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B1. Pareto efficient allocations

PROPOSITION B.1:  Consider a T-period problem where T € {0,1,...,00}. For any Pareto
efficient allocation in the T-period problem such that a:tL/ > 0 for some t' < T and a:% for
some t" < T, we have g = 0y +0;, for allt <T.

Proof: A Pareto efficient allocation in the T-period problem solves the following problem:

T

max §'(z% 4 61 1n(g"))
{320 155

T

s.t. Zdt(:n'}l +0y1n(¢")) =U,
t=0
b+l gt <1, 28 >0, 2, >0, g >0forallt <T.

We first prove the result for any finite 7. The Lagrangian of this problem is

T T T
> ' + 0.1n(gh) — A (U =Y 6 (aly + 0n ln(gt))> = ek + 2l +g" 1),
t=0 t=0 t=0
The first order conditions with respect to 2%, z%; and ¢' are:
(B1) 6 =Xy <0, (0" = Aap)ah =0,
(BQ) )\15t — )\Qt S 0, ()\15t - )\Qt)JTtH = 0,
(B3) Bhi g MBbn _ ny <0, (S g 20 ) gt — 0.

Suppose there exist ¢’ and #” such z¥ > 0 and x%; > 0. Since 2 > 0, we have Ay = ¢ from

(B1). It follows from (B2) that A\; < /252;' = 1. Similarly, since :L'tlg > 0, we have \| = /\6257.
>\2

Since 227~ > 1 from (B1), it follows that Ay > 1. Hence A; = 1.

Note that g* = 0 violates (B3), hence g' > 0. We next show that g¢ # 1 for any ¢t < T,
which implies that for any ¢ < T, at least one of %, and '} is strictly positive. Suppose g* =1
for some ¢, then, since A\; = 1, (B3) implies that Aoy = §'(0y + \101) < &%, which contradicts
(B1). Since Ay =1 and at least one of 2} and z'; is strictly positive for any ¢ < T, it follows
that \g; = ! for all t < T. Substituting in (B3), we get g' = 0y + 0, for all t < T.

Now suppose T = oo. Consider an allocation A = {b'}2, in which % > 0 for some

t', xt; for some t” and g* # Oy + 0, for some . We next show that this allocation is not
Pareto efficient. Let 7 = max{t/,#",t}. Then, as we have shown above, {b’}7_, is not a
Pareto efficient allocation in the 7-period problem. Let {b;}7_, be an allocation that Pareto
dominates {b'}]_, in the T-period problem. Let A” = {b}}?, be such that b} = b} for
t <7 and b} = b’ for t > 7. It follows that A” Pareto dominates A. Hence A is not Pareto
efficient, which establishes the result for T'=oco. &
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B2. Non-Markov equilibrium with discretionary public spending

Consider the following strategy profile: (i) In period 0, if 4 is the proposer, then it proposes
z = (¢, 2y, 2}) with ¢’ = 0y + 0L, 7; = 1 — ¢’ and 2 = 0; (ii) if the level of public good
spending proposed in all previous periods is equal to 8y + 6, then proposer 7 in period
t proposes ¢ = 0y + 0,2, = 1 — g’,x; = 0; (iii) if the level of public good spending
proposed in some previous period is not equal to g +60r,, then proposer ¢ in period ¢ proposes
g =0a; =1—g 2% = 0; (iv) party j accepts a proposal if and only if its dynamic payoff
from accepting is weakly higher than its dynamic payoff from rejecting.

Off the equilibrium path, proposer ¢ has no incentive to deviate because the strategies
induce a Markov perfect equilibrium in subgames off the equilibrium path by Proposition 1.

On the equilibrium path, proposer ¢’s payoff from following the strategy is given by

v+ — (=) (A—(05+01))+0; In(0-+6,) (1+5-26p)
i = (T—8)(1+5-20p) :

If i deviates, then the most profitable deviation is to propose g’ = 6;, 2} = 1 — ¢/, 2", = 0 and
the payoff from this deviation is given by

Vi — (1—0p)(1—6;)+0; In(0;)(1—5p)+; In(0;)5(1—p)
i (1=3)(1+0—20p) :

Proposer has 7 has no incentive to deviate if V;* > V;. This is satisfied when

Or+0r 0(1-p) O0g+0r 0;
ln( 2; )—I— 1=op In 7, > —Z,

0; Ou+0r
E‘m(‘?T*

ln(9H0-l;'9L) ’

It remains to find conditions under which Z; < 1 for ¢« = H, L which guarantees that
6; < 1fori= H,L for some p < 1. Note that Z; < 1 iff % < ln(%) +ln(%). Since
0 <0, if Z;, < 1, then Z < 1. Thus the conjectured equilibrium exists if Z; < 1, i.e. if
g—fL’ <2In(0g +0r) — In(0g) — In(f1), which holds if 8y and 6, are sufficiently close.

Note that the threshold §; is increasing in p, so it is easier to sustain the efficient level
through these non-Markov strategies when persistence of power is lower.

which in turn is satisfied when J > §, where §; = and Z; =

Z;
Zip+1—p

B3.  Proof of Lemma 7 (Low-polarization equilibrium characterization)

We proceed by first conjecturing an equilibrium strategy-payoff pair and then verifying that
it satisfies guesses (G1)-(G3), equilibrium conditions (E1)-(E3), and our assumption on o’

that all proposals made on the equilibrium path are accepted when Z—IZ < 5%17:55 ) and condition

(%) holds.
We conjecture an equilibrium strategy-payoff pair such that for any i, j € {H, L} with j # i,
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the acceptance strategy o'(g,z) satisfies (E1), the proposal strategies are

' 9; for g < g7,
Y'(9) =149 for gf < g <0y+ 0,
Oy +0; for g+ 0 <y,

X 0,;(1—6p)—0;6(1—p)
’ s s ey (g tgy)  for 0y +0p < g,

; 0 for g < 0y + 0z,
(9)

and x'(g) = 1—~%(g) — X; (9), where g5 = 01, and g3, = 1+15_—6?)6p9H7 and the associated payoff

functions are

Vi for g < g7,
Valg) = 5l =g +0cIn(g) + (1 - p)Wi]  for gj < g <gj,
L - — — *
(1835_652%(1@5) + fL_L(s In(g) for g5 < g <0y + 0y,
CrIn(g) + D, for 0y + 01 < g,
W for g < g7y,
147 g) = r *
& {1_15,9[& In(g) + (1 - Va9 for gl <.
Vi for g < gy,
Vir(9) = § aond—its + 5 In(g), for g < g < 0 + 01,
CHln(g)—l—DH for 0y + 01 < g,
WH for g < 927
Wh(g) = 7 *
& {l_lap[eﬂ Ing) + (1~ p)Var(9)] for g <.

where

C: — —(1-0p)0;+6(1—p)6; D — (1-6p)(1 -0 -0+ (0 +01) In(0+61))
T T A9 (1+-20p) T T (1=0)(1+6—20p) ’




and

* d(1-p) *
Wi = o =sy (L — 9i) + 1% In(gh),
Vi = 1251 =01+ 0 In(0r) + 6(1 — p) W],

« _  (1-op)(1—g7) *
Vi = W H hﬂ( )
Wi = 61 In(g}) + -3

This conjecture satisfies (G2) and (G3). (Note that by substituting W; in (6), we can verify
that W;(g) = Kj(g) for g > g7.) So we only need to verify that (G1) is satisfied; in particular,
that ¢ € argmax f;(g) where fi(g) =1 — g+ 0;In(g) + 0[pVi(g) + (1 — p)Wi(g)].

Since V; and W; are continuous under our conjecture of the equilibrium strategy-payoff pair,
fi is continuous. It is also piecewise differentiable. Specifically,

14+ % 9 for g < g7,
frl9) = —= 5)%14155 %op) T (1 59 for g € (9, 0m +01),
—14+ 1+15 6?)517 oL 4 5(19‘36551’)% for g > 0y + 6y,
-1+ % for g < g7,
N for g € (97 91)»
Tnl9) = ~ =y T (19H> for g € (9, O +61),
R ifp b (pJ{iézap)CTH for g > 0y + 01

CLAIM B.1:  Under our conjecture of the equilibrium strategy-payoff pair, g7 € arg max f;(g)
for allie {H,L}.

Proof: Consider i = L first. Given fr, described above, f7(g) > 01if g < g}, f;(g9) = 0 if
9 =95, and fi(g) <0if g € (g7, 95)-
Since f}(g) is decreasing for g € (g3;,0m +01), and at g = g}, —a= 5)21;?5 55p) T (1 )

) .
— sy + s < 0 it follows that f;(g) < 0 for g € (g5, 0 + 01).

1f U200t 0=200ICL < ), then f} (g) < Ofor g > O+, If LH0=20000L20lpt0-200Ch
. . . op)6 6—9p)o
0, then f] (g) is decreasing in g for g > 0y +0r,. Since at g = 0g+0z, f1(g) = (HH(ieL?glf;r(zépﬁ)l Lé) <
0, it follows that f7(g) < 0 for g > 0 + 0r.
To summarize, f7(g) > 0 for g < g7, fi1(9) = 0if g = g}, fr.(g) > 0 for g > g}, and
therefore g7 € argmax f1,(g).
Now consider ¢ = H. Given fy described above, ff;(g) > 0 for g < gj;. By a similar

argument as for party L, fr(g) is decreasing for g > g};. Therefore g7; € argmax fr(g). B

Claim B.1 shows that (G1) is satisfied. We next verify that equilibrium conditions (E1)-(E3)
are satisfied. Condition (E1) is satisfied by construction.
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The values Vi, W7, Vi, and W satisfy

Vi =1-g; +0In(gy) + V] + (1 — p)WJ],

Wi =06rIn(gp) + 6[(1 — p)VE +pWi],

Vi =1—gp+0nn(gy) +6pVa + (1 —p)Wa(gp)l,
Wi =0nn(gy) +0[(1 — p)Vig + pWg].

These together with Lemmas 1, 3 and 5 show that (E3) is satisfied, i.e., these payoff functions
are consistent with the strategy profile.

The remainder of the proof shows that (E2) is satisfied. The next claim establishes that
K;(g) is increasing in g, which is useful later in the proof.

CLAIM B.2: Under our conjecture of the equilibrium strategy-payoff pair, K;(g) is strictly
increasing in g for alli € {H, L}.
Proof: Suppose g < g7. Then K;(g) = 6;1n(g) + 0[(1 — )V* pW;| and K](g) > 0.

Suppose g € [97,95). Then Kr(g) = 0r1n(g) + 6[(1 — p)Vr(9) + pW[] where Vi(g9) =
ﬁ[l —g+0rIn(g) +6(1 — p)W;]. Hence,

 146-26p 0, 5(1—p)
Ki(9) = 555,07 — 5= -
‘9H
Since < 5(1 p),
Also, since Kg(g) = 0uln(g) +6(1 — p)V + 5p[£—1§p In(g) + 6(1 — p)Vy], it follows that
Ky (g) is increasing in g.

Suppose g € [g};,0m + 01]. Then K;(g) = lf—%p In(g) + 5(1_5?1/( ). Substituting for V;(g)

and taking the derivative, we get

in the low-polarization case we have K7 (g) > 0.

! . 1 *5(1*1)) 91
Ki(9) = 1= |Tro—a5p T ¢ | -

1-0p

Since 9H < §(i=py» it follows that Kl(g) > 0 for g € [g};,0m + 0]

(9) + 6&;?%@). Substituting for V;(g)

) 9
Suppose g > 0y + 0. Then again K;(g) = 105
and taking the derivative, we get

1-6p g — (1-0)(1+5—20p)g

Kl(g) = ~% + 6(1—p) C; _ 0:(1-6p)—6;6(1—p)

where j € {H,L},j # 1.

For i = H, 0g(1 — 6p) — 0,0(1 — p) > 0 and therefore K, (g) > 0. For i = L, since
g—fL’ < 51 5p) in the low-polarization case, it follows that 67(1 — dp) — 0gd(1 — p) > 0 and
therefore K7 (g) > 0. B

The claim immediately implies that the responder accepts any proposal with ¢’ higher than
the status quo g and if the responder accepts a proposal with ¢’ lower than the status quo,
then the responder must receive a positive transfer. A formal statement is as follows.
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COROLLARY B.1:  Consider 2 = (¢',z xL) € B. For any i€ {H,L}, (i) if ¢ > g, then
ai(g,2)=1; (i) if ¢ <g and o’(g,2) = 1, then z} > 0.

For notational convenience, let UL’ (z) = x;+6, In(g) +6[pVi(g) + (1 —p)W;(g)] and Uf(z) =
z; + 0;In(g) + 0[(1 — p)Vi(g) + pWi(g)]. That is, U (z) (U (z)) denotes party i’s dynamic
payoff when the implemented budget is z in the current period and party i is the proposer
(responder). The next claim establishes that all equilibrium proposals are accepted.

CLAIM B.3:  Under our conjecture of the equilibrium strategy-payoff pair, if condition ()
holds, then o?(g,n"(g)) =1 for all g and alli,j € {H,L}, j #i.

Proof: Consider j = H first.

If g < g7, then Uff(r"(g)) = 0 In(g} ) + 9]
)V + pWj;| and therefore aH(g,wL( ) =1.

If g € [g7, 9H+9L], then v2(g) = g and x%(g) = 0, which implies that UZ (7L (g)) = Ku(g)
and therefore o (g, 7%(g)) = 1.

If g > 0y + 0z, then v*(g)

p)Vu(0g +0r) + pWH(aH + 6
With this proposal, UZ (7% (g

Now consider 7 = L.

If g < gy, then Uf (7" (9)) = 02.In(g};) + 0[(1 — p)Vi(gsr) + pWir(gf)]. Since K7 (g) > 0
by Claim B.2 and Uf(7(g)) = K1 (g};), it follows that UZ (7 (g)) > K(g) and therefore
al(g,m(g)) =1 for g < g3

If g > g}, then an argument similar to the case of j = H shows that UZ (7 (g)) = K1(9g)
and therefore o (g, 7 (g)) = 1.

(1—p)Vi+pWi] = Ku(g) = 0m In(g) + 6[(1 —

= H + GL and XH( ) = KH(g) - 9Hln(9H + (9[,) - (5[(1 -
)] Note that x5 (g) < 1 — (0y + 0y) if condition (%) holds.
)) = K (g) and therefore o (g, 7% (g)) = 1.

We next show that the proposer has no profitable one-shot deviation. Consider the following
three cases for party L.

° ng g;: Since g} = arg max fr(g), party L has no incentive to deviate from proposing
v"(9) = g7, and x3(g) = 0.

e g7 < g < 0y + 0 We first show that proposing 7l(g) is better than proposing
(g,Zm,2r) with § > g and then show that it is better than proposing (g, &g, &) with
9<yg

— g > g: Consider 2 = (§,0,1 — ¢). Then U} (2) = fr(§). As shown in the proof
of Claim B.1, f(g) is decreasing for § > gi. Since 7%(g9) = (g,0,1 — g), this
implies that UL (7% (g)) > UF(2) for any § > g > g;. Since party L’s payoff is
decreasing in xy, U (2) > UP((§,%m,41)) for any (§,%m,21) € B, it follows that
UP(rl(g)) > UP((9,%m,%L)) for any § > g > g%. Also, since a’?(g, 7L (g)) = 1 by
Claim B.3, and U} (7%(g)) > UF((g,0,0)), the status quo payoff, it follows that
proposing 7% (g) is better than proposing any (§, 2, %) € B with § > g.

— § < g: If § < g, then by Corollary B.1, o' (g, (§, &, %)) = 1 only if 25 > 0. Since
party L’s payoff is strictly decreasing in zz, we only need to consider proposals
7



such that the responder’s acceptance constraint (5) is binding. From (5),
(B4) ty = Kp(g) —0nn(g) — 6[(1 = p)Va(9) + pWr(9)]-

Consider z = (g, 2y, Z1) such that (B4) holds. Substituting for Zy from (B4) and
taking the derivative, we get

(B5)

ngf = —1+ 20 4 §[(1 = p)VE(9) + pWi(9)] + 0lpVL(9) + (1 = p)WL(9)]

Forg<gL,8Ug _—1+M>0.
. ouf Or+6 5p_ 9 6
For gj, < § < gfy, - = —1+ M0k 4 PO 4 g0 (<1 4 ) = (-1
Or+0r
7)) >0.
. ouf 1+6—25p @ §(p+6—24 .
For g < § < g <0y +0r, 5k =—1+ 52 Sl + (p1—5p Dy (g) + 115pg +

(1 p)VH( ) = 1£5(_1+9H;L€L) -0

So ub ; () is increasing in g for g < g, and therefore the proposer has no incentive
to make any proposal with g < g.

e g > 0y +0r: Consider z = (§,0,1 — §) with § > ¢g. By Corollary B.1, o (g,2) = 1.
Since UF(2) = f.(§) and fL(§) is decreasing in § for § > g > 0y + 0y, it follows that
U ((9:0,1~9)) 2 UL ((9,0,1-9)) if g > 9.

Now consider z = (§, 2, %) such that § < g and a'(g,2) = 1. By Corollary B.1, 2 >
0if g > g. Again we only need to consider proposals such that the acceptance constraint
binds. As before, we obtain (B5). Substituting for V}(g), W (9), Vi;(g), W} (g), we get

U 146— zapoL 8(p+3—25p) Cy. 1 5(1-p) Cy ) _ Ou+0L
7 e T g 15pg+ = 5 )" 1t g

Since vX(g) = 0 + 01, it follows that UL (xL(g)) > UF(2) for any 2 = (§, 2y, 1) such
that § < g and a'!(g,2) = 1. Combined with U’ ((g,0,1 — g)) > f(( —g)) if
G > g, m"(g) is optimal for party L to propose.

Party H also has no incentive to deviate. We omit the details of the proof because the
argument is similar to that for party L. R

B4. Low-polarization equilibrium when condition (%) fails:

Denote by z; the proposal (Ou +0r,2m,2r) where ; = 0 and z; = 1 — 6 — 0. Recall
that in Lemma 7, we assume condition (x) holds, which ensures the responder j accepts the
proposal z§ even when the status quo g is high. What happens if condition (x) fails, that
is, if aj(g,zj) = 0 for g sufficiently high? Then, instead of proposing ¢’ = 0y + 0y, party 4
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proposes ¢’ > 0y + 0y, x; = 0, and 2, = 1 — ¢’ such that party j is just willing to accept.
Figure B1 illustrates the parties’ proposal strategies when condition (k) fails. In the figure
(G1)-(G2) are still satisfied, but for very high status quos, (G3) is violated. As shown in
Section V.B, the failure of condition (x) does not affect the set of steady states.

05

T T T T
0,=01,0;,=023=08p=09

Figure B1. : v/(g) in low-polarization case when (x) fails

B5. Proof of Proposition 4

We formally characterize an equilibrium with the properties given in Propostion 4 in the

high-polarization case where z—i’ > 5%;55 T Recall that f;(g) defined in (8) is party i’s dynamic

payoff when the public spending in the current period is g and party ¢ receives the remaining
surplus. Motivated by Figure 5, we make the following guesses about an equilibrium strategy-
payoff pair.

ere exist gy and gy with g; < 0g + 0 < g such that g; € argmax f;(g) for

G1') There exist gj and gj; with gi < 0y + 0, < gl such that g} f
ie{H, L}

(G2) If g < g}, then 7l (g) = 7l (g}) and specifically v(g) = g%; if g € [g%,0m + 0], then
vE(g) = g; if g > 0 + 0r, then vL(g) = Oy + 01. If g > g}, then Wy (g) = Ku(g).

(G3') There exist g,, and gy that satisfy g7 < g, < gu < 0u + 01, such that (i) 7 (g) =
7 (g%) for g < g, and g > gyp; (i) if g € [g,,, g7;] then Wi(g) = K1(g); (iil) if g < g
or if g > 0y + 01, then x2(g) = 0; and (iv)

Iu for g <g,,

g €0n+0r,95 forg, <g<gn,
v(9) = { 0u + 61 for g < g < 0 + 01,

g for O + 01, < g < g7y,

(9 for g7; < g.




where ¢’ is a function of ¢ satisfying 61, In(¢’) + 6[(1 — p)VL(¢") + pWL(¢")] = KL(9).
(G4') TIf v*(g9) = Oy + 01, then V;(g) is piecewise linear in g and In(g).

We first establish some properties of an equilibrium strategy-payoff pair that satisfies (G1')-
(G4"). Suppose o = ((7,a™), (zF,a¥)) and (Vig, Wy, Vi, W) is an equilibrium strategy-
payoff pair that satisfies (G1’)-(G4’). Recall that V;* = max, fi(g) is proposer i’s highest
payoff without the responder’s constraint (5). As in the low-polarization case, we denote
Wr(g3) by Wi and Wg(g7) by Wi

LEMMA B.1: Under (GI') and (G2), if g < g}, then Vi.(9) =V}, x¥(9) = 1—g}, x5 (9) =
0, and Wy (g) = W};. Under (G¥), if g < 9y OT 9 = Gy, then Vi(g) = Vi, X2 (g) =1— g3,
xi(g) =0, and Wi(g) = W;.

We omit the proof since it is similar to that of Lemma 1.

LEMMA B.2:  Under (GI')-(G%), (i) if g € [9], 9], then
Vo) = (1 — g+ 6 n(g) + 61— )W,
(ii) if g € 9,;,0m + 0L], then

_5 —
(B6) Vi(9) = qondiity + 15 n(g),

and (iii) if g € [0 + 0L, g3, then

_5 —
(B7) Vir(9) = Gy + 145 In(g).

We omit the proof since it is similar to that of Lemma 3.
To simplify notation, define

x _ 146—20p g,
o = Lii=2ng,.

LEMMA B.3: Under (GI')-(G%), g5 =01 and gj; = 673;.
Proof: We omit the proof for g; since it is the same as that of Lemma 4.

Now consider g3;. If g > gj;, then V/,(g) = 0 by Lemma B.1 and W},(g) = Ofiglp)g by
Lemma 2, and therefore

(B8) Jir(g) = =1+ % + 6(1 - p)Wiy(g) = —1+ °&-.
If g5, < 6%, then (B8) implies that f5(g) > 0 for g € (gj;,0};), contradicting that g}, €

arg max fr(g). Hence g3, > 07,
If g€ (0 + 01, 95;), then by (G3'), fu(g) = Vu(g), and by (B7)

16 0
(B9) f1(9) = —w=syb=z + Toha"
10



If g5; > 63, then (B9) implies that f},(g) < 0 for g € (0%,g};), contradicting that g}, €
argmax fr(g). Hence g?{ < 6%.
Since gj; < 0% and g3, > 9* , it follows that g7; = 07,. 1

Recall that we guess in (G4’) that V; is piecewise linear in g and In(g) if y(g) = 0y + 0.
Specifically, suppose that for g € [0+, g%], Vi(g) takes the form Vi (g) = Blg+C1 In(g)+
D1; for g > g% such that y.(g) = 0y +01, Vi.(g) takes the form Vi, (g) = B%g+C% In(g) + D?;
for g € [Gu,0m + 0], Vi (g) takes the form Vi (g9) = Byg + Ci In(g) + D3,

LEMMA B.4: Under (G1')-(G{'), B} = AP0 yng ¢} — — Ui for i j € {H, L}

(1-0)(1+0—26p)
with j # i, and B} =0, C} = —{%%.

Proof: Similar to the proof of Lemma 5, we can write

Vilg) = xi(9) + 55220 n(0p + 01) + 22F520 Vi (04 + 01),

where

Xi(9) = Kj(9) — 125 (0 + 01) — 252V5 (0 + 01),

(9) + 252V (9).

If g € [0g + 01, 93], then Vi(g) = % + 1H5 In(g) by Lemma B.2. Substituting

in Kg(g), we get

6(1—p)(1 0
Ku(9) = a5 (5)(1{1(5 éq;p) + 125 In(g)-

Substituting in V7 (g) and matching coefficients, we get B = —( %11;’; ) 55p) and Cl= —%.
A similar argument shows that B}I = % and C}{ = — 6

To find B% and C%, note that if g > g}, then by Lemma B.1, V (9) = V};. By Lemma 2,

Kg(g) = lefgp In(g) + 6&55) V7. Matching coefficients gives B? = 0 and C% = —ﬁ—%p. n

We next find the thresholds g, and gu that are consistent with (G1')-(G4’).

LEMMA B.5:  Under (GI')-(G{'), the threshold g, € (0,0 +01) is given by g, = 1 where

6(1—

(1 1— "
- 6)((1+6)26p) T lép {GL - (1-5)'911] In(67)

(B10) + s (O + 00) (0 +01) — 1) + 1552505 |,

and v is a decreasing function of 0.
11



Proof: By (G3') (ii) and (iv), the threshold g, satisfies

(B11) 0 In(gg;) + 0[(1 — p)VL(gs) + pWe(9n)] = Wilg,,) = Kr(g,,)-

By(G3')(ii), Wr(g};) = Kr(g};). Hence by Lemma 2, we can rewrite the left-hand side of
the above equation as

* 5 - *
(B12) i in(gy) + S5V (g7).

y (G1'), g > 0 + 01. Hence vX(g%;) = 0 + 01, by (G2'). So Vi (g};) can be written as
Vi(gir) = xE(g5) + 25 2(SIDHL In(0g +0r) + Mﬁigﬁm‘@(ﬁlf +0r),

where x%(g3;) =1 — x5 (93) — Y5 (9}y) =1 — x5 (g9}) — 0 — 01, and

X5 (i) =Ku(gy) — 12 5 n(0n +01) — (1:5];) Vi (0 +01),

* 1 *
Ku(gy) =12 n(giy) + 252 Vi (g7).

By Lemma B.2,

) (1—05— . . 1—6p)(1—
Vil0u +61) = (%1_‘6 ?3&2%5%) + 125 In(0 + 01), Viu(9m) = (i—é)fl)-(i—é—gé%;) + GH 5 In(gp)-

Substituting in all expressions, (B12) becomes

6(1— 1— 1 *
sy + i (00 — 25R0m | n(gi) + 2ty [0 + 0)In(0m + 60) — 1]+ 2570 -

By (G3')(ii) and Lemma 2, we can write K1(g,,) as

Ki(g,) = 1% In(g,,) + 252Vi(g ).

By Lemma B.2 this becomes

Ki(gy) = 45 10(9,,) + sy bz (1~ 9)-
By Lemma B.3 g3 = 07, hence g, is given by
Psln(g,) + iy (- 9y) =
a 533((11+§) oy T 1 15p {QL - 5(11—_5) On | In(07)
(B13) +% [(QH +0r)[I(0n + 01) — 1] + 1355507 | -
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Let l(x) = % In(x) + %(1 — ), and denote the right-hand side of (B13) by R.

At most two values of g, satisfy (B13) since I(z) is strictly concave. We show below only
one is lower than 0y + 0 and hence it is a candidate for g,, by (G3'). Note that

0 (1=8)—058(1— §2(1—p)2
(O +0r) —~R= “U00 10y +0,) + srries sy (9 + O1)

0L(1-8)—6pd(1— * §%(1-p)? *
(B14) - [ L((l_(s)p)(f—é)) 2 In(6};) + (1—5)(1+g—2€s1;)(1—5p) (HH)} :

_ 0.(1=6)—0xd(1—p) §2(1—p)? _
Define h(z) = LU I In(2) + 5y apoi—s) @ then 10 + 0p) = R = h(0 +
0r) — h(03;). It is straightforward to show A/(xz) < 0. Since 0y + 0 < 67, it follows
(g +6r) — R > 0. Given I(0g + 01) — R > 0, the value that satisfies (B13) such that

9y < O + 01, must be the minimum of the solutions to (B13).

At 4, I(z) is strictly increasing, and it is straightforward to show that R is decreasing in
A in the high-polarization case. Hence v is decreasing in . 1

LEMMA B.6: Under (G1')-(G4'), the threshold g € (0,0m + 0L) is given by

(B15) OA—p)A=gm) 4 O 15y = SU=P)A—00—0m) |

0
oy ta-2y) T 105 10H) = “syavs asy) + 105 (0m +0r).

Proof: By (G3') (ii) and (iv), the threshold gy satisfies

(B16) 0y, ln(9H + 0[,) + 5[(1 —p)VL(GH + 9L) +pWL(9H + QL)] = KL(gH)

By Lemma B.2, Vi(g) = % + 19%5 In(g) for g € [gm, 0 + 01]. Substituting this in

(B16) and using Lemma 2, we get (B15). B

In (G2'), we guess that v*(g) = 0y + 0, for all g > Oy + 6. This is analogous to the
low-polarization case and we need a condition similar to (*) to guarantee that it holds in
equilibrium.

LEMMA B.7: Under (G1')-(G{'), if

6(1-p)(0g+0r—0% — *
(%) 1— (0 +0r) + 22 (0 + 01) > ((lfg)((ﬂf;f%pf) + (fﬁgpﬁg) In(63).

then OéH(g, (9}[ —l—(gL,.CEH,xL)) =1witheg=1-—0g—0, x;, =0.

Proof: For any g > 0 + 01, we have o' (g, (0 + 01, xp,21)) = 1 with 2y = 1 — 0 — 0,
Ty — 0 if

1— (O +0L)+0gn(0g +0r)+ (1 —p)Vu(0g +601) + pWg (0 +01)] > Ku(g).
13



Substituting for Kp(g) and Wy(g) using Lemma 2 and substituting for Vi (g) = V}; for
g > g3 using Lemma B.1, the inequality becomes

(BI7) 1= (O +01) + 24 (0 + 0r) + {52 Vir (0 +01) = {25 In(g) + {52 Vi

Note that the right-hand side of (B17) is increasing in ¢, implying that if the inequality holds
for g = 1, then it holds for all g > 0y + 6. Substituting for Vi (6y + 0r) and V}; using
Lemma B.2 and letting g = 1, we can rewrite inequality (B17) as (xx). B

We are now ready to establish the following result in the high-polarization case.
LEMMA B.8: Suppose > 511 62), Y > 07 and condition (xx) holds. Then, there exists an
equilibrium stmtegy-payo[f pair o = (7", o), (71, %)) and (Vig, Wy, Vi, W1) that satisfies
(GI')-(G4).

The proof of Lemma B.8 is given in the next subsection.
The next two lemmas show that ¢» > 67 holds when polarization is not too high and
condition (x*) holds when parties’ values of the public good are not too high.

LEMMA B.9: In the high-polarization case, 1 > 07 holds when polarization is not too high.

Proof: Recall that z—f > 5%1__‘%) in the high-polarization case. Since 1 is continuous in

Og and 0r, we only need to show that ¢ > 67 when Z—’Z = 5%;52), which is equivalent

to 05, = 0u + 0. We substitute 6, = 0y + 61 into (B10). Then (B10) simplifies to

PSR + s In(g) = SR o 0 in (g, +6,). This implies ¢ = O + 0.

So v > 07 is equivalent to % > %Sg ), which always holds since ‘gH >1> (1 Z dU-p) g

LEMMA B.10: In the high-polarization case, (xx) holds when parties’ values of the public
good are not too high.

Proof: To show that (%) holds when parties’ values of the public good are not too high, we
show that it holds strictly as the value of 8y and 6 approach zero. By I’Hopital’s rule, as
g — 0 and 61, — 0, the left-hand side of condition (**) approaches 1 and the right-hand
side of condition (xx) approaches 0. So (x%) holds strictly, and by continuity, (%) also holds
when 0z and 67, are not too high. N

Proposition 4 follows from Lemmas B.3 and B.8-B.10. Specifically, for part (i) of Proposi-
tion 4, notice first that (G1')-(G4’) imply proposal strategies for party L that are the same as
those given in Proposition 3. Hence party L proposes higher levels of public good spending
when it is mandatory than when it is discretionary. Similarly, proposal strategies for party H
given in (G3') shows that the level of public good proposed by party H is weakly higher than
0 + 01, the efficient level, and therefore higher than what it proposes when public spending
is discretionary.
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For Proposition 4 (ii), observe again in (G3") that when g < 9y OF g = gpy, party H's ideal
g3 is proposed. The value of g7; given in Lemma B.3 is higher than the efficient level under
high polarization.

Proposition 4 (iii) follows from inspecting the proposal strategies given in (G1')-(G4').
B6.  Proof of Lemma B.8 (High-polarization equilibrium characterization)

We proceed by first conjecturing an equilibrium strategy-payoff pair and then verifying that
it satisfies guesses (G1')-(G4’), equilibrium conditions (E1)-(E3), and our assumption on o
that all proposals made on the equilibrium path are accepted, when Q—H > 51 op ) P > 07,
and condition (*x*) holds.

We conjecture an equilibrium strategy-payoff pair such that for any i, j € {H, L} with j # i,

the acceptance strategy a'(g,z) satisfies (E1), the proposal strategies are

*

g1, for g < g7,
Y (9)=1%g for g <g<0py+0r,
O + 01 for g + 01 <g,

. 0 for g < 0y + 0z,
xr(9) = {KH(Q) —O0gIn(0g +01) —0[(1 — p) V(0 +0r) + pWH (0 +01)]  for g + 01, < g,
gl for g <g,,
g €0n+0r,9y] forg, <g<gn,
,YH(g): O + 6y, for gg < g <0y +06r,
g for 0 +0r < g < gy,
g for giy < g,
0 for g < gm,
XL (9) = { Kr(9) — 0 (br +01) — 8[(L —p)V (O +01) + pWL (01 +01)]  for g € [gu, 0 + O],
0 for g > 0y + 0y,

and x(g) = 1—~(g) —Xé(g), where g7 = 01, g3 = 0}, g, satisfies (B10), g satisfies (B15),
g satisfies
(B18) 0 n(g") +6[(1 = p)Vi(g') +pWL(9)] = Kr(9),

15



and the associated payoff functions are

|44 for g < g7,
£ﬂ19+&m>am—ww>kams%,
Vilg) = (1(16)((;]355 2§p) + 125 In(g) forgy <9 <0n+0L,
Blg+011n()+Di for O + 01, < g < gy,
C?In(g) + D? for g3; < g,
WL(Q)Z{WE for g < g, and g > gj,
=500 n(g) +6(1 = p)VL(9)]  for g, < g < g,

Vi for g < g,
—5 ~
—((1175)((1% Qgp))) + 2 In(vH(g))  for g, < g < gu,
Vi(g) = B}{9+CHIH()+DH for gy < g < 0u + 06y,
) (1— .
%1%”11&() for 0 + 01, < g < gy,
(Vi for g3y < g,
Wi for g < g7,
Walg) = H[e 1 B for g < ¢
50 In(g) + (1 —p)Viu(g)] for g7 <g,
- 6(1— _ _ 1-§ O +6r)In(6g+65)—1 .
where B} = Ma C} = 1 % Di = (175)(1+§725p) + (u L)[1£5H . ]7 i =

6(1—
51,7 D} = %(HH —In(g;)) + Df, and

* 6 - *

(B19) Wfﬁg%%ﬁuwm+%u%>
(B20) Vi = 2ol — 6n + 6, n(8r) + (1 — p)Wi),
* 1-6p)(1
(B21) vy = % i n(gyy),
(B22) szr=:1555[egln<gL>+-6< —p)Vii).

We next verify that this conjecture satisfies (G1')-(G4’).

For (G1'), since g5 = 01, and gj; = 07, clearly g; < 0 + 01, < gj; in the high-polarization
case, and it only remains to show that g/ € argmax f;(g). In Claim B.4 below, we show

that (i) gj; € argmax fy(g), and (ii) ¢g] € argmax fr,(g) when 1 > 67, where 1 is defined in
(B10).

Since V; and W; are continuous under our conjecture of the equilibrium strategy-payoff pair,
16



fi is continuous. It is also piecewise differentiable. Specifically,

'_1_1_% for g < g7,
1_7{;10[_1_%%] for g € (97, 95):
1(9) = 3 ~ oz for g € (g, 0m + 1),
_1+%9L+@T57555P( ii) for g € (O + 01, 97%),
1 200 i) Of for g > gy,
(—14 % for g < g7,
_1_1_%9; } for g € (gz,gH)a
1(9) = —l ?15 Tt MR (— 5)% f 2+ T TR for 9 € (9,00 9m),
SEQRpED: 6?951)6'}] + (p41r56;5p)(31 + T) for g € (Gu,0m +01),
- 5)%14?6 7 + (19 - for g € (0w + 01, 9%),
(-1 + H2e 0 for g > gy

CLAIM B.4:  Under our conjecture of the equilibrium strategy-payoff pair, (i) g3; € arg max fr(g),
and (ii) if ¥ > 07, then g7 € argmax fr(g).

Proof: Part (i): We show fr(g) is strictly increasing for g € (gu,gj;), and strictly de-
creasing for g > gj;; hence g}, = argmaxgysg, fr(g) by continuity of fg(g). Further, we
show fr(g) < fu(gj) for g € (QH,gH), and fr(g) is strictly increasing for g < 9y Hence,
gj; € argmax fy(g) by continuity of fx(g).

e g <gi: fy(g) is decreasing. At g5 =0, fi;(g5) > 0, hence for g < g5, f;(g) > 0.

* g€ (97,9,) fr(g) is decreasing. Since g, < gj; and fi(g9) = —1+ %, it follows that
fu(g) > 0for g € (97,9,)-

e g€ (gH,g): We compare fr(g) in this range to fg(gj;). First define the functions

n(x) = 1l—az+ QH(%W In(x), and
O(p+06—26 1-6p)(1—
mly) = (p1_5p o [(1(75)(%57%@ + 125 In(y) |

By these definitions fu(g}) = n(gy) + m(gl), and fu(g) = n(g) + m(y*(g)) for
g € (g, gn)- Further note that gy = argmaxn(z), and gy = argmaxm(y), hence

n(gi) > n(g) and m(g};) > m(y(g)) for all g, so fu(gly) > fu(g) for g € (G0 9)-

e g€ (gu,0u+0r): f1;(g) strictly decreasing. Since f};(0g+0r) = (1031)5((11J:§))2§;)((}9H?(3L) >
0, f1;(g) > 0 everywhere in this interval.

17




e gc (0g+0r,95): f1;(g) strictly decreasing. Since —= 5)% 55 555 T (1_959;{ =0, it
follows that for g € (g +0r,93;), f;(g) >0

° 9> g fulg) = -1+ 7L <0.

Part (ii): We show f1,(g) is strictly increasing for g < g7 and strictly decreasing for g > g}
and therefore g7 € argmax fr,(g).

* g <gi: frlg) >0.

® g€ (97,9,): fr(g) is strictly decreasing. Since f7(g) = 1= 5p[ 148 “L], it follows that
fr(g) <0for g € (97,9,)-

® g€ (g,,0m+0L): f1(g) is strictly decreasing. Since g, = ¢ by Lemma B.5, we have

_ . 5-20p) .
9y = ¥ = 07. Since —(175)%13’725@ + (1%)9 =0ifg = 0L(11+_76;p)7 it follows that

fr(g) <O forall g € (g,,0n +0L).

- 1
e g € (0u+0r,g}5): The monotonicity of f7 (g) is determined by (Hélf;;p Vo1 +5(p+i§ip )L

If (Hafﬁpr + 6(p+i ?;ip)CL > 0, then f](g) is strictly decreasing in g. Since —1 +

14+6—26p 6 §(p+6—25p) Cl_ 01,8(1—p)—0p (1—3p) e .
pr L 4+ pliépp(B1 7) = (17%)(1%]; 255)(9Hf9L) <0if g =60y + 0y, it follows

that f;(g) < 0 for g € (0 +0r,95,). If (Hé 26”)0’“ + (p+§_§6p) L < 0, then f}(9)

l
is weakly increasing in g. Since —1 4 1£9=2% eL + 0(p+3—20p) (B: + TL) = -1+ gTL{ -

1-op 1—0p
6(p+0—26; x s *
% < 0 when g = g}, it follows that f1(g) <0 for g € (0 + 01, 9})-

e g > g5 The monotonicity of f](g) is determined by (1+61__25ip 1 4

_ 2
(1+51125t;p LA 6(p+i§5pp)cL > 0, then f}(g) is strictly decreasing in g. Since —1 +
146—23p 0, 4 §(p+8—25p) C3. 14t 5(p+6—26p)
1-dp g I-0p g O (1—6p)(14;5—25p)
f1(g) <0 for g > gj;. If (H(Sl__%ip)% + (p+i_§ip)CL <0, then f] (g) is weakly increasing

in g. In this case, f;(g9) = -1+ (H&lf;;p)& + 6(p+(i iépp) L < 0 when g = 1 and therefore

f1(9) <0for g >gj5. N

O(p+o— 25p)c2
T=5p If

< 0 if g = gj;, it follows that

The conjectured equilibrium strategy-payoff pair clearly satisfies (G2')-(G4’) with the ex-
ception of g7 < g, < gun < 0u +0r. When ¢ > 07, we have g7 =0 <0 < ¢ =g,. To
verify that ¢ 9y < g < O + 01, we next establish some monotonicity properties of K.

CLAIM B.5:  Under our conjecture of the equilibrium strategy-payoff pair, K (g) is strictly

increasing for g € |0, W) and strictly decreasing for g € (M;(—;ia:p?&m, 1].

Proof: Consider the following cases:
18



e g<gj: Kr(9) =0r1In(g) + 6[(1 — p)V} + pW;], which is increasing in g.

® g€ lg7,9,]: In this case,

Ki(g) = 0 In(g) + &5 (1 — g+ 0, In(g) + 6(1 — p) W) + pWj.

Taking the derivative, we get

/ _ 146-20p 0,  d(1—p)
KL(g) — T 1-6p g 1—ép °

and K (g) > 0 if and only if g < 6(6 2‘§p9

® g€ (g, 0n+0r]: In this case,

0 5(1— 0 5(1— 1—8p)(1— 0
Ki(g) = 125 n(g) + 252V (g) = 125 n(g) + 252 | 528070 + L5 n(g) |

Taking the derivative, we get

— 1 |=6(-p) . 0
K1(9) = 1= |:1+572§p + ?L] g

and K7} (g) > 0 if and only if g < 1o— 25p¢9L Note that since 0y + 01, > 1+(5 (;pHL in

5( p)
the high-polarization case, K} (g) < 0 for g € (H(& 2§p9L,9H +0r).

e g€ [0u+0r,9;]): In this case,

Ki(9) = 1% In(g) + 252 Vi(g) = 1% In(g) + 252 (Blg + C} In(g) + D).

Taking the derivative, we get

B 1-6)0r—6(1—p)@ 52(1—p)?
K1.(9) = =555 (=0fp—oUonlbn 4 1+(5—§5p] ,

which is increasing in g since (1 — )0, — d(1 — p)f@y < 0 in the high-polarization case.
Straightforward calculation shows that K (g) < 0 for g = gj;. Hence, K,(g) is strictly
decreasing for g € [0y + 01, g3;].

® g > gj: In this case,
K1(g) = 0r1n(g) + 6[(1 = p)Vi(g) +pWi(9)] = O In(g) + 6(1 — p)(C} In(g) + DI ) + 6pW.
Taking the derivative and substituting for C%, we get

K’L(g) _ 0, _ 0(1-p)om

g (1-dp)g °
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which is negative since 69—15 > 5%%2) in the high-polarization case. Hence, K (g) is strictly

increasing for g € [0, W) and strictly decreasing for g € (W, 1]. n

Recall that in our conjectured equilibrium, g, satisfies K1(g,,) = K1(g7;) and gu satisfies

Ki(gr) = Kr(0g+0r5). Since Ky, is continuous, K,(g) = —oo when g = 0, and M(ﬁi‘jém <

O + 01, < g7 in the high-polarization case, we have the following corollary of Claim B.5.

COROLLARY B.2: There exist 9y and Gg where 9y < 9u < W <Opy+0L <gy
such that K1(9,,) = Kr(g7;) and Kp(gu) = Kp(0n +6L).

We next verify that equilibrium conditions (E1)-(E3) are satisfied. Condition (E1) is satis-
fied by construction. The values V', W}, V}; and Wj; satisty

Vi =1-g; +0rIn(gy) +d[pV] + (1 — p)W[],
Wi = 0pIn(gy) +0[(1 — p)Vi +pWj],

Vip =1—gpy +0gIn(gy) +[pVy + (1 — p)Wa(gy)],
Wi = 0rIn(gy) +6[(1 — p)Vi + pWig].

Together with Lemmas B.1, B.2 and B.4, these show that (E3) is satisfied, that is, these
payoff functions are consistent with the strategy profile.

Recall Uf'(z) (UF(z)) denotes party i’s dynamic payoff when the implemented budget is
z in the current period and party ¢ is the proposer (responder). The next claim establishes
that all equilibrium proposals are accepted.

CLAIM B.6:  Under our conjecture of the equilibrium strategqy-payoff pair, if condition (xx)
holds, then o?(g,7"(g)) =1 for all g and alli,j € {H,L}, j # 1.

Proof: We omit the proof for j = H since it is similar to that for Claim B.3. We use
condition (xx) in place of condition (x).

Now consider j = L. If g < gi, then UE (7 (g)) = 0, 1In(g}) + 0[(1 — p)VF + pW}] >
Ki(g9) = 0rIn(gy) + 6[(1 — p)V; + pW;] and therefore ol (g, 7 (g)) = 1.

It g € [97,9,], then Uf(x"(g)) = OrIn(gy;) + 0[(1 — p)Vi + pW] = Ki(gy). Since

K1(g,,) = Kr(g9}) and K1 (g) is increasing on [g7 , g ,,] by Claim B.5, it follows that UR(rH (g)) >

K1(g) and therefore a”(g, 7 (g)) =1 for g € (9795

If g € [g,,, 93], then Ufi(x"(g)) = Kr(g) and o*(g,7"(g)) = 1.

If g € [g3, 1], then UR(xT(g)) = 0, In(g}y) + O[(1 — )V} + pW}] = K1 (giy). Since Ky (g)
is decreasing on [g}, 1] by Claim B.5 and Corollary B.2, it follows that Uf(7(g)) > K (g)
and therefore al(g, 7 (g)) =1 for g € [g};,1]. ®

The remainder of the proof shows that (E2) is satisfied. The next claim establishes that
K (g) is increasing, which is useful later in the proof.
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CLAIM B.7:  Under our conjecture of the equilibrium strategy-payoff pair, if ¢» > 07, then
Ky (g) is strictly increasing.

Proof: Consider the following cases.
e g<gj: Knu(g) =0uIn(g) + 0[(1 — p)V}; + pWj;], which is strictly increasing.

o g€ lgp g, Kul(g) = 0mn(g) +6(1 — p)Vii + 12 [0 In(g) + 6(1 — p)Vy;], which is
strictly increasing.

~ 6(1— 6(1—
o 9€lg, 00 Kn(g) = 12 n(g) + 252Vir(g), and K, (9) = 25, + S52 Vi (9).
The function Vi (g) is

-5 _~H
VH(Q) = ((11751;)((]_1+512%q;)) + % ln(PYH(g))u

and v (g) is given by (B18), which implies

6(1— S(1—
55 (v (9)) + fl_a? [(175)((11+§)725p)7H(9) — 2 n(y" (g)) + Di]

0 6(1— 1—4p)(1— 9
(B23) =12 In(g) + {550 [(1(—5)(110355—%;)) + ﬁln(g)} :

Rearranging (B23) gives

H _ 1-§ 5(1—p)(1— 52(1—p)2~yH ( §(1—p)(1—=6) 1
In(v"(g)) = gL(l_(g)_@Z(;(l_p) [QL In(g) + 1+§_(26pg) _ (1_((;p)g)+}_2%30) _ 1Ii§p )DL} .

Substituting In(v"(g)) into Vg (g) and taking the derivative, we have

V! (9) = 00 (1—6p) _ 056(1—p)(1—6p)
H\I) = A=8)[0L,(1=0)—0r0(1—p)lg  (1—0)[0,(1—0)—013(1—p)](1-+—20p)
_ dy(g) 01 (1—6p)—0rd(1—p)

dg  (14+6—20p)[0,(1—8)—0ké(1—p)]’

and K7, (g9) = A(g) + B(g) where

o 0rd(1— [ s(1—
Al9) = 7875 + s (s | T
B(g) = — §(1-p)[0r,(1-8p)—0r6(1-p)]  dy"(g)
g (1-0p)(14+6—26p) [0, (1—0)—0x5(1—p)] dg *

We first show A(g) > 0. Suppose the coefficient on é is positive. Then A(g) is strictly

decreasing and is minimized at ¢ = gy. By Corollary B.2, gy < W. Since
-~ 058(1—p) _0,(14+5-26p) .

Ag) = 9L(1—§p)(1+6—26p) > 0 when g = W, it follows that A(g) > 0 for g €

lg e g in this case. Now suppose the coefficient on é is negative, then A(g) is strictly

increasing and is minimized at g = 9y We have 9y = Y > 07. When g = 07,

O [0gdé(1—p)—0r(1—6 . . . oy . . . .
Ag) = B (1+g’£§5p§[19}1p 6)(1_2)()1_0;’()1_ M’ which is strictly positive in the high-polarization
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case. Finally suppose the coefficient on é is zero, then A(g) > 0. It follows that A(g) > 0
for g € g, gul-

We next show that B(g) > 0. Since v (g) satisfies (B23), by the implicit function
theorem,

(B24) dy"(g) _ Y7 (9)(1=0p)[01.(1+6—28p) —gd(1—p)]
dg 9l(1+0—26p) (0, (1-6)—0 1 6(1—p))+vH (9)02(1-p)?]*

H
At v (g) = g7y the denominator of dwT](g) is negative. Since the denominator is increas-

ing in v (g) and v (g) < g7y, the denominator is negative. Since g < gy < W,

H
the numerator is positive, and therefore CMT;g) < 0. Since this is the high-polarization

case and %g(g) < 0, it follows that B(g) > 0.

To summarize, K3 (g9) = A(g) + B(g) > 0 for g € [g,,, Gu].

e g€ [gn,0u+0L]: Ku(g) = 1‘9_71‘(15]) In(g)+ 551__62) Vi (g). Substituting for Vi (g) and taking
the derivative, we get

—6)0g—06(1—p)6 6(1—
(B25) Ki(g) = Ul 2pin | S0P gy,

If (1-0)0y — 6(1 — p)f > 0, then, K4 (g) > 0 since By > 0.
If (1-6)0y —6(1—p)fr, <0, then K} (g) is increasing in g. We have gy > g, = ¢ > 07.

Plugging g = 63 in (B25), we get K/, (g) = égz;g;;@;;fgg;;g > 0, and therefore K (g)

is strictly increasing for g € [gy, 0y + 01].

e g€ 0u+0r,9%): Ku(g) = 19_7%1) In(g) + 551__52) Vi (g). Substituting for Vi (g) and taking
the derivative, we get

0 5(1—
Ky(g9) = (15;)5, - (175)((1+§)725p)’

which is strictly higher than 0 for g < gj;.

e g> g5 Ku(g) = 19—7751; In(g) + 5§1_—67;) Vi7, which is strictly increasing. B

We next show that the proposer has no profitable one-shot deviation. We omit the proof
for party L since it is similar to that in the proof of Lemma 7.

We next establish monotonicity properties of Ug(z), which is useful for later in the proof.
For any status quo g, consider proposals z’ = (¢, 2/, 2 ) such that the responder’s acceptance
constraint (5) is binding. That is,

(B26) 2y = Kr(g) —0rn(g") — 6[(1 — p)VL(¢") + pWL(9)] = KL(9) — KL(¢).
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Substituting in the proposer’s payoff function, we get U};(z’) =1-g4 — le + 0y In(g) +
S[pVr(g") + (1 — p)Wg(g')], which implies

(B21) 9 = 14 0 L S[(1 - p)VE(g) + pWh(9)] + SlpVir(g) + (1 — p) W)

P
Substituting for V;, W}, V/,, W}, we get a closed-form solution for 86(; IL except when g €

s
(9yy> Gu)- Specifically, if ¢’ < g7, then %Lg = QHQL/QL 1>0;if ¢ € (97,9,), then % =

-2 oug §—26 .
1+1 Eip(GHJGL — ) > 0; 1fg S (gH,0H+9L) then 8g — 1+1 éip(GH;OL _ ) > 0; if

oukr 1 /0746 _ O+
q e(eH+9L g;;) then it = 1o (PP —1) < 05 if ¢f > g%, then 2 89, = BHPL —1 < 0.

. d
Note that 2 8 L= fr(9') + Kp(g"). Also, if ¢’ € (g, gm), then 7dg(,g) = K/L(vég(;’))' Hence,

for g € (QvaH)a

oul 14+5—28p 6
agll{ :—1+ —ii 5pp H+KL( )C(g/)

where

3(p+6—28p)[—(1—p)v" (¢')+(1+5—26p)0 ]
C(9") = 1+ (@56, =3 (1—p)ar](116=28p) 177 ()8 (L-p)?

We verify that C(¢’) > 0 in the high-polarization case where G—H > 5%1 éz) Since K7 (¢') > 0

for ¢’ < gy by Claim B.5 and Corollary B.2, it follows that 2 ag, >0 for ¢’ € (QH,gH).
Below we show that proposer H has no profitable one-shot deviation.

® g<g, org>gy: In this case, v (g) = g% and x(g) = 0.
Since gj; € argmax fg(g), party H has no incentive to deviate from proposing vH(g) =
g and xH(g) = 0.

®g,<9g<gm:In this case, v (g) € [0 + 01,93 and Xf(g) =0.

We first show that proposing 7 (g) is better than proposing (g, 2z, 1) with § > v (g)
and then show that it is better than proposing (§, &, 21) with g < v (g).

— G > ~yH(g): Since ¥ (g9) > 0y + 0 > W, by Claim B.5, for g > v(g),
a’(g,(g,%m,%1)) = 1 only if £, > 0. Since party L’s payoff is strictly decreasing
in xy, we only need to consider proposals such that the responder’s acceptance
constraint (5) is binding. Since U%(2) is decreasing in g for § > v (g) > 0y +0y, as
shown before, the proposer has no incentive to make any proposal with g > v (g).

— gu < § < v (g): Consider z = (§,1 — §,0). Then UL (2) = fu(g). As shown
in the proof of Claim B.4, fy(g) is increasing in § for gy < g < gj;. Since
1 (g) = (v (9),1 — v (g),0) where v (g) < g}, it follows that UL (7 (g)) >
Ug(i) for any g < v(g) < gyr- Since party H’s payoff is decreasing in xp,
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UB(z) > UL((§,2m,4%1)) for any (§,2m,21) € B, it follows that UL (7" (g)) >
UL((9,2m,2L)) for any g < v (g) < g%. Hence the proposer has no incentive to
deviate and make a proposal with gz < § < v (g).

— g < § < gu. Consider z = (§,1 — §,0). Then UL (2) = fu(g). Recall that
for ¢ > g7, fu(g) = 1 —g+ le_iwm(g) + 5(194{57513(%‘/ (9). Also, for
9, <9 <9 Vu@) = Va("(9)). Hence, fu(v"(9)) — fu(g) = —"(9) +
g+ (ﬁl(llti‘is_;m(ln('y}[(g)) —In(g) > 0 since g < fyH(g) < 9"1(114;7%;2‘%. Since
v1(g) < vH(g) and fu(g) is increasing in (6 + 01, g%) as shown in the proof
of Claim B.4, it follows that fy(9) < fu(v"(§)) < fu(v"(g)) and therefore
UL (mH(g)) > UL (2) for any ¢ € [g,gu]. Hence proposing 77(g) is better than
proposing any (g, 2y, 2r) € B with ¢ < g < gg.

— g < g: By Corollary B.2, g < gy < W Hence, for § < g, a*(g, (9, 2x,21))

1 only if 7, > 0 by Claim B.5. Consider z = (§,Zy,2r) such that (B26) holds.
Since Uﬁ(i) is increasing in § for § < g as shown before, the proposer has no
incentive to deviate and make a proposal with § < g.

e gy < g <0y +0r: In this case, v (g) = 0y + 01 and xH(g) > 0.

Let h(g) = max{g’ € [0,1] : K1(¢) = Kr(g9)} and I(9) = min{¢’ € [0,1] : K1(¢') =

K1(9)}. By Claim B.5, h(g) € [15=25201, 0n + 6] and 1(g) € [gu, 5 7=2201].

— > h(g): For z = (§,#p,2r), Claim B.5 implies that a”(g, (g,:I:H,mL)) =1 only
if £, > 0. Consider z such that (B26) holds. As shown before, U%/(§) is increasing
for g € [h(g),0m + 01) and decreasing for g > 0y + 01, and therefore the proposer
has no incentive to deviate and make any proposal with ¢ > h(g) and § # 0y +0r.

— § € [l(g),h(g)]: Consider z = (§,1 — §,0). Since UL (2) = fu(g) and fy(2) is
increasing for § € [I(g), h(g)], it follows that UL ((h(g),1 — h(g),0)) > UL(2) for
any g € (I(g), h(g) and therefore the proposer has no incentive to deviate and make
a proposal with g € [I(g), h(g)].

— G <I(g): For z = (§,2p,4r), Claim B.5 implies that o’ (g, (§, %5, %1)) = 1 only if
&1, > 0. Consider 2 such that (B26) holds. As shown before, U%(§) is increasing
for g < 1(g), and therefore the proposer has no incentive to deviate and make any
proposal with g > I(g).

€0y + GL,QH] In this case, v(g) = g and x(g) = 0. Recall that I(g) = min{g’ €
[O 1]: Kr(9') = Kr(g9)}. In this case, I(g) € [g,,. In]-

— G > g: For z = (§,25,4r), Claim B.5 implies that a”(g, (§,27,21)) = 1 only if
&1, > 0. Consider z such that (B26) holds. As shown before, U} () is decreasing
for g > 0y + 01, and therefore the proposer has no incentive to deviate and make
any proposal with g > g.
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— gun < § < g Consider 2 = (§,1 — §,0). Since U5(2) = fu(§) and fu(g) is
increasing if gy < § < g, it follows that the proposer has no incentive to deviate
and make a proposal with g € [y, g).

—1(9) < g < gy. Consider z = (§,1 — §,0). Note that for g € [I(9),gu], fu(g) <
fu(v(g)). Also, since v (§) < g and therefore fy(v7(g) < fu(g), it follows
that f(g) < fr(g). Hence the proposer has no incentive to deviate and make a
proposal with g € [I(g), g

— g <1(g): For z = (§,2p,4r), Claim B.5 implies that o*(g, (§, 2, %1)) = 1 only if
#7, > 0. Consider Z such that (B26) holds. As shown before, U (§) is increasing
for g <I(g), and therefore the proposer has no incentive to deviate and make any
proposal with g <I(g).

To summarize, party H has no incentive to deviate from 7 (g) for any g € [0,1]. W

B7.  High-polarization equilibrium when condition (xx) fails:

Figure B2 illustrates the parties’ proposal strategies when condition (xx) fails. Similar to
the low-polarization case, (G1')-(G4') are still satisfied in this figure except v(g) > 0y + 01,
for very high status quos. As shown in Section V.B, the failure of condition (%) does not
affect the set of steady states.

0,=0.2.05=04,0=085p=07

| y*

L L L
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
g9

Figure B2. : v*(g) in high-polarization case when condition (**) does not hold

BS8.  High-polarization equilibrium when ¢ < 07 :

Figure B3 illustrates the proposal strategies when 1) < 67 . In this case, polarization is very
high. As the figure shows, two kinds of equilibria arise. In panel (a), the equilibrium strategies
still satisfy (G1')-(G4’) with the exception that gj > g ;- In this case, party L’s dynamic
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ideal is g7 = 07 > 01, an analog to party H’s dynamic ideal g7; = 03;. To understand the
difference between Figure 5 and Figure B3(a), recall that g 5 1s the threshold below which
party L’s constraint is slack. In Figure 5, g7 = 01 < g,,, implying that party L’s constraint
is slack at its dynamic ideal, but in Figure B3(a), 0, is greater than g o implying that party
L’s choice of public good has a dynamic effect because if party H comes to power in the next
period, party L’s constraint is binding. This dynamic effect results in party L’s dynamic
ideal g7 being higher than its static ideal 6. In panel (b), party H’s strategy again satisfies
the guesses, but party L’s strategy violates (G2'). In particular, instead of proposing ¢’ = g,
now party L proposes a constant level ¢ = 0} when the status quo is in a subinterval of
lg7,0m + 0r] (see the kink in Figure B3(b)). By setting ¢’ at a higher level 0}, party L
guarantees a higher bargaining position for itself in the next period. Hence if party H comes
to power in the next period, it is forced to set the efficient level of the public good rather
than its dynamic ideal (which is much higher).

Although the details of party L’s strategy violate certain aspects of (G2') when ¢ < 67, the
efficiency implications and the set of steady states are still the same, as illustrated in Figure
B3 and formalized in Section V.B.

0.7 T T T T 0.9 T T T T
6, =012, 0, =043 —08p=05] 6,=02,07,=040=08p=02

0.65
0.8

0.6

0.7

0.6

0.5

04f
0%

0.3

L L L L L L L L 0.2 L ‘ L L L L L L L
0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 02 03 0.4 0.5 0.6 0.7 0.8 0.9

9y 9u g1 90u+0L 9 gr="01 9 gu 9 Ou+0, 9u
(a) g5 =07 > 0L (b) g7 = 6L

Figure B3. : 7*(g) in high-polarization case when 1) < 6%

B9.  Proof of Proposition 8
Let SPEA denote the set of static Pareto efficient allocations.
CLAIM 3: An infinite repetition of an allocation s € SPEA is a dynamic Pareto efficient

allocation.
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Proof: Suppose s € SPEA. Then there exists ay, > 0 and ay > 0 such that s is a solution
to the following maximization problem:

b b).
IﬁlggaLuL( )+ agum(b)

It follows that repeating s in every period is a solution to the following maximization problem:

[e.9]

max 5t OéLuL(bt) + OZHUH(bt) )
{b'}2eB> tZ:; ( )

which is equivalent to

,max o, Z Stur (b') + ag Z Stug (bh).
{b'}2 B t=0 t=0

Hence, repeating s in every period is a dynamic Pareto efficient allocation. i

CLAIM 4: Suppose s € SPEA. Then, (i) in any equilibrium in the infinite horizon game
with all mandatory spending, Vi(s) = T5ui(s) and W;(s) = 135u,(s) fori € {H, L}, and (ii)
there exists an equilibrium in the infinite horizon game with all mandatory spending in which

mi(s) = s forie€ {H,L} .

Proof: First, note that for any status quo s € B, proposing to maintain the status quo will
be accepted by the responder. Hence, V;(s) > ﬁui(s) since when party i is the proposer, it
can maintain the status quo by proposing s and when the other party comes to power in the
future, it can reject any proposal other than s. Similarly, W;(s) > ﬁui(s) since when party
7 is the responder, it can maintain the status quo s by rejecting any proposal not equal to s
and when it comes to power in the future, it can propose to maintain s.

Since s € SPEA, an infinite repetition of s is dynamically Pareto efficient by Claim 3.
Hence, W;(s) > t15u;(s) implies that Vi(s) < t25u;(s) for i # j. Since Vi(s) > 25u;(s),
we have Vi(s) = t15ui(s) and Wj(s) = tisu;(s) for i # j. It also follows that proposing
to maintain s is a best response for party ¢. Hence, there exists an equilibrium in which
m'(s)=s. B

[43

We immediately have the next result, which establishes the “if” part of Proposition 8.

CLAIM 5: If s is a static Pareto efficient allocation, then there exists an equilibrium in
which s 1s a steady state.

We next show that only a static Pareto efficient allocation can be a steady state, establishing
the “only if” part of Proposition 8.

CLAIM 6: If s is not a static Pareto efficient allocation, then there is no equilibrium in
which s 1s a steady state.
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Proof: Suppose to the contrary that there exists an equilibrium and a state s ¢ SPEA such
that '(s) = s in this equilibrium. Then, V;(s) = W;(s) = K;(s) = t5u,(s) in this equilibrium
for i € {H, L}. Since s ¢ SPEA, there exists an § € SPEA such that § Pareto dominates s,
that is, u;(8) > w;(s), u;(8) > u;(s) for some i € {H, L} and j # i. Suppose party i proposes §
when the status quo is s. If the responder j accepts, its payoff is u;(8)+0[(1—p)V;(8)+pW;(8)].
Since § € SPEA, V;(8) = W;(8) = 15u;(8) in any equilibrium by Claim 4. Hence,

u;(8) +0[(1 = p)V;(8) + pW;(8)] = 15u;(8) > K;(s),

and therefore responder j accepts § when the status quo is s. It follows that party ¢’s payoff
by proposing § when the status quo is s is

wi(8) + 8[pVi(8) + pWi(8)] = H5ui(8) > Vi(s),

a contradiction. Hence, there is no equilibrium in which s ¢ SPEA is a steady state. R
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B10. llustration of all mandatory equilibrium proposals
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Figure B4. : v(g,0.3,0)
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Figure B5. : x’(g,0.3,0)
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Figure B6. : v¢(g,0,0.3)
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Figure BT. : X;(g,O,O.S)
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