d(Costs)

dt1
= Ce−rt1f(t1) + rCe−rt1(1− F (t1)). (7)

2.1.2. Expected Flow Benefits. For the effect of the choice of t1 on the expected utility

flows, we first consider three types of events, then give the expected flow payoffs associated

with each event, then give their expected values and their derivatives with respect to t1.

Three types of events

There are three types of events with probability affected by the choice of t1,

(A) W = w and 0 ≤ w < t1,

(B) W = w and t1 ≤ w <∞,

(C) W = w and w =∞.
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If (A) happens, payoffs are
∫ w
0 ue−rx dx+

∫∞
w 0e−rx dx =

∫ w
0 ue−rx dx.

If (B) happens, payoffs are
∫ w
0 ue−rx dx+

∫∞
w ue−rx dx.

If (C) happens, payoffs are
∫∞
0 ue−rx dx.

Expected flow payoffs and their derivatives

Integrating over case (A), the expected flow payoffs are∫ t1

0
[

∫ w

0
ue−rx dx]f(w) dw =

∫ t1

0
u

1

r
(1− e−rw)f(w) dw, (8)

so that a1 := d(A)/dt1 satisfies

a1 = u
1

r
(1− e−rt1)f(t1). (9)

Integrating over case (B), the expected flow payoffs are∫ ∞
t1

[

∫ w

0
ue−rx dxf(w) dw +

∫ ∞
w

ue−rx dx](1− θ)f(w) dw = (10)∫ ∞
t1

[u
1

r
(1− e−rw) + u

1

r
e−rw](1− θ)f(w) dw, (11)

so that b1 := d(B)/dt1 satisfies

b1 = −[u
1

r
(1− e−rt1) + u

1

r
e−rt1 ](1− θ)f(t1). (12)

Integrating over case (C), the expected flow payoffs are

[q + θ

∫ ∞
t1

f(w) dw]

∫ ∞
0

ue−rx dx = [q + θ

∫ ∞
t1

f(w) dw]u
1

r
, (13)

where q = P (W =∞). With c1 := d(C)/dt1, this yields

c1 = −u1

r
θf(t1). (14)

2.1.3. First order conditions. The FOCs are ψ′(t1) = a1+b1+c1+d(Costs)/dt1 = 0 where

a1 = u1
r (1− e−rt1)f(t1)

b1 = −[u1
r (1− e−rt1) + u1

re
−rt1 ](1− θ)f(t1)

c1 = −u1
rθf(t1)

d(Costs)
dt1

= Ce−rt1f(t1) + rCe−rt1(1− F (t1)).

Gathering the terms with the common factor f(t1) yields

f(t1)[u
1

r
(1− e−rt1)− u1

r
(1− e−rt1)(1− θ) + u

1

r
e−rt1(1− θ)− u1

r
θ + Ce−rt1 ], (15)

which simplifies to

f(t1)[u
1

r
{(1− e−rt1)θ − θ}+ u

1

r
e−rt1(1− θ) + Ce−rt1 ]. (16)

3



Simplifying {(1− e−rt1)θ− θ} to −e−rt1θ and taking out the common factor of e−rt1 yields

f(t1)e
−rt1 [−u1

r
θ + u

1

r
(1− θ) + C]. (17)

Adding the second part of the cost term, rCe−rt1(1 − F (t1)), setting the resultant sum

equal to 0, and removing the factor of e−rt1(1− F (t1)) yields

ψ′(t1) = e−rt1(1− F (t1))

[
h(t1)

(
−u1

r
θ + u

1

r
(1− θ) + C

)
+ rC

]
. (18)

Setting ψ′(t∗1) = 0, the FOCs are

h(t∗1) =
rC

1
r (θu+ (1− θ)u)− C

, (19)

and the SOCs are

ψ′′(t∗1) = m′(t∗1) · 0 +m(t∗1)

[
h′(t1)

(
−u1

r
θ + u

1

r
(1− θ) + C

)
+ rC

]
< 0, (20)

and these can only be satisfied if h′(t∗1) > 0 because m(t1) > 0 when h(t1) > 0.

2.2. Some Details About the Post-Innoculation Hazard Rate. The hazard rate at

t′ > t1 is

hc(t
′) =

(1− θ)f(t′)

(1− [F (t1) + (1− θ)
∫ t′
t1
f(x) dx])

. (21)

Provided the density stays positive, hc(t
′) < (1−θ)h(t′) for all t′ > t1 because the numerator

goes down by a larger factor than the denominator. In particular, for a second change of

action at some time t2 > t1, one must be using hc(t2), and this is not (1−θ)h(t2). However,

close to t1, this is a good approximation because limt′↓t1 hc(t
′) = (1− θ)h(t1).

3. Details of the Bellman Equation Proof

We here give the details of the proof of Theorem 1, the Bellman equation result. For

ease of reference, the result is re-stated below after a quick review.

1. Change costs: changing action from a to b in state i costs, c(a, b; i) where c : (A ×
A) × S → R++ is continuous, has a strictly positive minimum value, and has the

property that direct changes are always cheaper than multi-step changes of action,

c(a, a′; i) + c(a′, a′′; i) > c(a, a′′; i).

2. Flow utilities are given by a continuous u : S ×A→ R and are continuously discounted

at rate r.
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3. The within interval expected reward to using p from (i, a) is denoted R(p; (i, a)) and

combines flow payoffs with change costs as follows,

R(p; (i, a)) =

∫ ∞
0

[∫ s

0
u(i, p(t))e−rt dt

]
f(s; p, i) ds (22)

+

∫ ∞
0

 ∑
t∈Tp,t<s

c(p(t), p(t+); i)e−rt

 f(s; p, i) ds.

4. νp denotes the distribution, possibly incomplete, random waiting-time and state pair

associated with p.

5. V ∗ denotes the value function for the sMdp.

Theorem 1. For an sMdp, the mapping T : C(S ×A)→ C(S ×A) defined by

T (V )(i, a) = max
p∈P(i,a)

[
R(p; (i, a)) +

∫
(0,∞)×S

V (i, p(s))e−rs dνp(s, i)

]
(23)

has contraction factor at most β := sup(i,a), p∈P(i,a)
∫∞
0 e−rsf(s; p, i) ds < 1, its unique fixed

point is the value function, V ∗, and following the complete semi-stationary plan given by

the argmax policy for (23) in every stochastic interval delivers expected payoffs V ∗(i, a) for

every (i, a) ∈ S ×A.

3.1. Preliminaries to the Proof. In the proof, we make appeal to the Theorem of the

Maximum to study the problem

max
p∈P(i,a)

[
R(p; (i, a)) +

∫
(0,∞)×S

V (i, p(s))e−rs dνp(s, i)

]
. (24)

Given the assumption that (i, a) 7→ P(i, a) is continuous and compact valued, we need only

prove the joint continuity of the mapping

(p, (i, a)) 7→

[
R(p; (i, a)) +

∫
(0,∞)×S

V (i, p(s))e−rs dνp(s, i)

]
. (25)

3.1.1. Metrics. In these results, crucial roles are played by the metric, dH , on plans and a

tractable class of dH -compact sets of plans as subsets of [0,∞)×A.

The metric D(·, ·) on [0,∞)×A

The set A is, by assumption, compact. If it is a compact subset of a vector space with

metric r, e.g. R` with r(x, y) = ‖x− y‖, then the metric is [0,∞)×A is defined by

D((t, a), (t′, a′)) = |e−ρt − e−ρt′ |+ r(e−ρta, e−ρt
′
a′) (26)

for some ρ > 0. To make this work in full generality, we homeomorphically imbed A as a

subset of a metric vector space.
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Let M be the subset of RN for which
∑

n |xn|/2n is finite and give M the `1-metric

r(x, y) =
∑

n |xn − yn|/2n. Let {en : n ∈ N} be a dense subset of the compact met-

ric space A and define the bijection between A by ϕ(a) = {DA(a, en) : n ∈ N}. Since

limα→∞DA(aα, a) = 0 iff limα→∞ r(ϕ(aα), ϕ(a)) → 0, ϕ(·) is a homeomorphism so that

ϕ(A) is r-compact.

We define the metric D on [0,∞)×A by

D((t, a), (t′, a′)) = |e−ρt − e−ρt′ |+ r(e−ρtϕ(a), e−ρt
′
ϕ(a′)) (27)

for some ρ > 0. The following Lemma tells us that differences in the actions at later times

make a vanishingly small difference if they happen at later points in time. This property

will play a crucial role in showing that there is no loss in restricting attention to a compact

set of plans.

Lemma 1. maxa,a′∈A, t,t′≥T D((t, a), (t′, a′))→ 0 as T ↑ ∞.

Proof. r(e−ρtϕ(a), e−ρt
′
ϕ(a′)) is less than or equal to r(e−ρtϕ(a), 0) + r(0, e−ρt

′
ϕ(a′)) and

maxa∈A r(e
−ρtϕ(a), 0) decreases to 0 as t ↑ ∞. �

The metric dH(·, ·) on P

Define the distance between p ∈ P(i, a) and p′ ∈ P(i′, a′) by

dH(p, p′) = inf{ε > 0 : gr(p) ⊂ gr(p′)ε and gr(p′) ⊂ gr(p)ε} (28)

where gr(p) and gr(p′) are the graphs of the plans while gr(p)ε and gr(p′)ε are the sets of

points at D-distance less than ε from the graphs.

Lemma 1 implies that for any ε > 0, there exists a T < ∞ such that any difference

between plans on [T,∞) makes a dH -distance difference of less than ε.

3.1.2. Compact Sets of Plans. We have assumed that the correspondence (i, a) 7→ P(i, a)

is continuous and compact-valued. To simplify matters, we have also assumed that the

number of planned changed times in all of the sets P(i, a) is uniformly bounded. This has

the property that the discounted costs of action changes,
∑

t∈Tp e
−rt, is bounded, a crucial

step in the proof of the joint continuity result, Lemma 3. There are a number of alternative

ways to achieve this.

• The Lemma below shows that assuming the existence of a uniform bound, τ > 0, to the

time between successive planned action change times delivers a compact set of plans. As

this implies that there are at most 1 + T/τ actions changes by any time T , we again have

the crucial property that
∑

t∈Tp e
−rt, is bounded.

• To avoid a lower bound between time changes, we could have complicated the space of

plans to allow successive action change times to happen at 0 formal delays but to still record

the order of the changes (as in Simon and Stinchcombe (1989) or Stinchcombe (1992)).
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With this in place, we could have restricted attention to the compact sets plans defined by

the property that
∑

t∈Tp e
−rt is uniformly bounded.

For τ > 0, let Kτ (i, a) denote the set of all plans starting at (i, a) such with action change

times at least τ apart, that is, if 0 ≤ tk < tk+1 are action change times, then tk+1− tk ≥ τ .

Since the first change of action can happen at t = 0, for any time t ≥ 0, the number of

action change times for any plan in Kτ (i, a) is bounded above by 1 + t/τ .

Lemma 2. For (i, a) ∈ S × A and τ > 0, Kτ (i, a) is dH-compact and the correspondence

(i, a) 7→ Kτ (i, a) is continuous.

Proof. Given compactness, the continuity of the correspondence is immediate because a

determines the starting action of the set of plans.

Let pα, α ∈ N, be a sequence of plans in Kτ (i, a) having change times and actions

(t1,α, a1,α), . . . , (tKα,α, aKα,α), Kα ∈ N ∪ {∞}. Using Cantor’s diagonalization procedure,

(Corbae, Stinchcombe and Zeman, 2009, p. 61) there exists a subsequence, still denoted pα,

with Kα convergent to some point, K, in N∪{∞}, each tk,α convergent to some tk ∈ [0,∞],

k ≤ K, and each ak,α convergent to some ak ∈ A. We must identify a limit plan p∞ and

show that dH(pα, p∞)→ 0.

If {k ≤ K : tk =∞} is empty, define p∞ as the one changing to ak at tk, k = 1, . . . ,K,

if {k ≤ K : tk = ∞} is not empty, let K◦ denote its minimal element and define p∞ as

changing to ak at tk for k = 1, . . . ,K◦ − 1. The change times in p∞ satisfy tk + τ ≤ tk+1

because tk,α + τ ≤ tk+1,α for all α, tk,α → tk, and tk+1,α → tk+1. Thus, p∞ ∈ Kτ (i, a).

Finally, dH(pα, p∞) → 0 because the convergence of change times and actions is uniform

over any time interval [0, T ] (because there are at most 1 + T/τ change times), and, by

Lemma 1, differences on [T,∞) matter less than any ε > 0 for large enough T . �

3.1.3. Joint Continuity. The joint continuity of the maximand in the following allows us

to apply the Theorem of the Maximum to the problem in Theorem 1. The proof involves,

essentially, repeated use of a basic L1-L∞ duality result, re-proved here for completeness.

Lemma 3. For τ > 0, (p, (i, a)) 7→
[
R(p; (i, a)) +

∫
(0,∞)×S V (j, p(s))e−rs dνp(s, j)

]
is

jointly continuous on the graph of the correpondence (i, a) 7→ Kτ (i, a).

Proof. Let (pα, (iα, aα)), α ∈ N, be a sequence with pα ∈ Kτ (iα, aα) and suppose that

(pα, (iα, aα))→ (p, (i, a)). Let fα denote the density f(·; pα, iα) and f the density f(·; p, i).
By L1-continuity,

∫
|fα(s)− f(s)| ds→ 0. We will use the following claim.

A Duality Claim: If h and {hα : α ∈ N} are a uniformly bounded set of measurable

functions with the property that for all ε > 0 and all T > 0, there exists an α′ such that

for all α > α′, λ({t ∈ [0, T ] : |hα(t)− h(t)| > ε}) < ε, then∫ ∞
0

hα(s)fα(s) ds→
∫ ∞
0

h(s)f(s) ds. (29)
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Note that |
∫∞
0 hα(s)fα(s) ds −

∫∞
0 h(s)f(s) ds| ≤

∫∞
0 |hα(s)fα(s) − h(s)f(s)| ds, and for

each s ∈ [0,∞),

|hα(s)fα(s)− h(s)f(s)| ≤ |hα(s)fα(s)− hα(s)f(s)|+ |hα(s)f(s)− h(s)f(s)|. (30)

For the claim, it is sufficient to show that
∫∞
0 |hα(s)fα(s)−hα(s)f(s)| ds→ 0 and

∫∞
0 |hα(s)f(s)−

h(s)f(s)| ds→ 0.

For the first, note that |hα(s)fα(s)−hα(s)f(s)| = |hα(s)|·|fα(s)−f(s)| ≤ B·|fα(s)−f(s)|
where B is a uniform bound for {hα : α ∈ N}. This yields∫ ∞

0
|hα(s)fα(s)− hα(s)f(s)| ds ≤ B ·

∫ ∞
0
|fα(s)− f(s)| ds→ 0. (31)

For the second, note that |hα(s)f(s) − h(s)f(s)| = |hα(s) − h(s)| · f(s). Now, pick T

such that
∫∞
T f(s) ds < ε/2B where B is a uniform bound for h and {hα : α ∈ N}. This

yields ∫ ∞
0
|hα(s)− h(s)|f(s) ds (32)

=

∫ T

0
|hα(s)− h(s)|f(s) ds+

∫ ∞
T
|hα(s)− h(s)|f(s) ds (33)

≤
∫ T

0
|hα(s)− h(s)|f(s) ds+ ε. (34)

Since ε was arbitrary, to establish the claim, it is sufficient to show that the first term in

(34) converges to 0 for any T . For any subsequence of the hα, there is a further subsequence

such that |hα(s) − h(s)|f(s) → 0 for λ-almost all s ∈ [0, T ]. By dominated convergence,

this implies that
∫ T
0 |hα(s)− h(s)|f(s) ds→ 0, establishing the claim.

Returning to the proof of the joint continuity, there are three parts to the function

(p; (i, a)) 7→
[
R(p; (i, a)) +

∫
(0,∞)×S V (i, p(s))e−rs dνp(s, i)

]
, the flow payoff part of and the

costs part of R(·), and the integrated expected value of V (·, ·).
For the flow payoffs, define the uniformly bounded sequence of (Lipschitz) functions hα

by hα(s) =
∫ s
0 u(i, pα(t))e−rt dt and define h(s) =

∫ s
0 u(i, p(t))e−rt dt. The hα converge

uniformly to h, hence
∫
hα(s)fα(s) ds→

∫
h(s)f(s) ds by the Claim.

For the costs part, define gα(s) =
∑

t∈Tpα ,t<s c(pα(t), pα(t+); iα)e−rt and g(s) the cor-

responding function for (p, (i, a)). The sequence of functions gα is uniformly bounded be-

cause, by any time t in Kτ (i, a), there are at most 1+t/τ action changes and costs incurred

at t are discounted by e−rt. By the joint continuity of c(·, ·; ·) and f(·; ·, ·), the functions g

and {gα : α ∈ N} satisfy the conditions of the Claim, hence
∫
gα(s)fα(s) ds→

∫
g(s)f(s) ds.

Finally, we must show that
∫
(0,∞)×S V (j, pα(s))e−rs dνpα(s, j) converges. Recall that for

E × F ⊂ (0,∞) × S and plan pα ∈ P(iα, aα), νpα(E × F ) is defined as
∫
E f(s; pα, iα) ·

µ(s; pα, iα)(F ) ds. Because S and A are compact and V (·, ·) is jointly continuous, as aα →
a, the functions i 7→ V (i, aα) converge uniformly to the function i 7→ V (i, a). The joint
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continuity of µ(·; ·, ·) therefore implies that the continuous function

s 7→ mα(s) :=

∫
S
V (j, aα)e−rsµ(s; pα, iα)(dj)

converges to the continuous function

s 7→ m(s) :=

∫
S
V (j, a)e−rsµ(s; p, i)(dj).

Further, joint continuity implies that convergence is uniform over any bounded set of

s, and since the function is uniformly less than any ε > 0 for all s ≥ T for some

T < ∞, the convergence is in fact uniform over (0,∞). By the Claim given above,∫
(0,∞)mα(s)fα(s) ds→

∫
(0,∞)m(s)f(s) ds. �

We are now in a position to give the following.

Proof of Theorem 1: In outline, we show (1) the maping T in the optimization problem

(23) is well-defined, (2) that has the given contraction factor, (3) that the unique fixed

point of T is the true value function, V ∗, and (4) that following the argmax policy in (23)

delivers V ∗.

(1) By Berge’s theorem of the maximum, the assumed continuity of the correspondence

and the joint continuity of Lemma 3 imply that the mapping T in the optimization problem

(23) is well-defined.1

(2) From Blackwell’s Lemma for contraction mappings (e.g. (Corbae, Stinchcombe and

Zeman, 2009, Lemma 6.2.33)), to show that T is a contraction mapping with contraction

factor β, it is sufficient to show that (a) T is monotonic, and (b) that for any constant

κ ≥ 0 and V ∈ C(S × A), T (V + κ) ≤ T (V ) + βκ. Monotonicity is immediate. For (b),

define Ψ(V, p) =
[
R(p; (i, a)) +

∫
(0,∞)×S V (i, p(s))e−rs dνp(s, i)

]
, let p∗ and pκ solve

max
p∈P(i,a)

Ψ(V, p) and max
p∈P(i,a)

Ψ(V + κ, p) (35)

so that Ψ(V, p∗) = T (V ) and Ψ(V + k, pκ) = T (V + κ). By the optimality of pκ,

Ψ(V + κ, p∗) ≤ Ψ(V + κ, pκ). Further Ψ(V + κ, p∗) = Ψ(V ) +
∫
(0,∞)×S κe

−rs dνp∗(s, i)

and
∫
(0,∞)×S κe

−rs dνp∗(s, i) ≤ κ sup(i,a), p∈P(i,a) e
−rsf(s; p, i) ds = κ · β. By L1-continuity

and compactness, the supremum defining β is achieved, and since waiting times are all

strictly positive, β < 1.

(3) and (4) The arguments parallel the standard discrete-time dynamic programming

arguments: if V† is the unique fixed point for T , then following the argmax p∗ for the

first stochastic interval and receiving V†(I1, a) when the interval ends must have value V†.

Therefore following p∗ for the first two stochastic intervals has value V†. Since the strictly

positive Wk have expectation uniformly bounded away from 0 (by uniform smoothness),

1Berge’s theorem of the maximum is usually stated with joint continuity, not joint continuity on the graph
of the correspondence. However, the graph is a closed subset of a metric space and the Tietze-Urysohn
extension theorem, e.g. Dudley (2002, Theorem 2.6.4), tells us that continuous R-valued functions on
closed subsets of metric spaces have continuous extensions.
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following p∗ in each interval yields V†. By definition, V ∗ ≥ V†, and if V ∗(i0, a0) > V†(i0, a0)

for some (i0, a0), then V† is not the fixed point of T . �

4. Alternative Derivation of Euler Equations

We now present a rather roundabout argument for the Euler equation result, the FOCs

in Theorem 2. These involve only the value function and aspects of stochastic structure

local to t∗1. Without the assumption that the stochastic structure is localized, there are two

additional terms involving integrated discounted future partial derivatives, decidedly non-

local quantities. To put it another way, under the simplifying assumptions of Theorem

2, future considerations enter the local analysis of the optimality of a t∗1 only through

the value function and local properties of the stochastic structure, while, if we abandon

these assumptions, the non-local properties of the stochastic structure as well as the value

function must be considered.

Theorem 2. In an sMdp with a localized stochastic structure, if p∗ solves,

max
p∈P(i0,a0)

[
R(p; (i0, a0)) +

∫
(0,∞)×S

V ∗(i, p(s))e−rs dνp(s, i)

]
(36)

hesitates until a time t∗1 ∈ (0,∞) for its single action change to a∗1 at cost c∗, then t∗1 must

satisfy

rc∗ − [u(i0, a
∗
1)− u(i0, a0)] = (37)

h−(t∗1)

(
1

r
u(i0, a

∗
1)(1− γ(t∗1)) +

[
γ(t∗1)E+V ∗(I1, a

∗
1)− E−V ∗(I1, a0)

]
− c∗

)
where γ(t∗1) :=

h+(t∗1)
h−(t∗1)

. Further, if the term multiplying h−(t∗1) in (37) is positive (resp.

negative), then the second order conditions are strictly satisfied iff the hazard rate h− is

increasing (resp. decreasing) at t∗1.

The arguments directly parallel the analysis for the innoculation model but is a good

bit more involved because flow utilities change with change of action and arrival of the

new state delivers the expected value of V ∗(I1, a) where a is the current action and expec-

tations are taken with respect to the current conditional state change probability. These

complications introduce several additional terms.

Throughout, we make use of two simplified versions of Leibniz’s formula,

d
dt

∫∞
t h(x, t) dx =

∫∞
t

∂h(x,t)
∂t dx− h(t, t) and d

dt

∫ t
0 h(x, t) dx =

∫ t
0
∂h(x,t)
∂t dx+ h(t, t).

4.1. Three Types of Events Plus Costs. There are three types of events with proba-

bility affected by the choice of t1,

(A) W = w and 0 ≤ w < t1,

(B) W = w and t1 ≤ w <∞,

(C) W = w and w =∞.
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If (A) happens, payoffs are
∫ w
0 u(i0, a0)e

−rx dx + e−rw
∫
S V
∗(j, a0)µ

−(w)(dj). Integrating

over all such w weighted with the likelihood f−(w) yields expected payoffs∫ t1

0

[∫ w

0
u(i0, a0)e

−rx dx+ e−rw
∫
S
V ∗(j, a0)µ

−(w)(dj)

]
f−(w) dw. (38)

Using
∫ t1
0 e−rx dx = 1

r (1− e−rt1), the derivative of these payoffs with respect to t1 is

u(i0, a0)
1

r
(1− e−rt1)f−(t1) + e−rt1E−V ∗(I1, a0)f−(t1) (39)

because progressivity guarantees that ∂
1

[∫
S V
∗(j, a0)µ

−(w)(dj)
]
f−(w) = 0

If (B) happens, payoffs are

M(w, t1) := u(i0, a0)
1

r
(1− e−rt1) +

∫ w

t1

u(i0, a
∗
1)e
−rx dx+ e−rw

∫
S
V ∗(j, a∗1)µ

+(w)(dj).

Integrating over all such w weighted with the likelihood f+(w) yields expected payoffs∫∞
t1
M(w, t1)f

+(w) dw and the derivative of these payoffs with respect to t1 is

−[
1

r
(1− e−rt1)u(i0, a0) + 0 + e−rt1E+V ∗(I1, a

∗
1)]f

+(t1)

+
1

r
e−rt1 [u(i0, a0)− u(i0, a

∗
1)]

∫ ∞
t1

f+(w) dw (40)

plus the extra term ∫ ∞
t1

e−rw
∂

∂t1

[∫
S
V ∗(j, a0)µ

+(w)(dj)f+(w)

]
dw. (41)

For Theorem 2, this extra term is 0 because µ+(w) and f+(w) are independent of t1 < w.

In the next subsection, we will treat the extra terms.

If (C) happens, we define the incompleteness at t1 as

q(t1) =

(
1−

[∫ t1

0
f−(w) dw +

∫ ∞
t1

f+(w) dw

])
, (42)

and define

z(t1) =

[∫ t1

0
u(i0, a0)e

−rx dx+

∫ ∞
t1

u(i0, a
∗
1)e
−rx dx

]
=

1

r

[
u(i0, a0)(1− e−rt1) + u(i0, a

∗
1)e
−rt1] (43)

so that the expected payoffs are q(t1)z(t1). The derivative is q′(t1)z(t1) + q(t1)z
′(t1) where

z′(t1) = [u(i0, a0)− u(i0, a
∗
1)] e

−rt1 and q′(t1) = [f+(t1)− f−(t1)] plus the extra term∫ ∞
t1

∂

∂t1
f+(w) dw. (44)

For Theorem 2, this extra term is 0 because f+(w) is independent of t1 < w. In the next

subsection, we will treat this term in more generality.
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Combining, the derivative for case (C) is

[f+(t1) −f−(t1)
] 1

r

[
u(i0, a0)(1− e−rt1) + u(i0, a

∗
1)e
−rt1]

+
(

1−
[∫ t1

0 f−(w) dw +
∫∞
t1
f+(w) dw

])
· [u(i0, a0)− u(i0, a

∗
1)] e

−rt1 . (45)

Expected costs add −c∗e−rt1(1 − F (t1)) to the payoffs, and the marginal benefit of delay

is the strictly positive [
c∗e−rt1f−(t1) + (1− F (t1))rc

∗e−rt1
]
. (46)

4.2. The FOCs. We now add all of the previous pieces of the derivative, (39), (40), (45)

and (46), set the sum equal to 0, and re-arrange. For organizing this, we gather the pieces

are in the following table.

Table 1

(39) (a) f−(t1) · (e−rt1E−V ∗(I, a0))
(39) (b) f−(t1) · (u(i0, a0)

1
r (1− e−rt1))

(40) (c) f+(t1) · (−e−rt1E+V ∗(I, a∗1))

(40) (d) f+(t1) · (−u(i0, a0)
1
r (1− e−rt1))

(40) (e) (
∫∞
t1
f+(w) dw) · e−rt1 [u(i0, a0)− u(i0, a

∗
1)]

(45) (f) f+(t1) · (u(i0, a0)
1
r (1− e−rt1))

(45) (f′) f−(t1) · (−u(i0, a0)
1
r (1− e−rt1))

(45) (g) f+(t1) · (u(i0, a
∗
1)

1
re
−rt1)

(45) (g′) f−(t1) · (−u(i0, a
∗
1)

1
re
−rt1)

(45) (h) (1− [
∫ t1
0 f−(w) dw +

∫∞
t1
f+(w) dw]) · e−rt1 [u(i0, a0)− u(i0, a

∗
1)]

(46) (i) f−(t1) · c∗e−rt1
(46) (j) (1−

∫ t1
0 f−(w) dw) · rc∗e−rt1

First observe that the term u(i0, a0)
1
r (1−e−rt1) appears four places, in (b), (d), (f), and

(f′), and these four terms cancel. Second, observe that every term remaining in the table

has a common factor of e−rt1 . Third, the terms (e), (h) and (j) sum to e−rt1 times

(1− F (t1))(rc
∗ − [u(i0, a

∗
1)− u(i0, a0)]). (47)

Taking out the lines (b), (d), (e), (f), (f′), (h) and (j) and removing the common factor

of e−rt1 from the remaining lines yields the following reduced table.

12



Table 1 (reduced)

(39) (a) f−(t1) · (E−V ∗(I, a0))
(40) (c) f+(t1) · (−E+V ∗(I, a∗1))

(45) (g) f+(t1) · (u(i0, a
∗
1)

1
r )

(45) (g′) f−(t1) · (−u(i0, a
∗
1)

1
r )

(46) (i) f−(t1) · c∗

The five terms in this table sum to

1

r
u(i0, a

∗
1)(f

+(t1)− f−(t1))+ (48)

[f−(t1) · E−V ∗(I, a0)− f+(t1) · E+V ∗(I, a∗1)] + f−(t1)c
∗.

Letting γ(t) = f+(t)
f−(t) = h+(t)

h−(t) , (48) simplifies to

f−(t1)

(
1

r
u(i0, a

∗
1)(γ(t1)− 1) + [E−V ∗(I, a0)− γ(t1)E+V ∗(I, a∗1)] + c∗

)
. (49)

Adding (47) and (49) and setting the sum equal to 0 and dividing both sides by (1−F (t1))

yields

(rc∗ − [u(i0, a
∗
1)− u(i0, a0)]) = (50)

h−(t1)

(
1

r
u(i0, a

∗
1)(1− γ(t1)) + [γ(t1)E+V ∗(I, a∗1)− E−V ∗(I, a0)]− c∗

)
,

the FOCs of Theorem 2.

4.3. FOCs for a More General Problem. For Theorem 2, we assumed that for t1 <

t′1 < w, µ(w, t1) = µ(w, t′1) = µ+(w) and f(w, t1) = f(w, t′1) = f+(w) for a pair µ+(·) and

f+(·) that depend on the chosen a∗1. We now complete the analysis, begun in equations

(41) and (44), of the extra terms that arise when these assumptions are not true. We

will see that there are two additional terms in the FOCs: one involving the expected

discounted change in the value of the new state-action pair that arises from t1’s effect on

the discounted future values of [µ(w, t1)f(w, t1)]; and one involving the annuitized value

of expected discounted flow losses that arise from t1’s effect on the discounted value of

f(w, t1).

For ease in readibility only, we assume that S is discrete so that “
∫
S v(j)µ(w, t1)(dj)”

can be replaced by “
∑

j v(j)µj(w, t1).”

Without the simplifying assumptions, there should be four extra lines for Table 1 from

equation (40), one involving the partial derivative of µ(w, t1) with respect to t1 and three

involving the partial derivative of f(w, t1) with respect to t1.
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Table (B)

(40) (x1)
∑

j V
∗(j, a∗1)

∫∞
t1
e−rw

∂µj(w,t1)
∂t1

f(w, t1) dw

(40) (x2) u(i0, a0)
1
r (1− e−rt1) ·

∫∞
t1

∂f(w,t1)
∂t1

dw

(40) (x3) u(i0, a
∗
1)

1
re
−rt1 ·

∫∞
t1

(1− e−r(w−t1))∂f(w,t1)∂t1
dw

(40) (x4)
∑

j V
∗(j, a∗1)

∫∞
t1
e−rwµj(w, t1)

∂f(w,t1)
∂t1

dw

Without the simplifying assumptions, there is an extra term to q′(t1), hence an extra

pair of terms to q′(t1)z(t1) in (45).

Table (C)

(45) (x1) u(i0, a0)
1
r (1− e−rt1) ·

(
−
∫∞
t1

∂f(w,t1)
∂t1

dw
)

(45) (x2) u(i0, a
∗
1)

1
re
−rt1 ·

(
−
∫∞
t1

∂f(w,t1)
∂t1

dw
)

The FOCs for the more general problem involve the sum of the four terms in Table (B)

and the two in Table (C). (40)(x2) and (45)(x1) cancel, and (40)(x1) plus (40)(x4) can

be re-written as
∑

j V
∗(j, a∗1)e

−rt1
∫∞
t1
e−r(w−t1)

∂[µj(w,t1)f(w,t1)]
∂t1

dw, yielding the following

reduced table.

Tables (B) and (C) reduced

(40) (x1)+(x4)
∑

j V
∗(j, a∗1)e

−rt1
∫∞
t1
e−r(w−t1)

∂[µj(w,t1)f(w,t1)]
∂t1

dw

(40) (x3) u(i0, a
∗
1)

1
re
−rt1 ·

∫∞
t1

(1− e−r(w−t1))∂f(w,t1)∂t1
dw

(45) (x2) u(i0, a
∗
1)

1
re
−rt1 ·

(
−
∫∞
t1

∂f(w,t1)
∂t1

dw
)

Cancelling out the common parts of (40)(x3) and (45)(x2), the FOCs for the more

general version of Theorem 2 involve e−rt1 times two additional terms,∑
j

V ∗(j, a∗1)

∫ ∞
t1

e−r(w−t1)
∂ [µj(w, t1)f(w, t1)]

∂t1
dw, and (51)

−u(i0, a
∗
1)

1

r

∫ ∞
t1

e−r(w−t1)
∂f(w, t1)

∂t1
dw. (52)

The first term corresponds to the expected discounted change in the value of the new

state-action pair that arises from t1’s effect on the distribution of future changes, the

second corresponds to the annuitized value of expected discounted flow losses that arise

from t1’s effect on the distribution of the future arrival of the state change.
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